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4 CHAPTER 1. VECTOR ANALYSIS 



Chapter 1 



Vector Analysis 



Problem 1.1 

(a) From the diagram, |B + C| cos 9 3 = |B| cos 6 X + |C| cos 9 2 - Multiply by |A| 
|A||B + C|cos6» 3 = |A||B|cos0i + |A||C|cos0 2 - 
So: A-(B + C) = A-B + A-C. (Dot product is distributive) 

Similarly: |B + C| sin 0 3 = |B| sin 0i + |C| sin 0 2 . Mulitply by | A| fi. 
|A||B + C|sin0 3 n = |A||B| sin0i n + |A||C| sin0 2 n. 
If n is the unit vector pointing out of the page, it follows that 
Ax(B + C) = (AxB) + (AxC). (Cross product is distributive) 

(b) For the general case, see G. E. Hay's Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and 
Section 8 (cross product) 

Problem 1.2 d 

The triple cross-product is not in general associative. For example, 
suppose A = B and C is perpendicular to A, as in the diagram. 
Then (BxC) points out-of-the-page, and Ax(BxC) points down, 
and has magnitude ABC. But (AxB) = 0, so (AxB)xC = 0 ^ 
Ax(BxC). 

Problem 1.3 

A = +lx + ly-lz;A=\/3;B = lx+ly+lz;.B = \/3. 
A-B = +1 + 1 - 1 = 1 = AB cos6 = 7373 cos 0 =*> cos6» = | 

6 = cos" 1 (|) w 70.5288° 



Problem 1.4 

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example, 
we might pick the base (A) and the left side (B): 

A = -lx + 2y + 0z;B = -lx + 0y + 3z. 




B|cosfli |C|cos£> 2 



A = B 



BxC VAx(BxC) 
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CHAPTER 1. VECTOR ANALYSIS 



AxB 



= 6x + 3y + 2z. 



x y z 

-12 0 
-10 3 

This has the right direction, but the wrong magnitude. To make a ztnzi vector out of it, simply divide by its 
length: 

|AxB| =^36 + 9 + 4 = 7. n = ^| = [~f x + f y - 

Problem 1.5 

x y z 

Ax(BxC)= ^ A y A 2 

(B y C z — B z C y ) (B Z C X — B X C Z ) (B x C y — B y C x ) 

= xL^B^ - B^Cy - ^.(B.C, - B X C Z )\ + y() + z() 
(I'll just check the x-component; the others go the same way) 
= ±{A y B x C y - A y B y C x - A z B Z C ' x + A Z B X C Z ) + y() + z(). 

B(A-C) - C(A-B) = [B X (A X C X + A y C y + A Z C Z ) - C X {A X B X + A v B y + A Z B Z )\ x + () y + () z 
= ±{A V B X C V + A.^C, - AyByCx - A Z B Z C X ) + y() + z(). They agree. 

Problem 1.6 

Ax(BxC)+Bx(CxA) + Cx(AxB) = B(A-C)-C(A-B) + C(A-B)-A(C-B)+A(B-C)-B(C-A) = 0. 
So: Ax(BxC) - (AxB)xC = -Bx(CxA) = A(B-C) - C(A-B). 

If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or 
one is zero), or else B-C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0.) 



Conclusion: Ax(BxC) = (AxB)xC ^=^ either A is parallel to C, or B is perpendicular to A and C. 



Problem 1.7 

* = (4x + 6y + 8z) - (2x + 8y + 7z) 

n, = V4 + 4 + 1 = [J] 



2x-2y+ z 



Problem 1.8 

(a) A y By + A Z B Z — (cos <j)A y + sin 4>A z ){cos <j>B y + sin <f)B z ) + (— sin <pA y + cos <f>A z )(— sin (f>B y + cos <pB z ) 

= cos 2 cj)AyBy + sixi <j) cos 4>( A y B z + A z B y ) + sin 2 4>A Z B Z + sin 2 4>A y B y — sin (f> cos (/)(A y B z + A z B y ) + 
cos 2 (j>A z B z 

= (cos 2 (/> + sin 2 4>)A y B y + (sin 2 0 + cos 2 4>)A Z B Z = A y B y + A Z B Z . / 

(b) (A,) 2 + (A^) 2 + (Z z ) 2 = £f =1 M = S? =1 (£f ,//„.!,) (££ =1 iUA fe ) = S j;fe (ZiRijRik) AjA k . 

This equals A 2 X + A y + A\ provided 



1 if j = k 
0 i/ j ^ fc 



Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also 
necessary. For suppose A = (1, 0, 0). Then (Ej RijR ik ) AjA k = Ej and this must equal 1 (since we 

want A x +A y +A z = 1). Likewise, T,^ =1 R i2 Ri2 — T,^ =1 R i3 R i3 = 1. To check the case j ^ k, choose A = (1, 1,0). 
Then we want 2 = E^/, (Ej RijR ik ) AjA k — Ej + Ej R{ 2 Ri2 + Ej RnRi2 + Ej RviRn- But we already 

know that the first two sums are both 1; the third and fourth are equal, so Ej RnRi2 — S» Ri2Rn = 0, and so 
on for other unequal combinations of j, fc. V In matrix notation: _Ri? = 1, where _R is the transpose of _R. 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



CHAPTER 1. VECTOR ANALYSIS 



Problem 1.9 




Looking down the axis: 




A 120° rotation carries the z axis into the y (= z) axis, y into x {— y), and x into z {— x). So A x = A z 



Ay — A X , A Z — Ay. 




Problem 1.10 



(a) No change. (A x = A x , A y = A y , A z = A z ) 



(b) A — ► —A, in the sense (A x = —A x , A y = —A y , A z = —A z ) 



(c) (AxB) — > (-A)x(-B) = (AxB). That is, if C = AxB, C — > C | . No minus sign, in contrast to 
behavior of an "ordinary" vector, as given by (b). If A and B are pseudovectors, then (AxB) — ► (A) X (B) = 
(AxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector 
and a pseudovector, one changes sign, the other doesn't, and therefore the cross-product is itself a vector. 
Angular momentum (L = rxp) and torque (N = rxF) are pseudovectors. 

(d) A-(BxC) — ► (-AH(-B)x(-C)) = -A-(BxC). So, if a = A-(BxC), then | a — > - 
changes sign under inversion of coordinates. 
Problem 1.11 



a pseudoscalar 



(a) V/ = 2x x + 3y 2 y + 4z 3 z 

(6) V/ = 2xy 3 z 4 x + 3x 2 y 2 z 4 y + 4x 2 y 3 z 3 z 

(c) V/ = e x sin y In zx + e x cos y In zy + e x sin y(l/z)z 



Problem 1.12 

(a) Vh = 10[(2y - 6a; - 18) 5c + (2a; - 8y + 28) y]. Vh = 0 at summit, so 
2y — 6x — 18 = 0 1 _ , _ _ . _ . _ 

r, o r,o n r- r, , OA n > 2y - 18 - 24« + 84 = 0. 

2a; - 8y + 28 = 0 => 6a; - 24y + 84 = 0 J w w 
22y = 66 ==> y = 3 ==> 2a; - 24 + 28 = 0 => a; = -2. 



Top is 3 miles north, 2 miles west, of South Hadley. 
(b) Putting in x = —2, y = 3: 



/i = 10(— 12 - 12 - 36 + 36 + 84 + 12) = | 720 ft 



(c) Putting in £ = 1, y = 1: V/i = 10[(2 - 6 - 18) x + (2 - 8 + 28) y] = 10(-22x + 22y) = 220(-x + y). 



V/i| = 220V2 ss 311 ft/mile ; direction: northwest 
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CHAPTER 1. VECTOR ANALYSIS 



Problem 1.13 

* = (x - x 1 ) x + (y - y') y + (z - z 1 ) z; 1 = ^/(x - x') 2 + (y - y') 2 + (z - z') 2 . 

(a) V(* 2 ) - J|[( a ;- a ;') 2 + (y-y') 2 + (^-^) 2 ]x+| ; ()y+ &()2 = 2(x-x') x+2(y-y') y+2(z-z') z = 2 * . 

(b) V(^) = &[(*- x') 2 + (y - y') 2 + (* - ^') 2 ]^ x + £ ()-* y +&()"* 2 
= -i()-i2( a; - a;') x - §()-§ 2(y - y') y - §()-§2(* - z') z 

= -()-i[(x-^)x+(|,-^)y+(«-y)z] = -(l/* 3 )* =-(1/* 2 )* • 

( c ) &(* ") =«* n ~ ld ~t- =n* n ~\\^* x ) = x , so | V(> = 



Problem 1.14 

y = +y cos 0 + z sin 4>; multiply by sin <fr: y sin <fi = +y sin <f> cos <j 
z = — y sin </> + z cos cj>; multiply by cos <j)\ zcos <j> = — y sin ^ cos i 



Add: y sin <f) + z cos < 
So || = cos0; || = 



z(sin 2 



cos 



z. Likewise, ycos< 



+- z sin 
+ z cos 2 

z sin (A = 



y- 



sin (/>; || — sin || = cos 0. Therefore 



(Vf) y =% = %% + d / z % = + cos0(V/) B +sin0(V/), 



91 _ 9/ 9^ , 9/ 9^ 
9z 9;/ 9z Oz 9z 



■sin0(V/) w + cos^(V/) a 



So V/ transforms as a vector. qed 



Problem 1.15 





(a)V-v„ = 


i(- 2 ) + 


f y (3xz 2 ) + £ (-2xz) = 


2.t + 0 - 2x = 0. 






(6)V-v 6 = 


IW + 


l(2yz) + f z (3xz)=y- 


\-2z + 3x. 






(c)V-v c = 


^|(2/ 2 ) + 


JL(2xy + z 2 ) + J|(2yz) 


= 0 + (2a:) + (2y) = 2(x + y) 




Problem 1.16 

\ 


t 




(pr) + J^(^) + ^(^) = g| 


x(x 2 + y 2 + z 2 ) 2 



d_ 
9y 



y(x 2 + y 2 + z 2 ) 2 



d_ 
dz 



z(x 2 + y 2 + z 2 ) 2 



= ()-! +^(-3/2)0-121+ +y(-3/2)()-f2y+()-i 

+ z(-3/2)()-l2z = 3r- 3 - 3r- 5 (x 2 + y 2 + z 2 ) = 3r~ 3 - 3r~ 3 = 0. 



This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the 
origin. How, then, can V-v = 0? The answer is that V-v = 0 everywhere except at the origin, but at the 
origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at 
that one point, and zero elsewhere, as we shall see in Sect. 1.5. 
Problem 1.17 

T) y = cos (j) Vy + sin0w z ; v z = — sin^u^ + cos0i; z . 

w sin< ^ (SI + cos ^+ O! + d -t%) sin ^- 



Use result in Prob. 1.14: 



«»* = - (If If + &g§) sin0+ §| + ^i) cos* 
(-^ sin0+^ cos^) sin</>+(-f^sin0+^cos0) cos*. So 



^ = -^sin0+f| 
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CHAPTER 1. VECTOR ANALYSIS 



d k + ik = a w cos2 ^ + 1£ sin cos ^ + w sin ^ cos ^ + ^ sin2 

- ^ sin 0 cos (j> + %± cos 2 0 
= (cos 2 0 + sin 2 <f>) + (sin 2 0 + cos 2 



i + 



_ dVy 

dy 



dv v ■ 2 

0# sm ' 



dv z / 



9z 



- sin (A cos i 



Problem 1.18 

(a) Vxv a 



x y z 

a_ _9 a_ 

dx dy dz 

x 2 3xz 2 -2xz 



x(0 - 6xz) + y(0 + 2z) + 2(3z 2 - 0) = -6a;z x + 2z y + 3z 2 2. 



(b) Vxv 6 

(c) Vxv c = 



x y z 

JL JL JL 

dx dy dz 

xy 2yz 3xz 



= x(0 - 2y) + y(0 - 3z) + 2(0 - x) = -2yx-3zy-x2. 



x y z 

JL JL JL 

dx dy dz 

y 2 (2xy + z 2 ) 2yz 



x(2z - 2z) + y(0 - 0) + 2(2y -2y) = {0. 



Problem 1.19 



v = yx + xy; or v = yzx + xzy + xy 2; or v = (3a; 2 z — z 3 ) x + 3y + (x 3 — 3xz 2 ) 2; 
or v = (sin x) (cosh y)~k — (cos x) (sinh y) y ; etc. 



Problem 1.20 

9(fg) - , - , 9(/s) ~ 



(i) V(/ 3 ) = ^ x + Zfll y + £1-2 g = (/|| + g %) 5c + (/g + y + (/|| + 



= /(^x+|y+|fz)+ 5 (|£x+f£y+|{z)=/(V 5 ) + 5 (V/). qed 
(iv) V-(AxB) = £ (A^ - 



A 



dB; 

y dx 



B 



dA v 
z dx 



-§y~ (A Z B X A X B Z ) + (A x B y A y B x ) 



A l LL\ _ ^ Mi 

z dx V dx 



dz ^ D S dz ^2/ dz 



B 



z dy x dy 

dz 



A ^ 

X Qy 



B 



dA x 
dy 



Bl . ( %k _ ^M.) + B (§A* _ OA*) + B f 9A^ _ 9A^\ _ A ( d_B^ _ BBx\ 
■'■ \ dy dz J y v dz dx ) z ^ dx dy J \ dy dz J 

-Ay ( 9 -t- d -t)- A z (?t - *§f) = B- (VxA) - A- (VXB). qed 



(v)Vx(/A)=(^)-^l)x + ( 



-(' 
= / 



Az Qy 

f9Ay 

dA y ' 
dz 



( 



f dA y 
J dz 

~ Ay-fa 



f(f4) 
dz 

'-y dz 

f dA x 
9y 



r dA m 

J dz 
Ax^jj) z 



( 9(fA y ) _ d(JA x ) 



\ dx 



dy 



A 9J_ fdA^ A 9_f \ ~ 

^ x dz J dx ^ z dx) y 



(dA^_ dAy \ ~ , I dA^ _ dA z \ ~,( dAy_ _ dA x \ 
\ dy dz J V dz dx ) J ^ ^ dx dy J 

{^y dz Az dy) yi ^ \ Az dx A * dz ) y + y-^x dy A V dx ) 

/(VxA) -Ax (V/). qed 



Problem 1.21 



A, 



(a) ( A- V) B = ( A x + Ay ^ + A z % 

+ {Ax^§r + Ay^f + A z ^^j Z. 

( b ) f = p = xA+y9+zi Let , s j t do the componcnt . 

V ' r y/x 2 +yi+z 2 J 



1 9By_ 
l V dy 



)■ 
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CHAPTER 1. VECTOR ANALYSIS 



[(f.V)f], = ^ 

= r{ x ^= + x< y-\)i^J- 



\J x 2 +y 2 +z 2 



2x 



yx 



2 (y~) 



:2y 



2 (V~) : 



-2z 



]} 



= l{f-^(x 3 + xy 2 + xz 2^ } = I ^ _ x (a; 2 + y 2 + ^ | = I £ _ 5) = 0. 



Same goes for the other components. Hence: (f -V) f = 0 



(c) (v a -V)v b 



„2 d 



3xz 



2d_ 
dy 



2xz4- ) (xyk + 2yzy + ixzi) 



x 2 (y x + 0 y + 3z z) + 3xz 2 (.t x + 2z y + 0 z) - 2xz (0 x + 2y y + 3x z) 
(x 2 y + 3x 2 z 2 ) x + (6xz 3 — 4xyz) y + (3.t 2 z — 6x 2 z) z 



(y + 3z 2 ) x + 2xz (3z 2 - 2y) y - 3x 2 xz 



Problem 1.22 



(ii) [V(A-B)] s - £(A X B X + A y B y + A Z B Z ) 



9A X 



dx x 



B 



A 9B X 

x dx 



^B v 

ox y 



A 



[Ax(VxB) 
[Bx(VxA) 



A y (VxB) z A z (VxB) y = A y (^ - ^ ) - A z { 



'dB x 
dz 



dBy 

y dx 



dB z 
dx 



dA, 
dx 



B, 



{ dB z 

z dx 



B 



> dA y 

y\ dx 



dAx 



B-, 



■dA x 
, dz 



dA z \ 
dx ) 



[(A- V)B] 2 , — (A x g x + Ay g y + A z g z ) B x — A x d d B * + A y d g y x + A z a g B * 
[(B.V)A] X = B X ^+B y ^+B z ^ 



So [Ax(VxB) + Bx(VxA) + (A-V)B + (B-V)A] x 

R M« _ R Mi - 

D V dx V dy 

A x ?g? + B^ + B y ^ + B z ^ 



A - A dM* _ 

dx ^-y dy 
I A 9B X , a dB x 
dx I" dy 



A dB x 



A ^ 

z dx 



= B, 



dA x 
' dx 



A-X Q x 



B 



dA z 
dx 



dz 

OAy 

V\ dx 
dAx \ 



+B z (-°i 
— [V(A-B)] a , (same for y and z) 



x dx 

ti dA 
qy 

A ( dB* x i dB z 

Az \ ~ar "+" dx 



A 



/ dB y 
V\ dx 
dBx 



r> dA^ , r> §_A^ 
Dz dz ° z dx 



£/y 



(vi) [Vx(AxB)] x = e(AxB) z — ^(AxB),, = -g-(A x B y — A y B x ) — -^(A Z B X — A X B Z ) 



dy 
dA, 



By + A- 



dB v 



dA 
dy 



rB x 



A dB^ 
A y dy 



dA z r> 
dz Dx 



A dBx , dAx td , A 9B Z 
^ z dz ^ dz ~r s± x dz 



[(B-V)A - (A-V)B + A(V-B) - B(V-A) 



= B. 



dAx 
dx 



B, 



dAx 
V dy 



B 



B. 



dAx 
V dy 



+ A X (- 



dAx 
dz 

dB'x 



A 



dB 



A dBx , A (dBx , 

dx ^y dy ^ z dz 9i ^ 



fx dfx dy 



Ay 

,,z) + M- 



dBy 

dy 



dB z 
dz 



)-Bx{ 



dA 



dA v 



I — y I dA z 

dx ' dy dz 



dB z \ M R (d4x _§Jx _SAy_ _ dA z ^ 



dy 



dz 



= [Vx(AxB)] x (same for y and z) 



Problem 1.23 



V(//. 9 ) - £{f/g)i+^(f/g)y+^{f/g)z 



■x + 



' Oy 



■9 + 



)-/ 



r^x+|fy+ga?: 



V dx 



dz 



- gv/-/vg 
a 2 ■ 



qed 



V.(A/ fl ) = l{A x /g) + %(A v /g) + £(A z /g) 



'-> ,).:■ 



-AxIS: . g'^-Ay 



+ 



9 9 
' ( dAx | 9A y d A z 
I* \ dx "T" dy ~r dz 



+ 



(a x 



dx + A y dy + A 



9r 

z dz 



gV-A-A-Vg 

9 2 



qed 
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CHAPTER 1. VECTOR ANALYSIS 



[VX(A/ 5 )] X = 



U A ^9)-U A vl9) 



g 8y 



8s 



dAy 

dz 



1 ^ z <9y ^ dz 



= 3(VXA)^+(AXV 3 ), (gamc for y ^ qed 



Problem 1.24 

(a) AxB 



x y z 

x 2y 3z 
3y -2x 0 



x(6xz) + y(9zy) + z(-2x 2 - 6y 2 ) 



V-(AxB) = £(6xz) + ^(9zy) + f z {-2x 2 - 6y 2 ) = 6z + 9z + 0 = 15 z 

Vx A = x (f y (3z) - &(2y)) + y (f z (x) - f x (3z)) + i (f x (2y) - £(*)) = 0; B-(Vx A) = 0 

VXB = x (0) - &{-2xj) + y (£(3y) - £ (0 )) + z (£(-2*) - ^(3 y )) = -5z; A-(VxB) = -15* 

V-(AxB) = B-(VxA) - A-(VxB) = 0 - (-15z) = 15z. / 

-xy ; V(A-B) = V(-xy) = x^(-xy) + y£(-zy) = -t/x-zy 



(b) AB = 3xy - 4a;y 
Ax(VxB) 



x y z 

a: 2y 32; 
0 0-5 



x(-10y) + y(5x); Bx(VxA) = 0 



(A-V)B = (a;£ + 2y^ + 3z£ ) (3yx - 2zy) = x(6 ? y) + y(-2.x) 
(B-V)A = (3y£ - 2^) (xx + 2y y + 3zz) = x(3y) + y(-Ax) 

Ax(VxB) + Bx(VxA) + (A-V)B + (B-V)A 

= — lOyx + 5xy + 6yx — 2xy + 3yx — Axy = — yx. — xy = V-(A-B). / 

(c) Vx(AxB) = x {-§- y {-2x 2 6y 2 ) - f z (9zy)) + y (& (6a*) - f x (-2x 2 6y 2 )) + z (&(9zy) - f y (6xz)) 
= x(-l2y - 9y) + y(6x + Ax) + z(0) = -21y x + lOxy 

VA = + ^(2y) + I (3z) = 1 + 2 + 3 = 6; VB = £ (3y) + ^(-2x) = 0 

(B-V)A - (A-V)B + A(V-B) - B(V-A) = 3yx-4a;y- 6yx + 2xy - 18yx+ I2xy = -21yx+ lOxy 
Vx(AxB). / 



Problem 1.25 



d 2 T„ _ d 2 T a _ n . 
dy 2 ~ dz 2 — U ^ 



( a ) - 2 

CM - ^Tk. - d^n _ _ T 

\ u ) dx 2 — dy 2 ~ dz 2 ~ ±h 



( c ) d Qx 2 ~ 25T C ; 9 d y 2 c — 16T C ; d a ^ 2 c — 9T C 

(d) |^ = 2;^ = ^=0 =>• W = 2 



V 2 Tg = 2. 
- T1 = — 3Tb = — 3 sin x sin y sin z. 



V 2 T b 



V 2 T C = 0. 



3 2 "y 

d 2 v z 
dx 2 



d 2 Vy _ n . d 2 Vy 

dy 2 ~ U ' dz 2 
dy 2 dz 2 



V 2 u 



0 



V 2 v = 2x + 6xy. 
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Problem 1.26 

T7in yv l _ JL ( dvz _ dvy\ J)_ ( dv x _ dv*\ , d_ (dvy _ dvA 
V ^ V A v ) — Qx y dy dz J ^ dy \ dz dx J ^ dz \ dx dy J 

= (& - fe) + (& ~ &) + (fe - fe) = 0, by equality of cross-derivatives. 



From Prob. 1.18: Vxv a = -6xzx + 2zy + 3z 2 z => V-(Vxv a ) = J^(-6xz) + J^(2z) + J|(3z 2 ) 
-6z + 6z = 0. / 



Problem 1.27 



Vx(Vi) 



x y z 

jL JL JL 

dx dy dz 

9t dt dt 

dx dy dz 



' JT±_ _ d 2 t \ _j_ _ c^t ' 

\dy dz dz dy J J \ dz dx dx dz / 



dH 



d 2 t 



\ dx dy dy dx * 



= 0, by equality of cross-derivatives. 
In Prob. 1.11(b), V/ = 2xy 3 z i x + 3x 2 y 2 z i y + Ax 2 y 3 z 3 z, so 



VX(V/) 



x y z 

JL JL JL 

dx dy dz 

3^4 *2„,2 4 A J2 a ,3^ 



2xy i z' 1 ix z y 2 z^ Ax z y 3 z c 
= x(3 • Ax 2 y 2 z 3 - 4 • 3x 2 y 2 z 3 ) + y(4 • 2xy 3 z 3 - 2 ■ Axy 3 z 3 ) + z(2 • 3xy 2 z i - 3 • 2xy 2 z i ) = 0. / 

Problem 1.28 

(a) (0,0,0) — > (1,0,0). x : 0 -> 1,2/ = z = 0;dl = dix; v • dl = x 2 dx; / v dl = ^ x 2 dx = (x 3 /3)|J = 1/3. 
(1,0,0) — > (1, 1,0). x = l,y : 0 -> l,z = 0; dl = dyy; v • dl = 2yzdy = 0; / v • dl = 0. 
(1,1,0) — ► (1, 1, 1). x = y = 1, z : 0 — » 1; dl = dzz; v • dl = y 2 dz = dz; / v • dl = Jg dz = z\\ = 1. 



ToiaZ: / v • dl = (1/3) + 0 + 1 = 4/3 

(b) (0,0,0) — ► (0,0,1). x = y = 0,z : 0 -> l;dl = dzz; v dl = y 2 dz = 0; / v • dl = 0. 

(0,0,1) — » (0,1,1). x = O,?/ : 0^ l,z= l;dl = dyy;v dl = 2yz dy = 2y dy; f v dl = J* 2y dy = y 2 \l = 1. 
(0,1,1) — > (1,1,1). x : 0 -» l,y = z = l;dl = dxx; v dl = x 2 dx; / v dl = J 1 x 2 dx = (x 3 /3)|J = 1/3. 



TotaZ: / vcfl = 0 + l + (1/3) = 4/3. 



(c) x = y = z : 0 ^ I; dx = dy = dz;v ■ dl = x 2 dx + 2yz dy + y 2 dz = x 2 dx + 2x 2 dx + x 2 dx = 4x 2 dx; 



Jvdl = / 0 1 4x 2 dx^(4x 3 /3)|^ 4/3. 



(d)fvdl=(4/3)-(4/3) = L0 



Problem 1.29 



x,2/ : 0 — ► l,z = 0;da = dxdyi\v ■ da = 2/(-z 2 — 3)dxdy = —3ydxdy;fv ■ da = —3 J Q 2 dx J^ydy = 



— 3(x| 2 )(^- |q) = — 3(2)(2) = -12. In Ex. 1.7 we got 20, for the same boundary line (the square in the 



X2/-plane), so the answer is no: | the surface integral does not depend only on the boundary line. The total flux 
for the cube is 20 + 12 



32. 



Problem 1.30 

JT dr — J z 2 dxdydz. You can do the integrals in any order — here it is simplest to save z for last: 



dx I dy 



dz. 
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The sloping surface is x + y + z = 1, so the x integral is /J 1 a ^ da; = 1 — y — z. For a given z, y ranges from 0 to 
1 - z, so the y integral is j^ z) (1 - y - z) dy = [(1 - z)y - (y 2 /2)] \£~ z) = (1 - zf - [(1 - z) 2 /2] = (1 - z) 2 /2 = 



(1/2) 



(z 2 /2). Finally, the z integral is /„* z 2 (| - z + dz = /^(^ - 2 3 + t) rfz = (t ~ T + 



|i - 



10 



1/60. 



Problem 1.31 

T(b) = 1+4 + 2 = 7; T(a) = 0. 



T(b) - T(a) = 7. 



> J a VT-dl = 7. / 



VT = (2.x + 4y)x + {Ax + 2z J )y + (6yz 2 )z; VT-dl = (2a; + 4y)dx + (4.x + 2z J )dy + {6yz 2 )dz 

(a) Segment 1: x : 0 -> 1, y = z = dy = dz = 0. /VT-dl = /J (2a;) dx = a; 2 | J = 1. 
Segment 2: y : 0 -» 1, x = 1, z = 0, dx = dz = 0. /VT-dl = J^{A) dy = Ay\\ = A. ) f° VT-dl = 7. S 
Segment 3: z : 0 -» 1, x = y = 1, dx = dy = 0. /VT-dl = J^z 2 ) dz = 2z 3 |* = 2. 

(b) Segment 1: z : 0 -» 1, x = y = dx = dy = 0. J VT-dl = J^{0) dz = 0. 
Segment 2: y : 0 -> 1, x = 0, z = 1, dx = dz = 0. /VT-dl = / f) 1 (2) dy = 2y|g = 2. 
Segment 3: x : 0 -> 1, y = z = 1, dy = dz = 0. /VT-dl = / Q 1 (2x + 4) dx 

= (a; 2 +Ax)\l = 1+4 = 5. 

(c) x : 0 — > 1, y = x, z = x 2 , dy = dx, dz = 2xdx. 
VT-dl = (2x + 4x)dx + (4x + 2x 6 )dx + (6xx 4 )2x dx = (lOx + 14x 6 )dx. 

/ a b VT-dl = / f) 1 (10x+14x 6 )dx= (5x 2 + 2x 7 )|J = 5 + 2 = 7. / 
Problem 1.32 

V-v = y + 2z + 3x 

/(V-v)dr = /(y + 2z + 3x) dx dy dz = f/{/ 0 2 (y + 2z + 3x) dx} dy dz 



= /{/ 0 2 (2y + 4z + 6)dy}dz 



[(y + 2z)x+ |x 2 ] Q = 2(y + 2z) + 6 



[y 2 + (4z + 6)y] Q = A + 2(4z + 6) = 8z + 16 



= / 0 2 (8z + 16)dz = (4z 2 + 16z)| Q 
Numbering the surfaces as in Fig. 1.29: 



16 + 32 



48. 



(i) da = dy dz~k,x — 2. v-da = 2y dy dz. fv-da = Jj2y dy dz ~ 2y 2 | 0 

(ii) da = — dy dz x, x = 0. v-da = 0. /v-da = 0. 

(iii) da = dx dz y , y — 2. v-da = 4z dx dz. / v-da = J fAz dx dz = 16. 

(iv) da = — dx dz y, y = 0. v-da = 0. /v-da = 0. 

(v) da = dx dy z, z = 2. v-da = 6x dx dy. / v-da = 24. 

(vi) da = —dxdyz, z = 0. v-da = 0. /v-da = 0. 
=> / v-da = 8 + 16 + 24 = 48 / 



Problem 1.33 

VXv = x(0 - 2y) +y(0 - 3z) +z(0 - x) = -2yx - 3zy - xz. 

da = dy dz x, if we agree that the path integral shall run counterclockwise. So 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



CHAPTER 1. VECTOR ANALYSIS 



13 



(Vxv)-da = -2ydydz. 
/(Vxv)-da = j{j 0 2 - z (-2y)dy}dz 



y>\T = -{2-zY 



= - J 0 2 (4 - 4z + z 2 )dz = - (Az - 2z 2 + 
= -(8-8+|) = 




Meanwhile, vdl = (xy)dx + (2yz)dy + (3zx)dz. There are three segments. 




(1) x = z = 0; dx = dz = 0. y : 0 -> 2. / vdl = 0. 

(2) x = 0; z = 2 — y; dx = 0, dz = — dy, y : 2 — > 0. v-dl = 2yzdy. 

jVdl = /° 2y(2 - y)dy = - / 0 2 (4y - 2 y 2 )d y = - (2y 2 - |y3) | 2 (8-1-8) 1. 

(3) x = y = 0; dx = dy = 0; z : 2 -> 0. vdl = 0. Jvdl = 0. So § vdl = -§. / 

Problem 1.34 

By Corollary 1, /(Vxv)-da should equal |. Vxv = (4z 2 - 2x)x + 2zz. 

(i) da = dy dz x, a; = 1; y,z:0-»l. (V X v)-da = (4z 2 - 2)dy dz; J*(Vxv)-da = (4z 2 - 2)dz 

= (s« 3 -2*)i;=s-2=-i- 

(ii) da = -dxdyz, z = 0; : 0 — » 1. (Vxv)-da = 0; /(Vxv)-da = 0. 

(iii) da = dxdzy, y = 1; x, z : 0 — > 1. (Vxv)-da = 0; /(Vxv)-da = 0. 

(iv) da = -dxdzy, y — 0; a;, z : 0 — > 1. (Vxv)-da = 0; /(Vxv)-da = 0. 

(v) da = dxdyz, z = 1; x, y : 0 — > 1. (V X v)-da = 2 dx dy; /(Vxv)-da = 2. 

=>/(Vxv).rfa =-f + 2=f. / 
Problem 1.35 

(a) Use the product rule Vx(/A) = /(VxA) -Ax (V/) : 

/ /(VxA) da= [ Vx(/A) • da+ /[Ax (V/)] ■ da= (f /A • dl + /[Ax (V/)] • da. qed 

^5 J'P 

(I used Stokes' theorem in the last step.) 

(b) Use the product rule V-(A x B) = B • (Vx A) - A • (VxB) : 

/ B-(VxA)dr= f V-(AxB)dr+ f A-(VxB)dr= i*(AxB)-da+ / A-(VxB)dr. qed 
Jv Jv Jv Js Jv 

(I used the divergence theorem in the last step.) 
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Problem 1.36 



r = \J x 1 + y 2 + z 2 ; 9 = cos 1 



\J x 2 +y 2 +z 



0 = tan- 1 (|) 



Problem 1.37 

There are many ways to do this one — probably the most illuminating way is to work it out by trigonometry 
from Fig. 1.36. The most systematic approach is to study the expression: 

r = xit + yy + zz~r sin 9 cos <px + r sin 8 sin 4> y + r cos 8 z. 

If I only vary r slightly, then dr = J^(r)dr is a short vector pointing in the direction of increase in r. To make 
it a unit vector, I must divide by its length. Thus: 



dr 

dr 

I — I 

I dr I 



dr 


dr 


d9 




1 dr 1 


1 de \ 


I d<f> 



= sin 9 cos <f> x + sin 8 sin <j> y + cos 8 z; 



dr I 



; 6»cos 2 <j> + sin 2 0 sin 2 0 + cos 2 6> = 1. 



dr 



r cos 0 cos 4> x + r cos 0 sin 0 y — r sin 0 z ; 

|2 



I III 2 
I 96» I 



1^ = — r sin #sin 0x + r sin 8 cos </>y; = r 2 sin 2 6* sin 2 < 



r 2 sin 2 0 cos 2 



+ r 2 cos 2 6* sin 0 + r 2 sin 
r 2 sin 2 0. 



f = sin 8 cos 4> x + sin 6> sin 0 y + cos # z. 
0 = cos 6* cos 4> x + cos 0 sin 0 y — sin 8 z. 
0 = — sin (j)x + cos </>y. 



Check: r-r = sin #(cos 0 + sin 



sin 8 + cos 2 



1, / 



9-cj) = — cos 8 sin </>cos (f> + cos #sin </>cos cf> = 0, / etc. 

sin 6* f = sin 2 6* cos 0 x + sin 2 9 sin 0 y + sin 6> cos # z. 
cos 86 = cos 2 0 cos <j) x + cos 2 6> sin 0 y — sin 8 cos # z. 
Add these: 

(1) sin6>f + cos 8 9 = +cos 0x + sin</>y; 

(2) <fi = — sin^x + cos</>y. 
Multiply (1) by cos0, (2) by sin0, and subtract: 



x = sin 9 cos (pr + cos 9 cos 4> 0 — sin (f> cf>. 



Multiply (1) by sin</>, (2) by cos 0, and add: 



y = sin 8 sin <fi r + cos 8 sin 0 0 + cos 0 



cos (7 r = sin (7 cos 6* cos <p x + sin (7 cos (7 sin <p y + cos v z. 
sin 6* 6 = sin 0 cos 8 cos 0 x + sin 8 cos 6* sin 0 y — sin 2 9 z. 
Subtract these: 



z = cos0f — sin 0 0. 
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Problem 1.38 

(a) V.v 1 = Ii(rV) 



^4r 3 



4r 



4ttR 4 



J(V-v 1 )dr = J(4r)(r 2 sm9drd9d(f>) = (4) /* r 3 dr sin 6 d6 ffid<f> = (4) (^) (2)(2tt) 
J v 1 -da = j(r 2 r)-(r 2 sin 0 dO d<j> f ) = r 4 J* sin 0d6* J Q 27r d</> = 4ttR 4 / (Note: at surface of sphere r = R.) 

(b) V.y 2 = I|(r 2 i)=0 



/(V-v 2 )dr = 0 



JV 2 -da = /(^f) (r 2 sm6d6dcj)r) = J sin 9d9d<j)=\ 4tt. 
They don'i agree! The point is that this divergence is zero except at the origin, where it blows up, so our 
calculation of J(V-v 2 ) is incorrect. The right answer is 47r. 

Problem 1.39 

Vv = ^£ r (r 2 rcos9) + ^l g (sm9rsm9) + 7 ^£ i (rsm9cos0) 



= -4 3r 2 cos( 



r sin 0 



r sin 9 39 » 

r 2 sin 6 cos I 



= 3 cos 9 + 2 cos 6> — sin <f> = 5 cos 6* — sin 0 



r sin # c?0 * 

^rsin(9(-sin </>) 



/(V-v)dr = J(5 cos 0 — sin 0) r 2 sin 0 dr d# d(j) — r 2 dr J Q 2 Jq^(5 cos 9 — sin 



dOsiae 



= (^f) (IOtt) /J sin (9 cos <9d<9 



>2tt(5cos(9) 



sin" 8 g 
2 



5tt n3 
"3" K • 



if; r — R; <f) : 0 

r 27T 



2tt, (9:0 



2 • 



Two surfaces — one the hemisphere: da = R 2 sin 6 d9 < 

/ vda = /(r cos 9)R 2 sin 9 d9 d(f> = R 3 Q sin (9 cos (9 d(9 d0 = i? 3 (§) (2tt) = 7ri? 3 . 
other the flat bottom: da = (dr)(r sin 9dcj))(+9) =rdrd(j)6 (here 0 = f ). r : 0 ^ i?, 0:0 



2tt. 



Jvda= J(rsm$)(r dr d(f>) = J 0 r 2 dr J Q ' 
Total: / vrfa = 7ri? 3 + §7ri? 3 = §7ri? 3 . / 



2ir± 



Problem 1.40 



Vt = 



— (cos 9 + sin$cos</>)f + (— sin 9 + cos 9 cos 0)0 + ^^-(— shi0sin0)0 



V 2 t = V-(Vt) 



C r 2c 

r 2 dr V V 



COS( 



sin W cos 



0)) 



r sin 9 d9 



(sin(9(-sin(9 + cos6lcos0)) + 7^s(-sin ( 



^2 2r (cos 0 + sin 9 cos 0) + - 4^ g (—2 sin 6* cos 9 + cos 2 0 cos 0 — sin 2 0 cos 0) 



= r 2n9 sm &f os 9 + 2 sin 2 0 cos 0 — 2 sin 9^os 9 + cos 2 9 cos 0 — sin 2 9 cos 0 — cos 
= ^4^0 [(sin 2 0 + cos 2 9) cos 0 - cos 0] =0. 



r sin 0 



COS 0 



V 2 t = 0 



Check: rcos9 



z, rsmtfcosi 



in Cartesian coordinates t = a; + z. Obviously Laplacian is zero. 



Gradient Theorem: f Vi-dl = t(b) — i(a) 

Segment 1: 9 = f , 0 = 0, r : 0 -> 2. dl = dr f ; Vi-dl = (cos 9 + sin 0 cos cj))dr = (0 + l)dr = dr. 

/Vt.dl = / 0 2 dr = 2. 



Segment 2: 9 = f , r = 2, 0:0 



dl = r sin 9 d0 <f> = 2 d<j> 4>. 



Vi-dl = (-sin0)(2d0) = -2sin0d0. /Vi-dl = - j Q 2 2sin0d0 = 2cos0| o 2 =-2. 
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Segment 3: r = 2, <j) = \ ; 0 



<fl = rd60 = 2dee- Vt-dl = (-sin0 + cos0cos0)(2d0) = -2sin0d0. 
[Vt-dl= - [°2sin0d0 = 2 cos 01° =2. 

Tota/: J a b Vi-cfl = 2- 2 + 2 = [2]. Meanwhile, i(b) - t(a) = [2(1 + 0)] - [0( )] = 2. / 



Problem 1.41 From Fig. 1.42, § = cos </>x + sin 0y; 4> = — sin 0x + cos 0y; z = z 



Multiply first by cos </>, second by sin <fi, and subtract: 



s cos <j) — 4> sm 4> = cos 0 x + cos 0 sm 4> y + sm ^ x — sin </> cos 4>y = x(sin 0 + cos 



So 



x = cos <ps — sin00>. 



Multiply first by sin <f), second by cos (p, and add: 

ssin0 + 0cos(/> = sin <j> cos <j> x + sin 2 </>y — sin </>cos 0x + cos 2 </>y = y(sin 2 <f> + cos 2 0) = y. 

So 



y = sin 0 s + cos (f> (f>. 



z. 



Problem 1.42 

(a) V v - 1 9 



f s (ss(2 + sin 2 4>) ) + \ A (s sin <j> cos 0) + £ (3z) 



= i2s(2 + sin 
= 4 + 2sin 2 
= 4 + sin 2 6 + cos 2 ( 



+ i s(cos 2 ^ ■ 
+ cos 2 d> — sin 2 c 



sm 



+ 3 



■ + 3 = 



(b) /(V-v)dr = J(8)sdsd(j)dz = 8 J 0 sds/ 0 2 d<f> dz = 8(2) (f ) (5) = 40tt. 
Meanwhile, the surface integral has five parts: 

top: z = 5, da = s ds d(/) z; vda = 3z s ds d(p = 15s ds d(j>. J vda = 15 s ds J Q 2 
bottom: z = 0, da = — s ds d(f> z; vda = — 3z s ds d(f) = 0. Jv-da = 0. 
back: 0=§, da = dsdz<f>; vda = s sin (f> cos (f) ds dz = 0. Jvda = 0. 
left: 0 = 0, da~—dsdz<fi; vda=—ssm.<ficos(fidsdz = Q. Jvda=0. 
front: s = 2, da ~ s d(/) dz s; vda = s(2 + sin 2 0)s c?0 <fe = 4(2 + sin 2 </>)c?0 <iz. 
/vda = 4 (2 + sin 2 <f>)d0 dz = (4)(tt + f ) (5) = 25^. 

So § vda = 15tt + 25tt = 40tt. / 

(c) Vxv= U-^(3z) - -§- z ( ss in0cos0))s+(f ( S (2 + sin 2 0)) - ^(3z)) ^ 



= 15tt. 



+ s (g|(s 2 sin0cos 
i (2s sin </>cos 



00 

s 2 sin 0 cos 



9 («(2- 



Problem 1.43 

(a) 3(3 2 )-2(3) 

(b) cos7r 



27-6 



20. 



-1. 



(c) zero. 

(d) ln(-2 + 3) = In 1 



zero. 



Problem 1.44 



(a) f_ 2 (2x + 3) dx = 1(0 + 3) = [T 



(b) By Eq. 1.94, 6(1 - x) = 6(x - 1), so 1 + 3 + 2 = 
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(c) J 1 _ i 9 x ^-S(x+l)dx = 9(-l) 2 l 



(d) 1 (if a > b), 0 (if a < b). 



Problem 1.45 

(a) f(x) [x£5(x)} dx = xflxWx)^ £ (x f(x)) S(x) dx. 

The first term is zero, since 8(x) = 0 at ±oo; ^ (x f(x)) = x^ + = x^ + f. 
So the integral is - (xf x + /) S(x) dx = 0 - /(0) = -/(0) = - f(x)S(x) dx. 



So, x4-S(x) = -S(x). qed 



' dx 

( b ) J-^oc - /(*)*(*)l-oo - Ho = /(°°) - Jo°° I <** = /(~) - (/(~) - /(«)) 

= /(0) = JT^ /(*)<?(*) da:- So £ = £Qe) ■ qed 

Problem 1.46 

(a) p(r) = q<5 3 (r — r'). Check: J p(r)dr = q J5 3 (r — r') dr = q. / 



(b) p(r) = g<5 3 (r — a) - <7<5 3 (r). 



(c) Evidently p(r) — A8{r — R). To determine the constant A, we require 

Q = fpdr = fA6(r- R)4irr 2 dr = AAnR 2 . SoA^^. \p(r) = ^S(r-R). 



Problem 1.47 

(a) a 2 + a-a + a 2 = 3a 2 . 



(b) J(r b) 2 ^(r) dr = ^b 2 = ^(4 2 + 3 2 ) = 

(c) c 2 = 25 + 9 + 4 = 38 > 36 = 6 2 , so c is outside V, so the integral is | zero. 



(d) (e- (2x + 2y + 2z)) 2 = (lx + Oy + (-1) if = 1 + 1 = 2 < (1.5) 2 = 2.25, so e is inside V, 



and hence the integral is e-(d - e) = (3, 2, l)-(-2, 0, 2) = -6 + 0 + 2 = 



-4. 



Problem 1.48 

First method: use Eq. 1.99 to write J = J e~ r (47r£ 3 (r)) dr = 47re~° = | 4tt. 
Second method: integrating by parts (use Eq. 1.59). 



|^.V(OdT + ^e-^-da. But V (e~ r ) 



d_ 
dr 



e r 



It 2 



e r 4irr 2 dr + 



n 

J e- r ^ -r 2 sinO d9d(f>r = 4tt J e~ r dr + e~ R J sm6d6d<j) 



= 4tt {-e- r ) |q + 4ne- R = 4tt {-e~ R + e"°) + Aire' 11 = 4tt./ (Here R = oo, so e~ R = 0.) 



Problem 1.49 (a) V-F, = £(0) + » (0) + £ (x 2 ) = 0; V-F 2 = ^ + g + ^ = l + l + l = [3 



VxFi = 



x y z 

JL JL JL 

dx dy dz 

0 0 x 2 



- 9 ( 2\ 



-2a;y ; VxF 2 = 



x y z 

JL JL JL 

dx dy dz 

X y Z 
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F 2 is a gradient; Fi is a curl 



U 2 = \ (x 3 + y 2 + z 2 ) would do (F 2 = VJ7 2 ). 



ForA 1 ,wewant(^-^) = ( 



9 -t- d -t)=^ 9 -t- d -k = - 2 - A y =i, A x = ^ = 0 would do it. 



Ai = \x 2 y (Fi = Vx Ai) . (But these are not unique.) 



(b) V-F 3 = £{yz) + i-(xz) + f z (xy) = 0; VxF 3 



x (x - x) + y (y - y) + z (z - z) = 0. 



x y z 

d_ d_ d_ 
dx dy dz 

yz xz xy 

So F 3 can be written as the gradient of a scalar (F 3 = Vt/3) and as the curl of a vector (F 3 = VxA 3 ). In 
fact, 



U3 = xyz does the job. For the vector potential, we have 



0A Z _ 

ii ~ "'■ 

I, ~dx~ ~ T5jf ~ SO 



= yz, which suggests A z = \y 2 z + f (x, z); A y = -\yz 2 + g(x, y) 
^-^=xz, suggesting A x = \z 2 x+ h(x,y); A z = -\zx 2 + j(y,z) 

A y = \ x2 v + k (y, z ); A x = -\xy 2 + i{x, z) 



Putting this all together: 



A 3 = \{x [z 2 — y 2 ) x + y [x 2 — z 2 ) y + z (y 2 — x 2 ) z} (again, not unique). 



Problem 1.50 

(d) => (a): VxF = Vx(-VU) = 0 (Eq. 1.44 - curl of gradient is always zero), 
(a) => (c): §F-dl = J(VxF) • da = 0 (Eq. 1.57-Stokes' theorem). 



(c) => (b): / a D 7 F . di j: h f . d\ = j: iF . d\ + j: h f . ^ = § f . ^ = 0) 



SO 



/ Fd\ = F-dl. 

'a I J a. II 



(b) => (c): same as (c) (b), only in reverse; (c) =>■ (a): same as (a)=> (c). 
Problem 1.51 

(d) => (a): V-F = V-(VxW) = 0 (Eq 1.46 — divergence of curl is always zero), 
(a) (c): §F ■ da. = J (V-F) dr = 0 (Eq. 1.56 — divergence theorem). 

(c) => (b): jj F ■ da - J H F ■ da = §F ■ da = 0, so 



J V ■ da J F-r/a. 



(Note: sign change because for § F ■ da, da is outward, whereas for surface II it is inward.) 
(b) => (c): same as (c) =>■ (b), in reverse; (c)=> (a): same as (a)=> (c) . 

Problem 1.52 

In Prob. 1.15 we found that V-v„ = 0; in Prob. 1.18 we found that Vxv. = 0. So 



v c can be written as the gradient of a scalar; v a can be written as the curl of a vector. 



(a) To find t: 



(1) ^ = y 2 ^t = y 2 x + f(y,z) 

(2) I - = (2xy + z 2 ) 



(3) 



dt 

dz 



2yz 
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From (1) & (3) we get §£ = 2yz => f = yz 2 + g(y) ^t = y 2 x + yz 2 + g(y), so f y = 2xy + z 2 + g* 



2xy + z 2 (from (2)) => = 0. We may as well pick g = 0; then 



f = xy 2 + yz 2 . 



■ SW^_dWy__^.2. dWx_dW^_o 2„. 9W y dW* _ r, 

•' - •' • dx dy ~ zxz ' 



fb) To find W- dw^ _ ovvy_ _ 2 . 

yu) ±o nnu vv Qy Qz — x , 

Pick W x = 0; then 



dx 

dWy 

dx 



-3xz z ^W z = --x z z z + f(y,z) 



-2xz => W y = —x 2 z + g(y, z). 



dW z _ dWy _dl, rr 2_dg_, r 2.dl_dg 
dy dz ~ dy ~T X dz ~ x ^ d 



|f = 0. May as well pick / = g = 0. 



W = -x 2 zy - §x 2 z 2 z. 



Check: VxW 



x y z 

JL JL JL 

dx dy dz 

0 -x 2 z -%x 2 z 2 



x (a; 2 ) + y (3xz 2 ) + z (-2xz)V 



You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some 
other solutions: 

W = xz 3 x — x 2 zy; 

W = (2xyz + xz 3 ) x + x 2 yz; 

W = xyzx - ja; 2 zy + |x 2 (y — 3z 2 ) z. 

Probelm 1.53 



Vv 



1 9 I 2 2 „\ 1 ^ 

(r r cos6»)H ^™ 

r z or ' r sin ft cw 



= 4r4r 3 cos 0 H ^— - cos 9 r 2 cos 

r sin 9 



(sin 0 r 2 cos 
1 



r sin 6* 



(- 



1 9 

r sin 0 86 



■r cos W cos i 



(— r 2 cos 6* sin ^) 



rcos9 



sm( 



[4 sin 0 + cos 6 — cos 0] = Ar cos 0. 



(V-v) dr 



cos 9)r sin 6* dr d9 ( 



f(4r 



■/***/ 



tt/2 tt/2 

cos 0 sin 0 d9 
o o 



4 ' 



Surface consists of four parts: 

(1) Curved: da = R 2 sin 9d9d6r; r = R. v • da = (R 2 cos 9) (R 2 sin 9 d9 < 



tt/2 tt/2 

J v da = i? 4 y cos 9 sin 6>d(9 ^ # = i? 4 (|) 



7T R 
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(2) Left: da = -r dr d9 4>; <j> = 0. v- da = (r 2 cos 9 sin cj>) (r dr d9) = 0. / v- da = 0. 

(3) Back: da = r dr d9 0; 0 = ir/2. v • da = (— r 2 cos 0 sine/)) (r dr d6) = — r 3 cos 9 drd0. 



R tt/2 



Jv da = J r 3 dr J cos6d6 = - (\ r4 ^) (+ 1 ) = ~\ rA - 



(4) Bottom: da = r sin 9 dr dcf)0; 9 = ir/2. v • da = (r 2 cos </>) (r dr d(j)) . 



R tt/2 

J v ■ da= J r 3 dr J c 



cos (pdcf) = -R . 



Total: § v • da = 7ri? 4 /4 + 0 - ±i? 4 + ±i? 4 = ^_ 



Problem 1.54 

x y z 

V xv — — — — 

9i % 9z 

ay bx 0 

v • dl = (ay x + bxy) ■ (dx x + dy y + dz z) ~ ay dx + bx dy; x 2 + y 2 = R 2 => 2x dx + 2y dy = 0, 
so dy = — (x/y) dx. So v • dl = ay dx + bx(—x/y) dx = - (ay 2 — bx 2 ) dx. 



z(6-a). So /(Vxv) -da= (6-a)7ri? 2 



For the "upper" semicircle, y = \/R 2 — x 2 , so v • dl = ^/ R 2_ x ^ — 



gfi 2 - (a + 6)x 2 
Vi? 2 - ^ 2 



dx 



ai? 2 sin- 1 (|) - (a + 6) [-| v^ 2 ^ + \ sin" 1 (£) 



= -R 2 (a-b)sivr 1 (x/R) 
= l -*R 2 {b-a). 



+R 



= l -R 2 (a b) (sin-^-l) - sin- 1 (+l)) = l -R 2 (a b) (- J - |) 



And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so 
§vdl = irR 2 (b-a). / 

Problem 1.55 

(1) x = z = 0; dx = dz = 0; y : 0 -> 1. v • dl = (yz 2 ) dy = 0; / v • dl = 0. 

(2) a; = 0; z = 2-2y; dz = -2dy; y : 1 -> 0. v-dl = (yz 2 ) dy+ (3y + z) dz = y(2 - 2y) 2 dy- (3y + 2 - 2y)2 dy; 



/vdl = 2/ 



-4, 2 -,-2)d, = 2 (^-^ + ^-2y 



14 



(3) x = y = 0; dx — dy — 0; z : 2 — > 0. v • dl = (3y + z) dz = z dz; 



^ v • dl = y zi/: 



-2. 



Toia/: fv-dl = 0+ ^- 2 
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Meanwhile, Stokes' thereom says <fv-dl = J(Vxv) • da. Here da = dydzit, so all we need is 
(Vxv) 2 = ^(Sy + z) - §- z (yz 2 ) = 3 - 2yz. Therefore 

(Vxv)-da = y j (3 - 2yz) dy dz = J J (3-2yz)dz 



dy 



f [3(2 - 2y) - 2yi(2 - 2y) 2 ] dy = / (-4y 3 + 8y 2 - lOy + 6) dy 
Jo Jo 



(-y 4 + f 2/ 3 - 5y 2 + 6y) 



-l+|-5 + 6= |. / 



Problem 1.56 

Start at the origin. 

(1) 0=§, 0 = 0; r:0-»l. v • cfl = (r cos 2 0) (dr) = 0. /v-dl = 0. 



tt/2 



(2) r = 1, 9 = f ; 0 : 0 -» tt/2. v • dl = (3r) (r sin 0 d0) = 3 d0. / v • dl = 3 j d<t> = ^. 



(3) 0=f; rsinfl = y=l,sor=- i ij ) dr^-^costfdtf, 0 : f -> 0 O = tan" 1 ^). 



v • dl = (r cos 2 0) (dr) — (r cos 9 sin 0) (r d0) 

c 3 



COS 



COS ( 



cos" 



sin J 9 sin 0 



cos V \ ,„ cos f / cos 2 6* + sin 2 
d0 = 



sin0 



sin 0 V sin 2 9 



sin 



sin 



cos ( 



sin 



d6. 



Therefore 



tt/2 



COS 0 



sin 



d0 = 



1 



2 sin 2 (9 



r/2 2 -(!/5) 2-(l) 



2. 



(4) 0= 0 O , 0 = f ; r : s/l -» 0. v • dl = (rcos 2 0) (dr) = |rdr. 



r dr = 



5 2" 



4 5 

5 ' 2 



= -2. 



TofaZ: 



v-dl = 0+ ^ + 2- 2 



3w 
2 ' 



Stokes' theorem says this should equal J(Vxv) • da 
1 



Vxv = 



rsin0 
1 



+ 



r 
1 



d d 
— (sin0 3r) — — — (— rsin0cos0) 
o9 o<p 

d d 

(— rr cos 9 sin 0) — — (rcos 2 0) 

00 



-A-^ (rcos 2 9) - ^-(r3r) 
sin 9 ocp ' or 



dr 



4> 



- [3r cos 01 r + - [-6rl 0+- \-2r cos 9 sin 9 + 2r cos 9 sin 01 0 
rsm0 r r 

3cot0r - 60. 
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(1) Back face: da = -rdrd8<t>; (Vxv)-da = 0. /(Vxv) ■ da = 0. 

(2) Bottom: da = -rsmOdr d<f>0; (Vxv) • da = QrsmOdrdcf). 6 = §, so (Vxv) • da = Qr dr dcj) 



I 



1 

Vxv) • da = J 6rdr J d(f) = 6 • ^ • | = y. / 
o o 



Problem 1.57 

v • dl = y dz. 

(1) Le/t side: z = a — a;; dz = — dx; y = 0. Therefore J v • d\ = 0. 

(2) Bottom: dz = 0. Therefore / v • dl = 0. 

0 2 

(3) Bacfc: z = a - |y; = -1/2 dy; y : 2a -> 0. Jv-dl = J y {-\dy) = -\\ 



2 a 



4a z 
4 



a 2 . 



Meanwhile, Vxv = x, so /(Vxv) • da is the projection of this surface on the xy plane = \ ■ a ■ 2a = a 2 . / 
Problem 1.58 



1 d 



1 9 

V-v = ^r^— (r 2 r 2 sin 0) H :— ^ ™ (sin 0 4r 2 cos 0) 

r z or ' r sin 0 00 



I 1 4r 

= -^4r 3 sin 0 + -^^4r 2 (cos 2 0 - sin 2 0) = — - (sin 2 0 + cos 2 0 - sin 2 0) 
r z rsm0 v 7 sm0 v ' 



1 6> 

r sin 0 <9</> 
2 



(r 2 tan0) 



4r- 



cos 2 0 



sin( 



(V-v) dr = / 4r 



27ri? 4 



cos 2 0 



sin 0 
7r sin 60 



R tt/6 2tt 

(r 2 sin 6drd0d(j)) = j 4r 3 dr J cos 2 0 d0 ^ d^ = (i? 4 ) (2tt) 
00 0 



0 sin 20 
2 + — 



tt/6 
0 



;27r + 3\/3). 



12 4 
Surface coinsists of two parts: 

(1) The ice cream: r = R; 4> : 0 -> 2tt; 0 : 0 -> tt/6; da = i? 2 sin 0 d0 d<j>r ; vda = (i? 2 sin0) (i? 2 sin 0 d0 d</>) 
i? 4 sin 2 0d0d0. 

tt/6 2tt 



y vda — R 4 J sin 2 6 d9 J dcp = (i? 4 ) (2tt) 



^0- I sin 20 
2 4 



t/6 



= 2;r/i ,: f ^ -i S in60< 



0 0 

(2) T/ie cone: 0 = § ; 0 : 0 -» 2tt; r : 0 -» fl; da = rsm9d(f>dr § = ^§-rdrd(j)9; v-da=V3r 3 dr< 



R 2tt 



J v • da = V3 y r 3 dr J d<j> = V3 • ^ • 2tt = ^i? 4 . 
0 0 

Therefore / v • da = ^ (f - & + V^j = ^ + 3>/3). /. 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



CHAPTER 1. VECTOR ANALYSIS 23 



Problem 1.59 

(a) Corollary 2 says f (VT)-cfl = 0. Stokes' theorem says §(VT)-dl = /[Vx(VT)]-da. So f[Vx(VT)]-da = 0, 
and since this is true for any surface, the integrand must vanish: Vx(VT) = 0, confirming Eq. 1.44. 

(b) Corollary 2 says $>(V Xv)-da = 0. Divergence theorem says |(Vxv)-rfa = J V-(Vxv) dr. So / V-(Vxv) dr 
— 0, and since this is true for any volume, the integrand must vanish: V(Vxv) = 0, confirming Eq. 1.46. 

Problem 1.60 

(a) Divergence theorem: §v ■ da = J(V-v) dr. Let v — cT, where c is a constant vector. Using product 
rule #5 in front cover: V-v = V-(cT) = T(V-c) + c • (VT). But c is constant so V-c = 0. Therefore we have: 
J c ■ (VT) dr = fTc ■ da. Since c is constant, take it outside the integrals: c • J VT dr = c ■ J Tda. But c 
is any constant vector in particular, it could be be x, or y, or z — so each component of the integral on left 
equals corresponding component on the right, and hence 



J VT dr = J Tda. qed 



(b) Let v — > (v x c) in divergence theorem. Then /V-(v x c)dr = J(v x c) • da. Product rule =#=6 =>• 
V-(v x c) = c • (Vxv) — v • (Vxc) = c • (Vxv). (Note: Vxc = 0, since c is constant.) Meanwhile vector 
indentity (1) says da ■ (v x c) = c • (da x v) = — c • (v x da). Thus J c ■ (V X v) dr = — J c ■ (v x da). Take c 
outside, and again let c be x, y, z then: 



J (Vxv) dr = - J v x da. 



qed 



(c) Let v = TVU in divergence theorem: / V-(TVC/) dr = J TVU-da. Product rule #(5) => V-(TVCT) = 
TV-(V£/) + (VU) ■ (VT) = TV 2 U + (VU) ■ (VT). Therefore 



J (TV 2 U + (VU) ■ (VT)) dr = j (TVU) ■ da. qed 



(d) Rewrite (c) with T <-» U : J (UV 2 T + (VT) ■ (VU)) dr = J (UVT) ■ da. Subtract this from (c), noting 
that the (VU) ■ (VT) terms cancel: 

J (TV 2 U - UV 2 T) dr = J (TVU - UVT) ■ da. qed 

(e) Stake's theorem: f(Vxv) ■ da= §v ■ dl. Let v = cT. By Product Rule #(7): Vx(cT) = T(Vxc) - 
c x (VT) = -c x (VT) (since c is constant). Therefore, - J(c x (VT)) ■ da = § Tc ■ dl. Use vector indentity 
#1 to rewrite the first term (c x (VT)) ■ da = c • (VT x da). So — J c • (VT x da) = §c-Td\. Pull c outside, 
and let c — > x, y, and z to prove: 



/ 



VT x da = - d> Tdl. qed 



Problem 1.61 

(a) da = R 2 sin 9 dO d<f>r. Let the surface be the northern hemisphere. The x and y components clearly integrate 
to zero, and the i component of f is cos 9, so 



//■tt/2 c 
R 2 sin0 cos 9 d6 d<f> z = 2ttR 2 z j sin 6>cos 9 d9 = 2ttR 2 z- 

(b) Let T = 1 in Prob. 1.60(a). Then VT = 0, so § da = 0. qed 



7Ti? 2 Z. 
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(c) This follows from (b). For suppose a! ^ a 2 ; then if you put them together to make a closed surface, 
§ da = ai — a 2 ^ 0. 

(d) For one such triangle, rfa = |(r x dl) (since r x o!l is the area of the parallelogram, and the direction is 
perpendicular to the surface), so for the entire conical surface, a = ^|rxi 

(e) Let T = c • r, and use product rule #4: VT = V(c • r) = c x (Vxr) + (c • V)r. But Vxr = 0, and 

(c- V)r= (c x ^ + c y ^ y +c z: § i )(xx + yy + zz) = c x x + c y y + c z z = c. So Prob. 1.60(e) says 



<j>Td\ = <j>{c -T)d\ = - J (VT) x da= - J c x da= -c x J da= - 



c x a = a x c. 



qed 



Problem 1.62 

(1) 



1 d 



3 5 )-irM- 

r I r z or 



For a sphere of radius i?: 

Jvda = /(^f) • (R 2 sin 9 d9d(j)r) = Rj sin 9 d6 d(j) = 4tt R. 

/ r \ [So divergence 

/(V-v)dr = / (r 2 sin 9 drd9d(t>) = {j dr J (I sin9d9d(/)) =4nR. [ theorem checks. 



Evidently there is no delta function at the origin. 

1 d 



VX (r n r) = 4^ (^ 2 ^ n 



(r « +2) 



1 



(n + 2)r n+1 



(n + 2)? 



(except for n 



r 2 dr ' ' r 

2, for which we already know (Eq. 1.99) that the divergence is 47r<5 3 (r)). 



(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives | zero. | 
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using 
Prob. 1.60(b): If Vx(r"f) = 0, then /(Vxv)dr = 0 = -§v x da. But v = r"f and da = 
R 2 sin 6 d9 d<p f are both in the f directions, so v x da = 0. / 
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Chapter 2 

Electrostatics 



Problem 2.1 



(a) Zero. 



(b) 



F 



1 qQ 

47T60 r 2 



where r is the distance from center to each numeral. F points toward the missing q. 



Explanation: by superposition, this is equivalent to (a), with an extra — q at 6 o'clock — since the force of all 
twelve is zero, the net force is that of — q only. 



(c) Zero. 



(d) 



1 qQ 

4-7re 0 r 2 



, pointing toward the missing q. Same reason as (b). Note, however, that if you explained (b) as 



a cancellation in pairs of opposite charges (1 o'clock against 7 o'clock; 2 against 8, etc.), with one unpaired q 
doing the job, then you'll need a different explanation for (d). 

Problem 2.2 

(a) "Horizontal" components cancel. Net vertical field is: E z — 4^2^-2 cos 9. 



Here >2- 2 = z 2 + (§) 2 ;cos6> 



so 



E 



2qz 



4TT6Q 



d\ 2 \3/2 



When z~3> d you're so far away it just looks like a single charge 2q; the field 
should reduce to E = H z. And it does (just set d — > 0 in the formula). 

4-7reo z w ' 

(b) This time the "vertical" components cancel, leaving 
E 



1 2 q 

A-nf-o Is ' 



sm# x, or 



E = 



1 



qd 



4ire 0 (z 2 + (| 



d\ 2 \3/2 




From far away, (z ^> d), the field goes like E 



1 qd 

£ 0 z 3 



z, which, as we shall see, is the field of a dipole. (If we 



set d — > 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge 
from far away, the net charge is zero, so E — > 0.) 
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E z 



cos0 = 4 r ) 



4-n-e 



dx 



47re 0 



1 X L 



E x = 



L 

1 



4tt 



7^— A 

47T€o 



1 \ P a: fio: 

reo J (;r 2 +z 2)3/2 

1 



(I 



E 



1 A 



47T£o Z 



Vz 2 + L 2 J \^/z 2 + L 2 



L 



For z L you expect it to look like a point charge q = XL: E 
term — > 0, and the z term — > -r^— --z. 

Problem 2.4 



4^ 

47T£ 0 



1 XL - 



z Vz 2 +L 2 



^z. It checks, for with z ^> L the x 



From Ex. 2.1, with L — > | and z — > \/ ; 



E x = 



2 + (|) (distance from center of edge to P), field of one edge is: 
1 Xa 



47re 0 



There are 4 sides, and we want vertical components only, so multiply by 4cos# = 4 




Problem 2.5 







z 









"Horizontal" components cancel, leaving: E = j^- j cos6*j z. 
Here, ^2- 2 = r 2 + z 2 , cos# = ^- (both constants), while Jdl — 2irr. So 



E 



1 X(2wr)z 



o (r 2 + z 2 ) 



2^3/2 



Problem 2.6 

Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total 
charge of a ring is a ■ 2nr ■ dr = X ■ 2nr, so A — adr is the "line charge" of each ring. 



F, ■ — 



1 (adr)2irrz 

2^3/2' 



47Ten fr-2 



o (r 2 + z 2 ) 



1 

Sdisk = -. 27TO-Z 

47re n 



o (r 2 + z 2 ) 



2^/2 



dr. 



E, 



disk 



47re 



-27rcrz 



o 



z ^/R 2 + z 2 
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For R^> z the second term — > 0, so E p i a 

-1/2 



-r^— 27TC7Z 

4-n-eo 



2e 0 



Forz»i?, 71 | Tp = l(l + ^)" «i(l-|S).«»[] 



Vfl 2 +z 2 



1 il 

2 z 3 



2z 3 ' 



where Q = irR 2 a. / 



Problem 2.7 

E is clearly in the z direction. From the diagram, 
dq = ada = oR 2 sin 9 d9 d<j), 
1 2 = R 2 + z 2 - 2Rzcos9, 



cosip 
So 



z — R cos t 



1 f oR 2 sin 9d9d(j)(z — R cos ( 



47re 0 J (R 2 + z 2 - 2Rz cos 9) 3 / 2 



fdcj) = 2tt. 



47T£ ( 



-(2nR 2 a) 




(z - g cos g) sing . f 0 = O^u = +l 

- — s — j- a9. Lctu = cosfl; du = —sm9a9;< „ 1 

0 (i? 2 + z 2 -2Rzcos9) 3 / 2 >\$ = Tr=>u = -l 



47T6, 
l 



— (2nR 2 a) f 



z — Ru 



4ire< 



(27ri? 2 cr) 



_! (i? 2 + z 2 - 2i?zu) 3 / 2 
1 



Z?i — i? 



z 2 Vi? 2 + z 2 - 2i?zu 



du. Integral can be done by partial fractions — or look it up. 
1 2nR 2 a ( (z — R) (-z - R) 



47T£o Z 2 



\z-R\ \z + R\ 



For z > R (outside the sphere), E z = -A^^P- = ^S>, sn 



Z 47T£o Z 1 



47T60 Z 2 ' 



E 



1 9 - 
z. 



47T£o Z 2 



For z < i? (inside), B z = 0, so E = 0. 



Problem 2.8 

According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge 
were concentrated at the center, while all exterior shells contribute nothing. Therefore: 



E(r) 



1 Q b 



where Q m t is the total charge interior to the point. Outside the sphere, all the charge is interior, so 





Q ~ 


47re 0 





Inside the sphere, only that fraction of the total which is interior to the point counts: 

*-3 



±Trr 3 

Q^-h B3 Q= W Q, SO E: 



47re 0 i? 3 r 2 * Ane^R 3 *' 



Problem 2.9 

(a) p= e 0 V-E = e 0 ^2 



kr 3 ) = e 0 ^k(5r 4 ) = 5e 0 kr 
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(b) By Gauss's law: Q cnc = e 0 § E-da = e 0 (kR 3 )(4:irR 2 ) = 4ire 0 kR 



By direct integration: Q cuc = Jpdr — J f ^(5eokr 2 )(ATrr 2 dr) = 207re o fc L r A dr — 47re 0 A;i? 5 ./ 
Problem 2.10 

Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface 
of this larger cube gets the same flux as every other one, so: 



E-da = 



1 

24 



E-da. 



one 
face 



whole 
large 
cube 



The latter is ^q, by Gauss's law. Therefore 








» — 











Problem 2.11 




Gaussian surface: Inside: § E-da = E(4nr 2 ) — -^Qenc = 0 
Gaussian surface: Outside: E(4irr 2 ) = -^(dAirR 2 ) 



E = 0. 



„ o-R 2 . 
E= — f. 

e 0 r 2 



} 



(As in Prob. 2.7.) 



Problem 2.12 




/E-da = E-4nr 2 = f Q cnc = f ±nr 3 p. So 



Gaussian surface 



E = — prr. 

3e 0 



Since Qt 



jirRtp, E =5 L^f (as in Prob. 2.; 



Problem 2.13 



Gaussian surface 



' E-da = E ■ 2irs ■ I = j^Q cnc = ^AZ. So 



E = s 

27T£oS 



(same as Ex. 2.1). 



Problem 2.14 




§ E-da = E ■ Anr 2 = iQ enc = i Jp dr = i /(At) (f 2 sin (9 dr d(9 d<^) 
Gaussian surface = ^ &47r /J" r 3 dr = 



4-Trfc r 
£ 0 4 



2£fe r 4 



E 



47re n 



-ixkr f. 
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Problem 2.15 

(i) <3cnc = 0, SO 



E = 0. 



(ii) $ E-da = S(47rr 2 ) = ±Q cnc = i/pdr = j- g f ±f 2 sin 9 df d8 < 
r df= *£k( r -a) 



4tt/c r r . 



E 



e 0 \ r' 



) £(47rr 2 ) 










E = 






e 0 V 








Problem 2.16 



(i) 



(ii) 




/ E-da = E -2713-1= j-Q CDC = j-pirs 2 l; 



Gaussian surface 



Gaussian surface 



E=^§. 

2e 0 



■ E-da = E ■ 2ns ■ I 

2 

E = " — s. 
2e 0 s 



2 l; 



(iii) 




■ Gaussian surface 



/E-da = E -2ns ■ I 



E = 0. 




Problem 2.17 

On the x z plane E = 0 by symmetry. Set up a Gaussian "pillbox" with one face in this plane and the 
other at y. 




Gaussian pillbox 



jE-da=E-A= j-Q cnc = j-Ayp; 



E 



-yy 



(for \y\ < d). 
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E = — dy (for y > d). 



E 




pd 








-d 






d y 



Problem 2.18 

From Prob. 2.12, the field inside the positive sphere is E + — , 
center to the point in question. Likewise, the field of the negative sphere is — ^r_. So the total field is 



— r_|_, where r + is the vector from the positive 



3e 0 



But (see diagram) r + — r_ = d. So E = - — d. 

3e 0 




Problem 2.19 



1 



f 1 1 

VxE = Vx / — ^pdr = 

47re 0 J 1 2 47re 0 



VX 



pdr (since p depends on r', not r) 



0 (since Vx 



0, from Prob. 1.62). 



Problem 2.20 

(1) VxE 1 = fc & £ & 
xy 2yz 3zx 
so Ei is an impossible electrostatic field 



= k [x(0 - 2y) + y(0 - 3z) + 8(0 - x)] + 0, 



(2) VxE 2 = k 



x y z 

JL JL JL 

dx dy dz 

,2 r> , , ^2 



= k [x(2z - 2z) + y(0 - 0) + z(2y - 2y)} = 0, 



y 2xy + z 2yz 
so E2 is a possible electrostatic field. 
Let's go by the indicated path: 



E-tfl = (y 2 dx + (2xy + z 2 )dy + 2yz dz)k 

Step I: y = z = 0; dy = dz = 0. E-efl = ky 2 dx — 0. 

Step II: x = xq, y : 0 — > yo, z — 0. dx = dz = 0. 
E-dl = k(2xy + z 2 )dy = 2kx 0 y dy. 
J n E-dl = 2kx 0 jv° ydy = kx 0 y 2 . 

Step III: x = xq, y = yo, z : 0 — > zo; dx — dy = 0. 
~E-dl = 2kyz dz = 2ky<jz dz. 











.(x Q ,y 0 ,z Q ) 






III 







II 
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Sin E ' dl = 2 y° fc So" zdz = ky 0 z 2 . 



(x 0 ,y 0 ,z 0 ) 



V(x 0 ,y 0 ,z 0 ) = - J E-dl = -k(x 0 y 2 + y 0 z 2 ), or V(x, y, z) = -k(xy 2 + yz 2 ). 



Check: -Vv=k[^(xy 2 +yz 2 )ii+^(xy 2 +yz 2 )y+-§ i (xy 2 +yz 2 )z]=k[y 2 Z+(2xy+z 2 ) y+2yz z,]=E. / 



Problem 2.21 

V(r) = -f 00 V-dl. 



(Outside the sphere (r > R) : E = j^- 



1 1 r f 

47TC0 R 3 



[inside the sphere (r < R) 
Soforr>i?: V(r) = - £ dr = ^(1) 

and for r < it U(r) = - J* (^) df - f R £f) dr = ^ [± - £ (^) 



r 


9 1 


oo 


47re 0 r ' 



9 1 / 3 _ ZLs 



47re 0 2i? 



2 \ 



R 2 J 



When r> J R, W = ^ £ (i) f = -j^r, so E = - W 
When r< J R, W = (3 - £) f = ^ (-£) f 



47T60 T Z 

boE = -VT/ = 




(In the figure, r is in units of R, and V(r) is in units of q/A-Ke^R.) 



Problem 2.22 

E = j^-^s (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself 
extends to oo. Let's set it at s = a. Then 



^)=-r(^f)^- 



■- 2Aln - 

47reo V a 



0 



k (b-a) 
e 0 b 



(ln(t)+«(i-i)) 



(In this form it is clear why a — oo would be no good — likewise the other "natural" point, a = 0.) 
W = -^-2A|- (In (*)) s = -T^-2Ai§ = -E. / 

47re 0 os \ \a// 4"7re 0 s 

Problem 2.23 

1/(0) = - f>dl = -ta^)dr-/;(Afc# )(ir - J>) rfr 
= ^{l-f-^(f)-l+f} = 

Problem 2.24 

Using Eq. 2.22 and the fields from Prob. 2.16: 

V(b) V(0) = J 0 b E-dl = f Q a E-dl J b a E-dl = -JL.fZsds-^ J b a 
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p 

2e 0 I 2 



'— In si' 

2e 0 U1 'H 



I 2 

4e 0 



' 1 + 2 In 




A da; 



47re 0 



■In 



L + Vz 2 + L 2 



A-ln(x + ^^T^)|_ L 

A , / L + Vz 2 + L 2 ^ 



2tt£ 0 



■In 




(c) V 



1 



<7 27rr dr 



47re 0 Jo V?" 2 + z 2 47re 0 
In each case, by symmetry d '' — '"' 



— 2tt(j (\/r 2 + z 2 ) 



— f \/i? 2 + z 2 - z 



(a)E 



(b) E 



47reo y V 2 



9y "9^ 
22 



= 0. 



E 



2e 0 
9V 



(- 2 +(l) : 



3/2 



1 


2gz 


47T60 ( z 


2 + (l) 2 ) 3/2Z 



z (agrees with Prob. 2.2a). 



-.2z- 



47reo I (L + V^ 2 + L 2 ) 2 Vz 2 + L 2 (-L + ^z 2 + L 2 ) 2 y/ z 2 + L 2 
z [ -L+ \/z 2 + L 2 - L - Vz 2 + L 2 1 , 



2z )■ i 



X z 
47re 0 y/z 2 + L 2 



2LX 



{z 2 + L 2 ) - L 2 



47re 0 zVz 2 + L 2 



(agrees with Ex. 2.1). 



(c)E 



(T f 1 



2e 0 1 2 Vi? 2 + z 2 



2z - 1 > i 



a 

2T 0 


V , z 


z 


[ ^R 2 + z 2 _ 



(agrees with Prob. 2.6). 



If the right-hand charge in (a) is —q, then 



V = 0 



, which, naively, suggests E = — W = 0, in contradiction 
with the answer to Prob. 2.2b. The point is that we only know V on the z axis, and from this we cannot 
hope to compute E x — — ^ or E y — — ^p. That was OK in part (a), because we knew from symmetry that 
E x = E y = 0. But now E points in the x direction, so knowing V on the z axis is insufficient to determine E. 

Problem 2.26 



V(a) = 



1 



47T60 Jo \ * 

(where r = '2- 



d^ = ^(V2h) = 

47reo V2 2e 0 
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7(b) = J ^ (^^] (where * = ^h 2 + 1, 2 - >/2fr* ) 



/o 

27TCT 1 



spih 



47re 0 V2 Jo y^h 2 + V 2 - ^2h', 



dl 



2\/2e 0 



h 2 + 1 2 - V2hv + — ln(2y ft 2 + 1 2 - V2hv +24- - V2h) 
v2 



%/2h 



a 


ft 


2V2e 0 




a 


ft 


2y/2e 0 y/2 


ah. 







~ ln(2ft + 2V2h - V2h) - ft - ~ In (2 ft - V2h) 
V 2 v 2 



ln(2ft + \/2ft) - ln(2ft - \j2h) 



ah^ 2 + V2 
4e 0 I 2 - \/2 



oft / (2 + 72)2 
4e 0 n I 2 



7(a)-F(b) = ^ ] -lud 



Problem 2.27 



Cut the cylinder into slabs, as shown in the figure, and 
use result of Prob. 2.25c, with z — > x and a — > pdx: 

z+L/2 

2^ 



7 = ^ / (Vi? 2 + x 2 - a:) dx 



z-L/2 



£- q \ [xVR 2 + x 2 + R 2 ]n(x + VR 2 + x 2 )-x 



2 -| |Z+L/2 
z-L/2 



_£_J (z+f)^ + (z + f) 2 -(z-i)^ + (z-i) 2 +i? 2 



In 



-*V R2 + ( 2 -*) 2 



-2zL 



(AWe: - (z + I)' + (z - § ) = -z 2 - zL - £ + z 2 - zL + % 



-2zL.) 



















J 


1 J 



X dx 



E = -W = 



dV_ 



4e 0 



l R 2 +[z + 



R z 



L 



i? 2 +(z+f) 



'R 2 



z+i 



L 



^ 2 +(-+#) 2 



z+± + jR 2 +( 



2L 



-L + jR 2 + {z-^' 



r 2 + (z + ^Y 
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Problem 2.28 

Orient axes so P is on z axis. 

Here p is constant, dr — r 2 sin 6 dr d9 dip, 



4^0 J 1 \ & = Vz 2 + r 2 - 2rz cos 9. 



4-n-e 



_ r r si) 
o J 7?+ 



r 2 sin 6 dr dO ( 



2tt 



2tt. 



Jo 



sin 9 

\/ z 2 +r 2 — 2rz cos 



r 2 -2rzcos9 ' J 0 

= d6< = i (Vr 2 + z 2 - 2rzcos6») £ = i (Vr 2 + z 2 + 2rz - V^ 2 + z 2 - 2rz 




2/z , if r < z, 



: V 



But p - 



tR 3 ■ 



~{r + z-\r-z\) 
V(z) = (B 2 - f) = ^_ ( 3 _ . y (r) 



2?r • 2 I J \r 2 dr 
o 



2/r , if r > z. 

3 2 J 2e 0 V 3 y 



ireaR V i? 2 



Problem 2.29 

V 2 V = 4^V 2 /(f )dr = ^ J>(r')(v 2 ^)dr (since p is a function of r', not r) 
= lk> /P(r')h4^ 3 (r - r')] dr = -ip(r). / 

Problem 2.30. 



(a) Ex. 2.4: E abovc = #-n; E 



j ■'-'below 



2 c 



|-n (n always pointing up); E 



above E DC i ow 



= fn. / 



Ex. 2.5: At each surface, E 1 = 0 one side and E — — other side, so AE = — . J 

(-0 CO 



Prob. 2.11: E n 



f = ; E in = 0 ; so AE = . / 



(b) 







) 


s ■ 


1- 



Inside: Q cnc = 0, so E = 0. .*. AE = ^s. / 



(c) V out 

dV mt 



R A tr _ Ra 



Ha 



,,, (at surface); V in = — , i,.,,, > iu . 



so K, lt = v; n . / 



dr 



R 2 a 
t 0 r 2 



(at surface); 



_ = 0 ;so^-^ = -^./ 
or ' or ar eo 
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Problem 2.31 

.-. W 4 = qV 



4-ire 
-,2 



4ireoa 



J_ {^2 i 2_ + =m\ = 2 f _o 4- J-^ 

rep \ a ^2a a J 47re 0 a ^ 1 72 / ' 

\/2, 



(b) Wl = 0,W 2 =^- o (=£) ; W 3 = ^ ( ^-^);^4=(see (a)). 
= _L_2!/_l + .L_l_2 + i'l 1 2<Z ' 

~ 47re c a\ 1+ y2 1 + J 



47reo a 



1 

71 





.(4) 




+ 


+ 

(2)' 


'(3) 



Problem 2.32 

(a) W = \ JpVdr. From Prob. 2.21 (or Prob. 2.28): V = £ (i? 2 - £) = ^ ^ (3 - £) 

it 



2'4ire 0 2Rj 0 V # / 4e o-R 



3 y ~ i?2¥ 



4e 0 i? 



R: 



5e 0 5e 0 l7ri? 3 



1 



3q< 



4ire 0 \5 i? 

(b) W = f /£ 2 dr. Oute^e (r > i?) E = ^ 4,f ; Me (r < i?) E = ^^rf . 
eo 1 



2 (47re 0 ) 2 
47re 0 2 



J ^(r 2 4ndr) + J (j^Y \^r 2 dr) 



+ 



1 



4ire 0 2 \R 5R 



1 3g 2 
47re 0 5 i? ' 



(c) W 

arbitrary. Let's use a sphere of radius a > R. Here V = 2 



f { § s VE-da+ f v E 2 dr}, where V is large enough to enclose all the charge, but otherwise 

1 q 
47reo r ' 

2 1 



w= £ M [ (-^ q )(-^\)r 2 sineded^ f R ^ 

2 I 7 V 4 ^ory V47re 0 r 2 y 



V 1 9 



= 60 J_^_I 4 ,r+ + - J— 4. g 2 

2 \ (47re 0 ) 2 a (47re 0 ) 2 5i? (4^e 0 ) 2 

1 q 2 f 1 1 1 11 1 3 q 2 

_ 4ieoi{a + 5# ~ a + J 4^5 

As a — > 00, the contribution from the surface integral (5^— fa) §> oes to zero, while the volume integral 
(nk^H- 1 )) Picks up the slack. 
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Problem 2.33 



dW = dqV = dq ( — — | -, (q = charge on sphere of radius r). 
\4ire 0 J r 

4 r 3 
q = -nr p = q—^ (q = total charge on sphere). 

dq = 4nr 2 dr p = ^—qdr = -^-r 2 dr. 

^ttR 6 R 6 



dW = 



<F 3 \ 1 (Zq 2 , \ 1 3q 2 4 

r dr = —s-r dr 



47re 0 \R 3 J r \R 3 J 4ire 0 R 6 

1 3q 2 R 5 1 f3q 2 



w^J- 3 ^ [ R r i dr 

Jo 



4ire 0 R 6 



4ire 0 R 6 5 47re 0 V 5 R 




Problem 2.34 

(a) W = f / E 2 dr. E = ^ 4, (a < r < b), zero elsewhere. 
W = f ( J*-)* f" (±) 2 4nr 2 dr = /- f b \ 



87reo \a 6 



(b) W!=^, W a =g^f E 1 = ^f(oa), E 2 ,^f(r>6). So 
E i ' E 2 = (i^) 2 (' > & )> and hence /Ei • E 2 dr = - <? ^r 2 dr = - 



47re 0 b ' 



W tot = W 1 + W 2 + e 0 /Ei • E 2 dr = g^q 2 (± 



1 „2('l_L 1 _2\_ g* /ll* 



Problem 2.35 

(a) 



(b) V(0) = -£ E-dl = J b a (0)dr C(^)dr J° R (0)dr = 



i /<?,<? q 



( 



47re 0 \b R a 



(c) [^0] (the charge "drains off"); V(0) = - £(0)dr - /* (^£)dr - /°(0)dr = ^ (| - f 



Problem 2.36 



(a) 
(b) 



0"a = - 



ffa 

47ra 2 ' 



^6 = - 



qb 

4tt6 2 ' 



ga + qb 
AttR 2 ■ 



E out = 7^ — 9a + qb - wnere r = vector from center of large sphere. 



4ire 0 r 2 



r \ -a 1 qa - v 1 qb. 

(c) E a = ^ r a , E b = ^r b , 

47re 0 r 2 47re 0 r£ 



where r a (rf,) is the vector from center of cavity a (b). 



(d) 



Zero. 



(e) a_R changes (but not a a or cr&); E outs ide changes (but not E a or Efc); force on q a and still zero. 
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Problem 2.37 

Between the plates, E = 0; outside the plates E = er/eo = Q/eoA. So 



2 2 e^2 



Q 2 
2e 0 A2' 



Problem 2.38 



Inside, E = 0; outside, E = -r^— %r: so 



E 



» v « — 2 47T£ 0 fl 2 ^' / 2 — Cr(-Eavc)^; C — 47 ^2 




= //,da = /(^) | cos tfi? 2 sin 0 d# # 

= ^(^) 2 2-/o V2 sin^cos^^4(^) 2 (Isin^)|^ 2 = ^(^) 2 = 



327ri? 2 e 0 ' 



Problem 2.39 

Say the charge on the inner cylinder is Q, for a length L. The field is given by Gauss's law: 
/E-da = -E • 27ts • L — j-Q cnc — j-Q E = 27r ? 0 L s ®- Potential difference between the cylinders 



IS 



7(6) - V(a) 



E-dl 



2tt€ 0 L 



-ds 



2tt€qL \a 



As set up here, a is at the higher potential, so V — V(a) — V(b) = 2 Je 0 L m (a)- 
C = y = yjt^, s ° capacitance per unit length is j — 



Problem 2.40 

(a) W = (force) x (distance) = (pressure) x (area) x (distance) = 



^E 2 Ae. 



(b) W — (energy per unit volume) x (decrease in volume) = (^o%~^j (Ae). Same as (a), confirming that the 
energy lost is equal to the work done. 
Problem 2.41 

From Prob. 2.4, the field at height z above the center of a square loop (side a) is 

1 AXaz 

E 



{z 2 + ft JJ^f 



da 
2 



<>///////////////////////, 



- a~\~da- 



Here A — > (see figure), and we integrate over a from 0 to a: 
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E = 



-2az 



a da 



du 



. Let u = — , so a da = 2 du. 



! /-a 2 /4 
-4crz 



az 



2(7 



- tan 



tan 



7re 0 



tan-^l) ; 



a 2 /4 



^ 2cr 




a 2 


7T 




a 


E = 


tan 1 






z 




7re 0 




" 2z 2 


~ 4 




7re 0 



tan 



4z ^ 2 + (a 2 /2) 



■7T€ 0 V 2 4 / — 2e 0 



a — > oo (infinite plane): E = ^ [tan 1 (oo) — |] 
z»d (point charge): Let f(x) = tan -1 \f\ + x — j, and expand as a Taylor series: 

f(x) = f(0)+xf(0) + ±x 2 f(0) + --- 

Here /(0) = tan^l) - f = f- f=0; /'(*) = t+^I^ = ^f^, so /'(0) = ±, so 

/(^)-7^+()^ 2 + ()^ + --- 



Thus (since & = x <Zl), E s* % = £ 



era _ 1 _2_ / 

47T€o 2 2 47T€o Z 1 ' 



Problem 2.42 



.19/ 2 A\ 1 9 /Bsin6»cos< 
p= e 0 V-E= e 0 — — r 2 - + — 

r z or \ r J r sin ft ca 



= e 0 



1 „ 1 Bsin6> 

-^A H — (-sm< 

H r sin u r 



(A-Bsin^). 



Problem 2.43 

From Prob. 2.12, the field inside a uniformly charged sphere is: E = j^-j^r. So the force per unit volume 

■ - nV. -( Q \( Q W-_g/_g_^ 2 



is f = pE = ( 4^3 ) ( 471-^3 ) r — ^(j^f) r ' an( ^ the force in the z direction on dr is: 



^ = fzdr= — [Sf^ ) r cos 6 (r 2 sin 6 drd6d<j)). 



e 0 \4irR 3 

The total force on the "northern" hemisphere is: 
3 / Q 



e 0 V47ri? 3 



" 7 /i' 1 \ / sin" 



cos 6 1 sin 6> d6* / rf<^> 
0 

7T/2\ 

. (2I) 



3Q 2 



647re 0 i? 2 ' 
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Problem 2.44 

^center ' 
Vp 0 l e = 



1 



/ —da = / da = (2nR 2 ) = — 

47re 0 J 1 47re 0 R J 47re 0 R 2e 0 

cr , , ( da = 2irR 2 sin 0d0, 

— da , with < „ „ „ „ „ , 

U 2 = i? 2 + i? 2 -2i? 2 cos(? = 2i? 2 (l-cos0). 



1 a{2ixR 2 ) 



tt/2 



<d6 



oR 



47re 0 Ry/2 Jo y/l - cos 6 2V2e Q 



(2V1 - cos (9) 



7T/2 




cri? 



(1-0) 



cri? 



v/2 



eo 



^pole ^center 



eri? 
2^ 



(V2-1). 



Problem 2.45 

First let's determine the electric field inside and outside the sphere, using Gauss's law: 



e 0 ^E-da = (.^irr 2 E = Q enc = J pdr = J (kr)r 2 sin 9 dr dd d(f> = ink J i y, dr 



nkr 4 (r<R), 
irkR 4 (r > R). 



So E = ^r 2 f (r<i?); E =^f(r>i?). 



Method T. 



W= e f jE 2 dr (Eq. 2.45) = 1 1 



, Airr 2 dr H — - 
4eo7 2 Jfl 



/ fci? 4 



V4e 0 r : 



47rr 2 dr 



= 47T 



e 0 f k 



2 V4e 0 



^fc 2 i? 7 
7e 0 



5 dr + i? s 



1 



dr } = 



wk 2 (R 



8e 0 t 7 



i? 8 I - 



TTfc 2 /i? 7 

8^ l 7 



Method IT. 



W = ~J pVdr (Eq. 2.43) 
For r < R, V(r) = 



E-dl 



/ci? 4 



PF = 



fc 
4e 0 

1 r fl 

2 7o 

27T/fc 2 

3e 0 



-R d 



v v 4e 0 r 2 



3 



<//■ / | I dr 

R \4eo, 



ikr) 



R> 



k 

3e 0 
i? 4 



R s - 
4 7 



3e 0 

Ai:r 2 dr = 



2irk 2 



R 



3e 0 

nk 2 R 7 /6\ 7r/t 2 i? 7 



4e 0 



i? 4 



2-3e 0 V7 



7e 0 



R 3 r 3 - -r 6 ) ,/,- 



r 



Problem 2.46 



E = -W = -A 



dr 



,-At 



f = -A 



i-X)e 



— Ar c 



r = 



Ae- Xr (l + \r)- 
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p = e 0 V-E = e 0 A{e- Ar (l + Ar)V- 



,-A 



r (l + Xr)S 3 (r) = S 3 (r) (Eq. 1. 



Meanwhile, 



r -V(e- Ar (l + Ar))}. But V- (£) = 47r<5 3 (r) (Eq. 1.99), and 



V (e~ Ar (l + Ar)) = f £ (e" Ar (l + Ar)) = f {-A e - Ar (l + Ar) + e - Ar A} = f (-A 2 re~ Ar ). 
So ^-V(e- Ar (l + Ar)) 



^e~ Ar , and 





47n5 3 (r) - — e- Xr 






r 





Q= pdr = eoAiin / S 3 (r) dr - A 



,-Ar 



-4irr dr 



poo 

= ( 4 7i A 2 4tt / re~ Xr dr 



But JS» 



-Ar 



dr = -h, so Q — 47reo A ( 1 — tj J = I zero 



Problem 2.47 



(a) Potential of +A is V+ = 
Potential of — A is V_ = 



2^— In (^j 1 ), where s+ is distance from A + (Prob. 2.22). 



27T£{ 



In 



where s_ is distance from A_ 



Total 



V 



27Te 0 \S+ 



Now s + = \J(y — a) 2 + z 2 , and s_ = + a) 2 + z 2 



so 



47re n 



■In 



(y + a) 2 4-,z 2 
(y — a) 2 4- z 2 




(b) Equipotentials are given by |^°j 2 ^ 2 = e ( 47re oVb/A) _ ^ _ cons t an t. That is: 

y 2 4- 2ay 4- a 2 4- z 2 = fc(y 2 ~ 2a y 4- a 2 4- z 2 ) y 2 (k -1)4- z 2 (fc -1)4- a 2 (k - 1) - 2ay(£; 4- 1) = 0, or 



y 4- z + a — 2ay I j = 0. The equation for a circle, with center at (yo, 0) and radius R, is 



(y - y 0 ) 2 + z 2 = R 2 , or y 2 + z 2 4- (y 0 2 - i? 2 ) - 2yy 0 = 0. 
Evidently the equipotentials are circles, with yo — a 

/ \ 2 

a 2 = y 2 - R 2 => R 2 = y 2 - a 2 = a 
R = ?^±M ■ or, in terms of V 0 : 



and 



2_„2/fc±ll „2 _ n 2 (k^+2k+l-k 2 +2k-l) _ o 4 fc _,_ 

k-i) a — a (k-i) 2 — a (fe-1) 2 ' 01 



e 4Trc 0 V 0 /A _|_ j 
y° = a e 47re 0 Vo/A _ i 



R = 2a- 



e 27ve 0 Vo/\ 
4ire 0 Vo/\ _ J 



g27re 0 Vo/A _|_ g — 27reoVo/A 
l g2ire 0 Vo/A _ g-27reoVb/A 



I coth 



/27T£0^ 



i 2 a , / 27re 0 Vb 

''( e 27reoVb/A _ e -2ire 0 V 0 /A) S jnh ( g^SL^ ) ° ° ^ A 
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Problem 2.48 

(a) V 2 y = -^ (Eq. 2.24), so 



d 2 V 
dx 2 



eo 



-p. 



(b) qV = \mv 2 



2qV 
m 



(c) dq = Ap dx ; ^| = apjjj — Apv = I (constant). (Note: p, hence also /, is negative.) 



V u / dx 2 " e 0 ^ _ eo At; ~~ e 0 A V 2qV 



XX 



d 2 y 

fix 2 



-1/2 



where P = -^Jf q . 



(Note: I is negative, so /3 is positive; g is positive.) 
(e) Multiply by V" = % : 

Jv'dV = /3 J V- 1/2 dV => ^V' 2 = 2f3V 1/2 + constant. 
But V(0) = V'(0) = 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and 



dx ax 



V' 2 = APV 1 ' 2 => ^ = iJpV 1 '* ^ V -m dV = 2 ^dx; 
dx 

J V- 1/4 dV = 2y/(3 Jdx ^V 3/4 = 2y/(3 x + constant. 
But V(0) — 0, so this constant is also zero. 

V 3/i =lVpx,so V(x) = Qv^) 4/ V/ 3 , or V(x) = ( 



2/3 

(3) x 



4/3 



81 JV X 1/3 



32e 2 A 2 q 



.4/3 



Intcrms of Vq (instead of I): V(x) = Vq 



4/3 



(see graph). 
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Without space-charge, V would increase linearly: V(x) = Vo (g). 
d 2 V 



Vo 



-co 



dx 2 



-eoV 0 



1 4 1 



-x 



VZqVo] 



d 4 /3 3 3' 

X\ 2 /3 



-2/3 



~9(d 2 x) 2 / 3 ' 



m 



without j< / 




with 





(f) n«o = % = (jft,) 173 ^ * vo 3 = jgfe 



J 2 : / 2 



?T/ 3 

81md 4 v 0 J 



j _ 472^ 3/2 _ ^ y 3/2 , 

J ~ 9JWi<P v o ~ Ixv o > wneie 



if = 



4e 0 A /2g 
9<i 2 V m 



Problem 2.49 

(a) 



E 



47re 0 7 -5- 



(b) Yes. The field of a point charge at the origin is radial and symmetric, so V XE = 0, and hence this is also 
true (by superposition) for any collection of charges. 

1 



(c) V = 



E-rfl 



4-7reo 7™ r 2 



A / 



i 



i 



4?re 0 
Now / ^e~ r / x dr 



- r/x dr 



Alter 



^e- r ' x dr+ \ [ -e- r ' x dr 
r z A .L r 



- \ f^— — dr < — exactly right to kill the last term. Therefore 
V(r) 





f e~ r / x 


oo y 




q e~ r l x 


47re 0 


1 r 






47reo r 



(d) 



1 1 /, fi 1 
E-da = a— r 1 H | e 



Vdr 



4^o Jo 



R e -r/X rR 

r 2 4fidr=— / re~ r/x dr 

r £o Jo 



q_ 



-R/X 
r/X 



(1/A) 2 V A 



A 2 1 ^ _ e -«A 



i? 



E-da+ i / Vdr= - 
s A Jv e o 



i ^ 
1+ A ' ( 



R/X _ I 1 



R 



-R/X 



1 = 



CO 



(e) Does the result in (d) hold for a nonspherical surface? Suppose we 
make a "dent" in the sphere — pushing a patch (area R 2 sin 0 d6 d<fi) 
from radius R out to radius S (area S 2 sin 0 d# d</>) . 



qed 
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A <j>~E-da : 



9 



47re 0 



47T6: 



1 

52 



1 + 



-S/A 



S/A 



(S 2 sin0 d9 d(f>) 



1 



1 fiN 
1+ A " 



R/X 



R 2 
sm6d6 



1 



R 



-R/X 



(i? 2 sinfldfl #) 



A 2 



Vdr 



1 g 

A 2 47re 0 



-r/A 



-r 2 sin 9 dr dO t 



g 

47T60 
g 

47re 0 



sin 6 dOdcj) (e- r/x ( 
S 



1 



1 g 
A 2 47re 0 

s 



1 



A 



- 1 



i? 



,-fl/A 



sin 6* d6> 1 



>d9< 



re 



- r ' x dr 



So the change in fVdr exactly compensates for the change in ^E-c?a, and we get j^q for the total using 
the dented sphere, just as we did with the perfect sphere. Any closed surface can be built up by successive 
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside, 
the total is ^Qenc- Charges outside do not contribute (in the argument above we found that 

for this volume <fE-d& + JV dr — 0 — and, again, the sum is not changed by distortions of the surface, as 
long as q remains outside). So the new "Gauss's Law" holds for any charge configuration. 



(f) In differential form, "Gauss's law" reads: 



V-E+^V= -p, 

A 2 e 0 



or, putting it all in terms of E: 



V-E - / E-dl = —p. Since E = -W, this also yields "Poisson's equation": -VV + = —p. 



A 2 



eo 




Problem 2.50 

p = 6oV-E = eoJ^(ax) = eoa (constant everywhere). 

The same charge density would be compatible (as far as Gauss's law is concerned) with E = ayy, for 
instance, or E = (f)r, etc. The point is that Gauss's law (and VxE = 0) by themselves do not determine 
the field — like any differential equations, they must be supplemented by appropriate boundary conditions. 
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Ordinarily, these are so "obvious" that we impose them almost subconsciously ("£? must go to zero far from 
the source charges") — or we appeal to symmetry to resolve the ambiguity ("the field must be the same — in 
magnitude — on both sides of an infinite plane of surface charge"). But in this case there are no natural 
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question "What is the 
electric field produced by a uniform charge density filling all of space?" is simply ill-posed: it does not give 
us sufficient information to determine the answer. (Incidentally, it won't help to appeal to Coulomb's law 

= J p-^-^dr^j — the integral is hopelessly indefinite, in this case.) 
Problem 2.51 

Compare Newton's law of universal gravitation to Coulomb's law: 



m 1 m 2 _ 
-Or s — r; 



1 9192 . 

r. 



47re 0 r 2 



Evidently j^- — > G and q — > m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore 



Now, G = 6.67 x 1CT 11 N m 2 /kg 2 , and for the sun M = 1.99 x 10 30 kg, R = 6.96 x 10 8 m, so the sun's 
gravitational energy is W — 2.28 x 10 41 J. At the current rate this energy would be dissipated in a time 



W 2.28 x 10 41 



3.86 x 10 26 



5.90 x 10 14 s 



1.87 x 10 7 years. 



Problem 2.52 

First eliminate z, using the formula for the ellipsoid: 



a(x,y) 



Q 



4irab yV^/a 4 ) + c 2 (y 2 /6 4 ) + 1 - (a; 2 /a 2 ) - (y 2 /b 2 ) ' 
Now (for parts (a) and (b)) set c — > 0, "squashing" the ellipsoid down to an ellipse in the xy plane: 

Q 1 



a(x,y) = 



(I multiplied by 2 to count both surfaces.) 



2nab ^l-(x/a) 2 -(y/b) 2 ' 



(a) For the circular disk, set a = b = R and let r = yj x 2 + y 2 



a(r) = 



Q 



2itR y/R 2 - r 2 ' 



(b) For the ribbon, let Q/b = A, and then take the limit b — > oo: 



a(x) 



A 



271^ 



(c) Let b = c, r = yjy 2 + z 2 , making an ellipsoid of revolution: 



2 2 

x & r A 



. 1 , with a = — , 



The charge on a ring of width dx is 

dq = a2-nrds, where ds = \J dx 2 + dr 2 = dx\J\ + (dr/dx) 2 . 
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Now 



2x dx 2r dr 



dr 
dx 



so ds = dx \ 1 + — — = dx— v / x 2 /a i + r 2 /c 4 . Thus 



X(x) = 



dq _ Q 
— = Zirr 
dx 



4nac 2 ^/x 2 /^ + r 2 /c i r 



v / x 2 /a' i + r 2 /c 4 = 



2a' 



( Constant!) 






(c) 



ds 




\(x) 
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Chapter 3 

Special Techniques 



Problem 3.1 

The argument is exactly the same as in Sect. 3.1.4, except that since z < R, V z 2 + R 2 — 2zR = (R — z) 
instead of (z — R). Hence V avc = g — ^— [(z + R) — (R — z)] 



47re 0 2zR 

inside the sphere, the average potential due to interior charges is 



1 q 
4ire Q R ' 



charges is V ccntcr , so V a , 



4-rreoR' 



1 Qcm 

4tt€ 0 R 



If there is more than one charge 
and the average due to exterior 



Reenter + l°i° n °r, ■ ■/ 



Problem 3.2 

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is qV. 
But we know that Laplace's equation allows no local minima for V. What looks like a minimum, in the figure, 
must in fact be a saddle point, and the box "leaks" through the center of each face. 

Problem 3.3 

Laplace's equation in spherical coordinates, for V dependent only on r, reads: 



1 d 



r 2 dr \ dr ) 



,dV\ 



r —— — c (constant) 
dr 



dV 
dr 



c 



V = — + k. 

r 



Example: potential of a uniformly charged sphere 

1 d ( dV 
s ds \ ds 



0 



dV 



ds 



dV 
ds 



In cylindrical coordinates: V 2 V 

Example: potential of a long wire. 
Problem 3.4 

Same as proof of second uniqueness theorem, up to the equation <f s V3E3 • da = 
each surface, cither V3 = 0 (if V is specified on the surface), or else E 3± 



V = cln s + k. 



J V (E 3 ) 2 = 0, and hence E 2 = Ei. qed 



0 (if 



-J v (E 3 ) 2 dr. But on 
— E± is specified). So 



Problem 3.5 

Putting U = T = V3 into Green's identity: 



/ [V 3 V 2 V 3 + VV 3 ■ W 3 ] dr = I V 3 VV 3 ■ da. But V 2 V 3 = V 2 Vi - V 2 V 2 = -— + — = 0, and VF 3 



-E3 



So / E 2 3 dr 



V3E3 • da, and the rest is the same as before. 
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Problem 3.6 

Place image charges +2q at z = —d and — q at z = —3d. Total force on +q is 



47re Q 



-2g 
(2d) 2 



2g 
(4d) 2 



-q 

(6d) 2 



q 

4ne 0 d 2 



1 1 

-2 + 8 



1 

36 



1 /29g 2 \ 
47re 0 ^72d 2 y Z ' 



Problem 3.7 

(a) From Fig. 3.13: = Vr 2 + a 2 — 2racos 9; 1 ' = \/r 2 + b 2 - 2rbcos9. 



Therefore: 



1_ 
1 ' 



- - q (Eq. 3.15), while b = — (Eq. 3.16). 

a y/r 2 + b 2 -2rbcos9 & 



(I) V^ 2 + f ~ 2rf cos0 J( f ) 2 + i? 2 - 2racos# 



Therefore: 



V(r,6) = 



q q 



4ire 0 \V 1') 4ne 0 1 ^/r 2 + a 2 - 2racos6» ^i? 2 + (ra/R) 2 - 2racos9 



Clearly, when r = R, V — > 0. 

(b) C7 = -e 0 f^ (Eq. 2.49). In this case, §^ = §^ at the point r = i?. Therefore, 

cr(6>) = -e Q (-^— \ \--(r 2 + a 2 -2racos9)- 3/2 (2r-2acos6) 
\47re 0 / ^ 2 



l - (R 2 + (ra/R) 2 -2r a cos 9) 3/2 f -|^2r - 2acos 0 



= -£-|-(i? 2 + a 2 -2i?acos0)- 3 / 2 (i?-acos0) + (i? 2 + a 2 -2i?acos0) 3/2 ^-acos^jj 



= ^-(i? 2 + a 2 -2i?acos#)- 3 / 2 

47T 



R — a cos 0 — + a cos 9 

R 



^-(i? 2 - a 2 )(i? 2 + a 2 - 2Racos9)-V 2 . 



4ttR 



ginduccd - j oda = ^(^ 2 -« 2 ) J(R 2 + a 2 - 2Ra cos 9)-^ 2 R 2 sin 9 d9d(f> 



1 fu2 „2 



(i? 2 - a')2TrR' 



AttR 



^-(i? 2 + a 2 -2Racos9)- 1 ' 2 
Ra 



y/R 2 + a 2 + 2Ra y/R 2 + a 2 - 2Ra 



But a > R (else g would be inside), so \/ R 2 + a 2 — 2Ra = a — R. 



(a + R) (a - J?) 



2a [(a-R)-(a + R)] = ±(-2R) 



a 
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(c) The force on q, due to the sphere, is the same as the force of the image charge q' , to wit: 



F = 



1 qq' 



1 



R 



1 



1 q 2 Ra 



4TT€ Q (a-b) 2 Atteq V a J (a-R 2 /a) 2 47re 0 (a 2 - R 2 ) 2 ' 
To bring q in from infinity to a, then, we do work 



W 



q 2 R 



da 



q 2 R 



AneoJ (a 2 -R 2 ) 2 47re 0 



1 



2 (a 2 - R?) 



1 



q 2 R 



47re 0 2(a 2 - R 2 ) ' 



Problem 3.8 

Place a second image charge, q" , at the center of the sphere; 
this will not alter the fact that the sphere is an equipotential, 

1 q" 



but merely increase that potential from zero to Vq 



4we 0 R ' 



q" = AitcqVoR at center of sphere. 
For a neutral sphere, q' + q" = 0. 



F 



1 



3 7^ 



qq 



47re 0 \ a2 { a ~WJ 47re 0 \ a 2 (a-fo)' 
gg' 6(2a-6) q{-Rq/ a) (R 2 / a)(2a - R 2 / a) 



4ire 0 a 2 (a - b) 2 4ire 0 a 2 (a- R? /a)< 



R\ A (2a 2 -R 2 ) 



47re 0 \ a J (a 2 -R 2 ) 2 ' 



(Drop the minus sign, because the problem asks for the force of attraction. 
Problem 3.9 

(a) Image problem: A above, —A below. Potential was found in Prob. 2.47: 

1 z 



/ 



V 



V(y,z) = 



2X ln( S _/ S+ ) = ^-ln( S 2 _/4) 



47T6, 



A (y 2 + (z + df 



■In 



y 2 + (z - d)^ 



dV 

(b) a = -e 0 — . Here 



A 



-eo- 



2A 



dV 


dV 


dn 


dz ' 


{y 2 4 


1 




-(* + 


d 





evaluated at z = 0. 



r 2(z + rf) 



y 2 + (z - d) : 



r2(z-d) 



z=0 



-d 



Arf 



47r !_ y 2 + d 2 y 2 + d 2 J 7r(y 2 + d 2 ) ' 

Check: Total charge induced on a strip of width I parallel to the y axis: 
IXd 



1 , IXd 

<2W = / 2 , , 2 ay = 

ir J y z + d z it 



ZAd 

7T 



2j 








+, 


/S- 




/ ' 







—XL Therefore Ai n d = — A, as it should be. 
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Problem 3.10 

The image configuration is as shown. 



V(x,y) 



1 



1 



47re 0 1 y/( x - a) 2 + (y- b) 2 + z 2 y/(x + a) 2 + (y + b) 2 + z 2 

L_ ! 1 

y/(x + a) 2 + (y-b) 2 + z 2 y/(x - a) 2 + (y + b) 2 + z 2 



(2a 



1 „ 1 „ 



{2b? 



(2Va 2 + b 2 )- 



cos f/x + sin 



0y] 



where cos 0 = aj\Ja 2 + b 2 , sin 6* = b/^/a 2 + b 2 . 



q 

167T£o 



a 1 

(a 2 + 6 2 ) 3 / 2 ~ a 2 



b 1 

(a 2 + 6 2 ) 3 / 2 ~ fo 2 



4 4?re 



(2a) (2b) (2Va 2 + b 2 ) 



q 2 


1 1 1" 




327reo 


_Va 2 + b 2 a b_ 





For this to work, 9 must be an integer divisor of 180 
others. It works for 45°, say, with the charges as shown. 

(Note the strategy: to make the x axis an cquipotential (V = 0), 
you place the image charge (1) in the reflection point. To make the 
45° line an equipotential, you place charge (2) at the image point. 
But that screws up the x axis, so you must now insert image (3) to 
balance (2). Moreover, to make the 45° line V = 0 you also need (4), 
to balance (1). But now, to restore the x axis to V = 0 you need (5) 
to balance (4), and so on. 

The reason this doesn't work for arbitrary angles is that you are even- 
tually forced to place an image charge within the original region of 
interest, and that's not allowed — all images must go outside the re- 
gion, or you're no longer dealing with the same problem at all.) 



Thus 180°, 90°, 60°, 45°, etc., are OK, but no 





(2) 


45° 


\ ■ 


• 




— m \. 




'• + 


+ •-. / 




>'-(!) 


/ *" 






(5) 


+ 

(3) 





why it works for 9 — 45° 




••(2) 

why it doesn't work for 0 — 135° 



Problem 3.11 

From Prob. 2.47 (with y 0 — > d): V 
and 

acoth(27reoVb/A) = d 
acsch(27re 0 Vo/A) = R 



Airen 



■In 



(x + a) 2 + y 



- 1 



(x — a) 2 + y 2 



where a 2 = yo 2 — R 2 



Vd 2 - i? 2 , 



(dividing) = cosh ( — ' ° r 



A = 



2ne 0 V 0 



cosh" 1 (d/R) 
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Problem 3.12 



oo " 

V(x,y) = ^C n e~ n7!x/a sm{Tmy/a) (Eq. 3.30), where C n = - I V 0 {y) sm(niry / a) dy (Eq. 3.34). 

n=l 0 

In this case V 0 (y) = < ^Y^' ^ ^ ,^ ^ < 1 . Therefore, 
uvy; \ -Vq, for a/2<y<a\ 

2 

sin(niry / a) dy — J sm(mry/a) dy 



C n = -V 0 { 

a 



2V 0 J cos(mry/a) 
a I 



(nn/a) 



a ^ 2 cos(mry/a) 



(mr/a) 



2Vo 
rvn 



{_ cos (^) + cos(0 ) + ooeH - cos (^) } = ^ {l + (-1)" - 2cos (^) } 



The term in curly brackets is: 



n= 1 : 1 - 1 -2cos(7r/2) = 0, ' 
1 + 1 - 2 cos(tt) = 4, 
1 - 1 -2cos(3tt/2) =0 
1 + 1 - 2cos(2tt) = 0, 



n = 2 
n = 3 
n = 4 



> etc. (Zero if n is odd or divisible by 4, otherwise 4.) 



Therefore 



So 



8Vb/n7r, n = 2, 6, 10, 14, etc. (in general, 4j + 2, for j = 0, 1, 2, ...), 



0. 



otherwise. 



V(x,y) 



8V 0 



e nnx / a sin(niry/a) 



n=2,6,10,.- 



8Vb y> e^ 4 ^ 2 ^/" sin[(4j + 2)ny/a] 

7T ^-^ 



j=0 



(4j + 2) 



Problem 3.13 

V(x,y) = — V -e-™ 7rx / a sin(n 7 r 2 ;/a) (Eq. 3.36); a = -e 0 ^ (Eq. 2.49). 



ra=l,3,5, 



So 



= -eo £ {^]T -e— /-Bin( nwV /a)} = -e 0 ^ £ I(-™) e — /■ sin^y/a) 



a;=0 



4e 0 y 0 



sin(n7n//a). 



ra=l,3,5,.. 



Or, using the closed form 3.37: 

, r , \ 2V o , -if sin(7ry/a) 

V(x, y) = tan — -- 

it \smh(7rx/a) 



a = -e 0 - 



2V 0 



— Sin(7TJ//o) \ 7T 



2eoVb sin(7ry/o) cosh(7ra;/a) 



a sin (ny/a) + sinh (irx/a) 



TT I , sin 2 (jry/q) ^ smn 2 (Trx/a) 7 a 
smtr (irx/a) K ' ' 



2e 0 V 0 1 



cosh(7rx/a) 



x=0 



x=0 



a sm(ny/a)' 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



CHAPTER 3. SPECIAL TECHNIQUES 



51 



[Comment: Technically, the series solution for a is defective, since term- by-term differentiation has produced 
a (naively) non-convergent sum. More sophisticated definitions of convergence permit one to work with series 
of this form, but it is better to sum the scries first and then differentiate (the second method.)] 

Summation of series Eq. 3.36 

V(x,y) = —I, where 1= V -e~ n7rx/a sm(mry/a). 

Now sinw = Im (e™) , so 



n=l,3,5,. 



/ = Im V l e -"»/« e W« =I m V iz r 



where Z = e -*-(*-H/)/« Now 



^ n ^(2j + l) 



1,3,5,... 



=r du= - In [ — — — 

1 - u 2 2 V 1 - Z 



iln (i?e* 9 ) = i0nfl+ifl), 



where i?e* e = . Therefore 

f 1 1 1 14 * 1 4. p— w(x-iy)/a (l i e -n(x-iy)/a \H _ —n(x+iy)/a\ 

I = lm\ -(hxR + ie) \ = -6. But — — = — -. — = ) -, — ~tA) 1 — ~rA 

1 + e -W« (e^a/i _ e -<Tv/o) _ e -2irx/a x + 2i e -™/* S m(ny/a) - e - 2 ^/ a 



1 1 _ Q—Ti{x-iy) / a I 



1 1 — e —ir(x-iy)/a I 



so 



Therefore 



tan 9 = 



2e lxx l a sin(7ry/a) 2sin(7ry/a) sin(7ry/a) 



1 _i / sin(7ry/a) 



gTrx/a _ e -TTx/a sinh(7ra/a) 



I = - tan 
2 



sinh(7ra;/a) 



, and 



T/ / \ 2F 0 . _i / sin(7ry/a) 

V(x, y) = tan — — 

7r \sinn(7T2;/a) 



Problem 3.14 

d 2 V d 2 V 

(a) - + - = 0, with boundary conditions 
ox^ ay z 

(i) K(a?,0) = 0, 

(ii) V(z,a)=0, 

(iii) V(0,y) = 0, 

(iv) V(6,y) = V 0 (y). J 

As in Ex. 3.4, separation of variables yields 

V(x,y) = (Ae kx + Be- kx ) (C sin ky + D cos ky) 




v = o % 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



52 



CHAPTER 3. SPECIAL TECHNIQUES 



Here (i)=> D = 0, (iii)=>- -B = —A, (ii)=>- fca is an integer multiple of 7r: 

^(a;, y) = AC (e™W« - e -"W<^ sin ( n7ry / a ) = ( 2 AC) sinh(n7nz;/a) sm(nny/a). 

But (2 AC) is a constant, and the most general linear combination of separable solutions consistent with (i), 
(ii), (hi) is 



V(x, y) = Y^ C n sinh(n7rx/q) sin(mry/a). 

n=l 

It remains to determine the coefficients C n so as to fit boundary condition (iv): 

a 

^ C n sinh(n7rfe/a) sin(n7ry/a) = Vo(y). Fourier's trick =^> C n sinh(n7rfe/a) = - J Va(y) sm{mry/a) dy. 

o 

Therefore 



C, 



asinh(n7r6/a) 



V 0 (y) sm(mry/a)dy. 



(b) C n 



osinh(n7r6/ 



T r [ ■ , i \ , f 0, if n is even, 1 

of 0 7 sm (^/ fl ) * = aMf^ X ( M if „ is odd . } 

4Vq ^ sinh(n7rx/a) sm(niry/a) 



V(x,y) = ^ £ 



ra=l,3,5,. 



nsinh(n7r&/a) 



Problem 3.15 

Same format as Ex. 3.5, only the boundary conditions are: 

(i) V — 0 when x = 0, 

(ii) V = 0 when x = a, 

(iii) V = 0 when y = 0, 

(iv) V = 0 when y = a, 

(v) y = 0 when z = 0, 
^ (vi) V = Vo when z = a. 

This time we want sinusoidal fuctions in x and y, exponential in z: 

X(x) = Asm{kx) + B cos(kx), Y(y) = Csm(ly) + D cos(Zy), Z(z) = Ee^ 1 ^ 2 + Ge- VW + pz . 

(i)=> 5 = 0; (ii)=> fc = mr/a; (iii)=> D = 0; (iv)=> / = tott/o; (v)=> E + G = 0. Therefore 

Z(z) = 2E sinh(7r-\/n 2 + m 2 z/a). 

Putting this all together, and combining the constants, we have: 

oo oo 

V(x,y,z) = C n , m sm(mrx/a) siii(miry / a) sinh(7r\/ n 2 + m 2 z/a). 

n—l m— 1 
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It remains to evaluate the constants C n , m , by imposing boundary condition (vi): 

Vq = ^ ^ [Cn,m sinh(7r\/ n 2 + to 2 ) sm(mtx/a) sin(rmn//a). 
According to Eqs. 3.50 and 3.51: 



C n . m sinh (tz^/ n 2 + m 2 
Therefore 



r r ( 0, if n or to is even, 

Vq smtmrx/a) smtrmry/a) dx dy = < 16Vo 

a J J J ' , if both arc odd. 

oo nm 



m( \ 16V ° 1 ■ ( i \ ■ ( I ,smh(TrVn 2 + m 2 z/a) 

V(x,y,z) = — — > > sim nil x a) simmny a) —. r— 

1 y ' tt 2 Zf ~r^- nm sinh Wn 2 + m 2 

71=1,3,5,... m=l, 3, 5,... V v / 



Problem 3.16 



1 d 3 



i d 

8dx 



1 d 2 



3(x 2 -l) 2 2x 



8dx 2 



x(x 2 -lf 



1 d 



(x 2 -l) +2x(x 2 -l)2x = \(x 2 -l) (x 2 -l+4x 2 )l 

8 dx 1 



* (5x 3 - x + 5x 3 - 5x) = * (10a; 3 - 6a;) 



5 3 


3 






2 X ~ 


2 X ' 



We need to show that P 3 (cos 0) satisfies 



1 d ( . n dP 
sin 0 



sin 6d0\ dO 
where Ps(cos 0) = \ cos 9 (5 cos 2 9 — 3) 



-l{l + T)P, with I = 3, 



^ = \ [- sin 61 (5 cos 2 0 - 3) + cos 0(10 cos 0(- sin 0)] = -\ sin 0 (5 cos 2 0-3 + 10 cos 2 0) 

Qaj Z Z 

= -^sin0(5cos 2 0-l). 



d ( . a dP 3 



[ sm2 ^ (5 cos 2 0- 1)] = [2 sin 0 cos 0(5 cos 2 0- 1) + sin 2 0 (-10 cos 0sin 0)] 

Z CLu Z 

-3sin0cos0 [5cos 2 0 - 1 -5sin 2 0] . 



1 d ( . „dP\ 
sin 



sin0rf0 V d9 



9— = -3cos0 [5cos 2 -l - 5 (1 -cos 2 0)] = -3cos0 (lOcos 2 0 - 6) 



-3-4 - - cos 0(5 cos 2 0-3) = -1(1 + 1)P 3 . qed 



l l 

/l 11 
(x)-(5a; 3 -3a;) dx = - (x 5 - x 3 ) |_ 1 = -(1 - 1 + 1 - 1) = 0. / 
Z Z Z 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



54 



CHAPTER 3. SPECIAL TECHNIQUES 



Problem 3.17 

CO 

(a) Inside: V(r, 6) = ^T A[r l P[(cos9) (Eq. 3.66) where 



(2/+1) 
2R l 



TV 

Jv 0 (9)Pi (cos 6) sin 6 d6 (Eq. 3.69). 



In this case Vq(9) — Vq comes outside the integral, so 



But Pq(cos9) — 1, so the integral can be written 



7T 



Therefore 



JO, if Z 
I V 0 , if J 



^0 
= 0 f 



Plugging this into the general form: 



The potential is constant throughout the sphere 
y Bi 



V{r,6) = A Q r°P 0 (cos6) =\V 0 . 
e sphere. 

Outside: V{r,6) = ^ P, (cos 0) (Eq. 3.72), where 

1=0 r 

( 2l + l ) R l+i J Va {e)Pi{cos 9) sin 9 d9 (Eq. 3.73). 



B, 



7T 

= ^ ^ ^ R l+1 V 0 J Pi{cos 6) sin 6 d6 = 



0, if I £ 0 
i?V 0 , if I = 0 / " 



Therefore 
(b) 



K(r,0) = V„- 
r 



(i.e. equals Vq at r = P, then falls off like -). 



^ Air 1 Pi (cos 9), for r < R (Eq. 3.78) 



V(r, 0) = < 



1=0 



r> 

-TiT P '( cos6 ')' for r>R (Eq. 3.79) 



where 



I, (=0 

Bi = R 2l+1 Ai (Eq. 3.81) 
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and 



7T 

At = 2e J^-i J 'g-o(fl)fl(cofl 9) sm6 dO (Eq. 3.84) 
o 

= Vt^o / Pi (cos 60 sin 9d9 = ( ° ' . !* ! ^ 



0 

Of 



Therefore 







for 


r <R 














V(r,9)=< 












R 2 <j 0 1 


for 


r>R 






I e 0 r' 




> 





./Vote: in terms of the total charge Q = A-kR 2 (Jq, 



V(r,6) 



1 Q 

47Te 0 i? ' 

1 Q 

4-7re 0 r ' 



for r < R 



for r > R 



Problem 3.18 



V Q {9) = fccos(36») = k [4cos 3 6» - 3cos6>] = k [aP 3 (cos9) + f3P 1 (cos9)] . 

(I know that any 3 rd order polynomial can be expressed as a linear combination of the first four Legendre 
polynomials; in this case, since the polynomial is odd, I only need Pi and P3.) 



4 cos 3 9 - 3 cos 9 = a 



1 



5 cos 3 9- 3 cos 9) 



(3cos9 = ^ cos 3 9 + ((3 — ) cos / 



so 



Therefore 



5« 8 n „ 3 ^ 3 8 ^ 12 ^ 12 o 3 

4 =T^=5 ; - 3 = ' 3 -2 a = ' 3 -2-5 =/ '- 5" =>/3= 5-" 3= -5- 



V 0 (9) = - [8P 3 (cos0) - 3Pi(cos0)] . 
5 



Now 



^^r'P;(cos6>), for r < R (Eq. 3.66) 



V(r, 9) = < 



1=0 



I, 1=0 
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where 



A, = 



(21 + 1) 
2R l 



TV 



(6) P/(cos 6) sin 6 d6 (Eq. 3.69) 



(21 + 1) k 
2R l 5 

fc (2Z + 1) 

5 2R l \"(2l + l) 



TV TV 

8 J P 3 (cosd)Pi(cos6) sin 9 d9 - 3 ^ Pi(cos 6>)P;(cos 9) sm9d9 



2 2 
" 8 l3 -3 



(21+1) 



5l1 } = Hi^ 6 *- 36 ^ 



\ 8k/5R 3 , if I = 3 1 , . , 

= (-4/5P, if Z = i)( z ero otherwise). 



Therefore 



or 



V(r,0) 



(^) I [5 cos 3 6» -3 cos 9] -3(^-)cos6» 



3fc 
5~R 



rPi (cos 0) 



5P 3 



3 P 3 (cos0) 



8 (£) 3 P 3 (cos0)- 3(£)Pi(cos0) 



V(r, 0) - ~ cos 0 |4 (£) 2 [5 cos 2 0 - 3] - s] 



(for r < R). Meanwhile, B x = AiR 2l+1 (Eq. 3.81— this follows from the continuity of V at R). Therefore 

8fcP 4 /5, if I = 3 



P; 



-3fcP 2 /5, if i = 1 



(zero otherwise). 



So 



-3kR 2 1 . „. 8/cP 4 1 . 
K(r,0) = -^^Pi(cos0) + -^^P 3 (cos0) = 



5 r 4 



or 



V(r,9) = |(^l «>*0- 



{4(^) 2 [5cos 2 ^3]- 3 | 
(for r > R). Finally, using Eq. 3.83: 

OO 

°(0) = e 0 J2(' 2l + 1 ) A l Rl ~ lp l( cos9 ) = e o [3A 1 P 1 +7^ 3 P 2 P 3 ] 



1=0 



epfc 
5P 



3{ -5R) P i + 7 {5R^ RP * 
56 



£pfc 
5P 



-9Pi(cos6») +56P 3 (cos6>)] 



-9cos6> + y (5cos 3 6» - 3cos6>) 



epfc 
5P 



cos(9[-9 + 28-5cos 2 (9-28-3] 



epfc 
5P 



cos 0 [140 cos 2 0-93] . 
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Problem 3.19 



°° 21 4- 1 f 

UseEq. 3.83: a {6) = e 0 Y^l+VjAiR 1 ' 1 Pi{cos 9). But Eq. 3.69 says: A t = J V 0 (9)Pi(cos 9) sin 9 dO. 

Putting them together: 



1=0 



a(9) = ^y^(2l + l) 2 CiPi(cos9), with C, = / V o {0)Pi(cos0) sin0d0. qed 

2it ^ — ' / 

Problem 3.20 

Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the 
potential of a uniformly charged spherical shell: 



Problem 3.21 



(a) V(r,0) = £-^(cos0) ( r > fi )' so = E^T P 'W = E^T = £r \V^TR~ 2 -' 



B, 



1=0 1=0 
Since r > R in this region, \A 2 + -R 2 = + (R/r) 2 = r 



1=0 

l + -{R/rf- i -{R/rf + .. 



r ; +! 2e 0 



so 



00 D 

r'+! ~ 2e 0 r 



2~7^~ 87^ + " 



2e 0 I 27, 8r 3 



Comparing like powers of r, I see that B 0 



0R 2 
4e 0 



Bi = 0, B 2 



16e 0 ' 




1 _ B?_ 



P 2 (cos6») + ... 



I .-Iff?) (3cos 2 0-l) 
r 



. . . Therefore 



(for r > R). 



(b) V(r, 9) = ^ ^r'Pi(cos^) (r < i?). In the northern hemispere, 0 < 6< < 7r/2, 

00 

V(r, 0) = V Air 1 = \^r 2 + R 2 - r 
1=0 2e ° L 

Since r < R in this region, yV 2 + R 2 = Ryjl + (r/R) 2 = R 

CO 

^-5 



i + i(>V-R) 2 -iWR) 4 + -- 



Therefore 



1 r 2 lr 4 
i?+ 2i?-8i^ + '--- r 
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Comparing like powers: A 0 = -^—R, Ax = A 2 = . . . , so 

2e 0 2e 0 4e 0 i? 



V(r,6) = 



2e 0 

oR 

2^ 



R-rP 1 (cos9) + — r 2 P 2 (cos9) + 
2R 









j cos 9 













(3cos 2 6»-l) + .. 



(for r < R, northern hemisphere). 



In the southern hemisphere we'll have to go for 9 — it, using Pj(— 1) = (—!)'• 



V(r, tt) = YVl)< V = \Vr 2 + R 2 - r 
— ' 2eo 



z=o 



(I put an ovcrbar on Ai to distinguish it from the northern Ai). The only difference is the sign of A\\ 
M = +(cr/2e 0 ), A a = Aq, A 2 = A 2 . So: 



V(r,6) = 



a 

oR 

2^ 



R+rP 1 (cos9) + —r 2 P 2 (cos9) + ... 
2R 



l+(£)*»*+i©>coe»*-l) + ...' 



(for r < R, southern hemisphere). 



Problem 3.22 



^,Vp(costf), (r < R) (Eq. 3.78), 



V{r,6) = < 



1=0 



]T -j^Piicose), (r > R) (Eq. 3.79), 



I, 1=0 



t/2 



> (let x = cos 6*) 



where B t = AiR 2l+1 (Eq. 3.81) and 

At = 2 y a o (0)P(cos0)sin0d0 (Eq. 3.84) 

o 

!7r/2 tt 
y P (cos 6») sin 9 d9 - J P ; (cos 6) sin 61 d9 
0 71 

= 2^=r | y y 



Now Pi{—x) = (~l) l Pi(x), since Pj(x) is even, for even Z, and odd, for odd I. Therefore 

0 0 1 

J P l (x)dx = J Pi{-x)d{-x) = (-1)' y Pi{x)dx, 
-1 1 o 
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and hence 



2e 0 i? ( - 



1 

[1- (-!)'] J Pi{*)dx 



ro, 



cq 



T y Pj(a;) <£r, if 



if Z is even 
Z is odd 



So A 0 = A 2 = A 4 = A & = 0, and all we need are A\, As, and A 5 . 



Therefore 



and 



P\(x)dx = J xdx = — 
o 



/p 3 (* )d * = i / (5*» - 9.) 1 (4-4)1 =l(i-|) =" 



y P 5 (a;) dx = \ J ( 63x5 ~ 70x3 + 15a 0 dx = \ ( 63 y - 70 y + 15 y ) 

0 0 

1 /21 35 15\ 1 ,„„ or , 1 

= 8 Y-Y + Y = 16 (36 - 35)= 16- 



e 0 V 2 / e 0 P 2 V 8/' eofl 4 Vl6y' 



Thus 



V(r,6) 



Pgr 



P^costf) - \ (-^) 2 P 3 (cos0) + i Q V 5 (COS0) + ... 



1 / r \4 



Pi (cos 0) - - I -J P 3 (cos#) + - I - ) P 5 (cosfl) + ... 



(r<R), 
(r > R). 



Problem 3.23 



1 d ( dV\ 1 d 2 V _ 
s ds \ ds J s 2 d(j) 2 



Look for solutions of the form V(s, </>) — S(s)$((f)): 



Multiply by s 2 and divide by V = 5<f>: 



I$A f s —\ —S— 

s ds \ ds J s 2 d(j) 2 



s_d_ ( dS\ l_c?$ 
Sd~s V~ds~ + $W ~ ' 
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Since the first term involves s only, and the second <fi only, each is a constant: 

s d ( dS\ „ 1 d 2 ^ „ . , _ _ n 

Now C2 must be negative (else we get exponentials for which do not return to their original value — as 
geometrically they must — when (j) is increased by 2ir). 



C 2 = -k 2 . Then = -fc 2 $ => $ = A cos / 



Bt 



Moreover, since $(0 + 27r) = <&(</!>), fc musi oe an integer: k — 0, 1,2,3, . . . (negative integers are just repeats, 
but k = 0 must be included, since <!> = A (a constant) is OK). 

s— f s-r ] = k 2 S can be solved by S — s", provided n is chosen right: 



ds V ds 



s— (sns 
ds 



= fc 2 5^ n= ±fc. 



Evidently the general solution is S(s) = Cs k + Ds~ k , unless k = 0, in which case we have only one solution 
to a second-order equation — namely, S — constant. So we must treat k = 0 separately. One solution is a 
constant — but what's the other? Go back to the diferential equation for S, and put in k — 0: 

d ( dS\ dS ^ dS C _ds „ _ . , 

s — s— = 0 =>■ s— — = constant = C =>• — — = — => o!d = G — =$-b = Cms + D (another constant). 
ds \ ds J ds ds s s 

So the second solution in this case is In s. [How about <&? That too reduces to a single solution, <f> — A, in the 
case k = 0. What's the second solution here? Well, putting fc = 0 into the $ equation: 

d 2 <$> d<S> 

-— = 0 — — constant = B $ = + A. 

But a term of the form B<f> is unacceptable, since it does not return to its initial value when (f> is augmented 
by 2tt.] Conclusion: The general solution with cylindrical symmetry is 





oo 




V(s,4 


) = ao + bo In s + [s fc (afc cos kef) + sin fe0) + s~ k (ck cos A;^ 
fc=i 


+ dk sin fc(/>)] . 



Yes: the potential of a line charge goes like Ins, which is included. 



Problem 3.24 



(i) V = 0, when s = R, 

(ii) V — * — E 0 x = —E Q s cos (/), for s > i?. 



Evidently ao = bo = bk = dk = 0, and = Ck — 0 except for = 1: 

V(s, 0) = ^ai.s + — J cos 4>. 
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(i)=> Ci = — axR 2 ; (ii)— » ax = --E 0 - Therefore 

/ E R 2 
V(s, 4>) — I — -Eqs H |('()so. or 



F(s,0) = -£ 0 s 



- 1 



COS ( 



a = -e 0 



dV 



-e 0 E { 



s=R 



R 2 

0 1-^2" 



1 COS ( 



s=R 



2e 0 E Q cos 0. 



Problem 3.25 

oo 

Inside: V(s, <f>) = a 0 + ^ s k (a k cos k(f> + b k sin k<p) . (In this region In s and s~ k arc no good — they blow 

fe=i 

up at s = 0.) 

Outside: V(s, 4>) = ao + ^ 3 (cfe cos fc0 + d k sin fc0). (Here In s and s fe are no good at s — > 00). 



fc=i 



(j = -e 0 









^ 9s 


9s y 


s=-R 



(Eq. 2.36). 



Thus 



a sin 50 = — e 0 | — ^, fc+1 ( c fc cos ^0 + ^fc sm &0) — fci? fc ~ 1 (a k cos fc0 + b k sin fc0) | . 

Evidently a k = c k = 0; b k = d k = 0 except fc = 5; a = 5eo ^^6^5 + . Also, V is continuous at s = R: 

a 0 + R 5 b 5 sin 50 = 5q+^^5 sin 50. So a 0 = a 0 (might as well choose both zero); R 5 b 5 — R~ 5 d 5 , or d 5 = R 10 b 5 . 



Combining these results: a = 5eo (R 4 b$ + R 4 bs) = 10e 0 -R 4 &5; 65 



a aR 

as = — — . Therefore 



10e 0 i? 4 ' 0 10e 0 ' 



V(s,<P) 



a sin 50 f s 5 /i? 4 , for s < # 



10e 0 1 i?7s 5 , for s > i? 



Problem 3.26 

Monopole term: 



But the r integral is 

Dipole term: 
But the 0 integral is 



() = j pdr = kR j 



; (R-2r)sm9 



r 2 sin 9 dr d9 d<f>. 



J(R- 2r) dr = (i2r - r 2 ) |^ = i? 2 - R 2 = 0. So Q = 0. 
0 

y r cos 9 pdr = kR j (rcos9) 



7 (R -2r) sin 9 



r sin 9 dr d9 d(f>. 



sin 2 9 cos 9d9 = 



sin 



= 3(0-0) =0. 
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So the dipole contribution is likewise zero. 
Quadrupole term: 



J r 2 Q cos 2 9 -0 prfr = ifci? 1 1 r 2 (3cos 2 0-l) 



r (i2- 2r)sin6» 



r 2 sin#dr g?#. 



r integral: 



9 integral: 



j.3 r i 



J r 2 {R-2r)dr = ^-R- } 



R i? 4 i? 4 i? 4 



3(l-sin 2 6>)-l=2-3sin 2 0 
= 2 



31^1=^11 



integral: 



The whole integral is: 



7T 7T 7T 

J (3cos 2 6»-l) sin 2 (9 d<9 = 2 ^ sin 2 9 d9 - 3 ^ sin 4 (9d(9 

=2-3si 

(?) 

J d4>= 2tt. 
o 

i? 4 \ / 7T^ 



2 V 6 



(4) (-*)<*>- 



fc7T 2 i? 5 

48 



For point P on the z axis (r — > z in Eq. 3.95) the approximate potential is 

(Quadrupole.) 



V(z) 



1 kir 2 R 5 



47re 0 48z 3 



Problem 3.27 

p = (3qa — qa) z + (—2qa — 2q(—a)) y = 2gaz. Therefore 



V 



1 p f 

47reo r 2 



and p f = 2qa z • r = 2qa cos 0, so 



1 2ga cos 6 
47re 0 ^ 2 



(Dipole.) 



Problem 3.28 

(a) By symmetry, p is clearly in the z direction: p = pi; p — J zpdr J za da. 



7T 

p = J (R cos 9) (k cos 9) R 2 sin 9 d6dcj) = 2nR 3 k J cos 2 9 sin 9 d9 = 2irR 3 k 



cos 3 9 



-7ri? 3 fc[l - (-!)] = — ^ — ; 



4irR 3 k . 

P = o Z 
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(b) 



V = 



1 47r J R 3 fccos« 
47re 0 3 r 2 



kR 3 cos 0 
3e 0 r 2 



(Dipole.) 



This is ofeo the exact potential. Conclusion: all multiple moments of this distribution (except the dipole) are 
exactly zero. 

Problem 3.29 

Using Eq. 3.94 with r' = d/2: 

' = I t(lY goosey, 



+ n=0 



for ^ _ , we let 0 -> 180° + 9, so cos 0 -> - cos 9: 



oo 

— = 1 E 



r * — ' \ 2r 

n=0 



P n {-cos9). 



But P n (-x) = {-l) n P n (x), so 



V 



1 1 



47re 0 \^ + 



' 9rE(^) [^(cos0)-P„(-cos0)] f/ 



47re 0 r ^—J V 2r 

n=0 v 



E 



4 ^° r n=lX5,.A 2r 



P„( C OS0). 



Therefore 



^di P = ^7 " ^ -Pi (cos 0) = 7 — ^ , while 



47re 0 r 2r 



2q d? 1 3 

I h rn« J 

47re 0 8r 4 2 



47reor- 
^ (5 cos 3 9 -3 cos 0) = 



^quad = 0. 



— (5 cos 3 0 - 3 cos 0) 



47reo 8r' 



Problem 3.30 



2<z, 


(ii) P = 


3qaz, 








2g, 


(ii) P = 


qaz, 



47re 0 



p-r 



1 


2g 3qa cos 0 




47re 0 







(ih) y - 



47Te 0 



2q qa cos 0 



(c)(i)Q= 2g, (ii) p - 3gay, (hi) V 



4ire 0 



2q ^ 3ga sin 0 sin < 



(fromEq. 1.64, y.f = sin 0 sin 0). 



Problem 3.31 

(a) This point is at r = a, 0 = |, 0 = 0, so E = 



4ire 0 a 3 



f (-z); F = gE 



47re 0 a 



(b) Here r = a, 0 = 0, so E = 



— a(2r)= , ,z 



(c)W = q[V(0,0,a)-V(a,0,0)] 



qp 

47reoa 2 



47reoa 3 
cos(0) — cos 



(1) 





pq 
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Problem 3.32 

Q = -q, SO V m 



i -q. 

47T60 T ' 



1 qa cos 9 

p = qaz, so Vdip = 5 — . 

47reo r z 



Therefore 



V(r,0 


)= 9 ( 




a cos # \ 


; 47re 0 \ 




r 2 J • 



E(r, 



47re n 



1 f + -4 f 2 cos 6* f + sin 0 0 



Problem 3.33 

p = (p • f) r + (p • 6) 9 = pcosO f — psmO 6 (Fig. 3.36). So 3(p • f ) f — p = 3pcos Or — p cos Or - 
2pcos0r + psm0 6. So Eq. 3.104 = Eq. 3.103. / 



- p sin 0 6 = 



Problem 3.34 



1 q 2 



x ax 



At height x above the plane, the force on q is given by Eq. 3.12: F = = = m- . , 

47reo iz z dt 1 at 2 

2 



q" dx 

where A = . Multiply by v = — 

loneom at 



dv A dx d ( 1 



V- 



v 



dt x 2 dt dt \2 
But v = 0 when x = d, so constant = —A/d, and hence t> 2 = 2A 



d M 

dt \ x 



1 1 

a; d 



dx 
~dt 



1 , A 

^ v = — 

2 a; 

/2A 



constant. 



1 1 

x d 



I2A jd-'.: 
~d 



dx 



x 



dt 



0 



This integral can also be integrated directly. Let x — u ; da; = 2udu. 
0 0 



: dx = 2 



Vd~ 



du = 2 \ -^yjd-u 2 



u 

Vd 



0 



= -dsin- x (l) = -d- 



Thcrcforc 



d nd TT 2 d 2 d 2ir 3 d 3 eom 

;=w • • \ 1 • v l,i - i "" \ , r > ■ 



2A 2 



Problem 3.35 

x- 



7 . 17 t 7 i 


+ 




< *l* 1 • ! • 1 • ! • / 


<7 


r ■ - ■ - 



The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net 
force of the negative image charges is: 



F = 



1 



1 



1 



1 



4vre 0 9 1 [2( a-x)} 2 [2a + 2(a - x)} 2 [4a + 2(a - a;)] 2 



(2x) 2 (2a + 2a:) 2 (4a + 2a;) 5 



1 q 2 f 


11 1 




' 1 1 1 


}■ 


47re 0 4 \ 


_(a-x) 2 ' (2a -a;) 2 ' (3a - x) 2 + " '_ 




_x 2 (a + a;) 2 (2a + x) 2 
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1 . 1 q 2 

When a — > oo (i.e. a 3> x) only the — ^ term survives: F = — / (same as for only one plane- 

x 2 47re 0 (2x) 2 

Eq. 3.12). When x = a/2, 



47TE0 4 



1 



1 



(a/2) 2 (3a/2) 2 (5a/2) 2 



1 



(a/2) 2 (3a/2) 2 (5a/2) 2 



0. / 



Problem 3.36 

Following Prob. 2.47, we place image line charges —A at y — b and +A at y — — b (here y is the horizontal 
axis, z vertical). 



In the solution to Prob. 2.47 substitute: 




a-b a + b fa-b\ 2 fa + b\ 2 , , R 2 

— ^— , yo -> — ^— so [ ) = [ ) -R 2 ^b- 



V 



X 



4lT€ 0 

A 



In 



In 



47re n 



■In 



>l a 3 



[(y + q) 2 + z 2 ][(t/- 0 ) 2 + z 2 
47re o ~* I [(y - a) 2 + z 2 }[(y + b) 2 + z 2 



In 



or, using y = s cos < 



A j J (s 2 + a 2 + 2as cos (f>)[(as/R) 2 + R 2 - 2as cos. 



47re 0 |_ (a 2 + a 2 — 2as cos 0)[(as/i?) 2 + i? 2 + 2ascos< 



Problem 3.37 



Since the configuration is azimuthally symmetric, V(r, 0) = ( j4;7'' H — J P;(cos 



B, 



i) r > b: A[ — 0 for all Z, since V — > 0 at oo. Therefore V(r, 9) = ;+1 P;(cos 



a<r<b: V(r,9) = £ ( Qr 1 + ^ ) P;(cos 



<a: F(r,0) = V o . 



We need to determine Bi,Ci,Di, and Vq- To do this, invoke boundary conditions as follows: (i) V is 

/W\ 1 

continuous at a, (ii) V is continuous at b, (iii) A — — = <j(6) at b. 

\or J e 0 

( fi ) =► E ^(<™') = E H + A) P;(COS0); ^ = ^ ' ^ 



(i) => J2 ( C ' a ' + 4ri ) P '( cos 0 ) = V * 



D 



" b l + l 
T = 0, if I j= 0, 

C 0 a° + = V&, if i = 0; 
a 1 




P> ; = b 2l+1 Ci + D t . 



(1) 



A = -a 2l+L C h I ? 0, 
D 0 = aVo - aC 0 . 



(2) 
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Putting (2) into (1) gives B t = b 2l+1 Ci - a 2l+1 C h 1^0, B Q = bCp + aV 0 - aC 0 . Therefore 

(!') 



Bi = (b 2l+1 - a 2l+1 ) C t , 1^0, 
B 0 = (b-a)Cp + aV 0 . 



(/ + 1)\ -k 



(iii) =* + l)]^P z (cos0) - ]T i 0 ^ 1 + A ) Pi(cos6) = -£P> (< osfl). So 



(Z + 1 U-f^- + A^)=0, if^l; 



& i+2 



or 



-(/ + \)Bi - ldb 2l+1 + 1)D, =0; (/ + - A) = -lb 2l+1 Ci. 
Bi(+2)p + + £>i=^ = A fo r / = 1 ; d + ^(^ - £>i) = k. 



Therefore 



(I + l){Bi - D{) + Z& 2/+1 C, = 0,for I ± 1, 
C 1 + ^(B 1 - J D 1 ) = -. 



(3) 



Plug (2) and (1') into (3): 
For / ^ 0 or 1: 

(l + l) [(b 2l+1 - a 2l+1 ) Ct + a 2l+1 Ci]+lb 2l+1 Ci = 0; (l + l)b 2l+1 Ci + lb 2l+1 C'i = 0; (2l + l)Q = 0 Q = 0. 
Therefore (!') and (2) 



= Ci = Di = 0 for I > 1. 



For i = 1: Ci + p [(& 3 - a 3 ) Ci + a 3 Ci] = k; d + 2Ci = fc => Ci = fc/3e 0 ; | Di = -a 3 Ci 
Z>L = -a 3 fc/3e 0 ; I B 1 = (b 3 - a 3 ) C\ => I B 1 = (b 3 - a 3 ) fc/3e 0 - 



For I = 0: B 0 --D 0 = 0 => Bp = D 0 => (b-a)Cp + aVp = aVp-aC 0 , so bC 0 = 0 
Conclusion: 



r or z e 0 



V(r,6) = 



(c)& 



dr 



— + ^-1 + 2— )cos6> 
3eo V a 



c/a = ^" £o 4-7ra 2 



47rae 0 V r 0 = Qtot- At large r: V 



_ aVb 


A 


(- 


r 


3e 0 




/ ^0 






£o 


+ - 


cos 


V a 








1 


Q _ 


r 


47re 0 


r 



C Q = 0; Dp = aVp = Bp. 

a < r < b. 



cos 9, 



—kcos0 + Vp — . 

a 



-. / 
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Problem 3.38 




1 1 
V(r) = ^Y^- 



47ren 1 — ' r" 

u n=0 



Use multipole expansion (Eq. 3.95): pdr' — > Xdr'; 
Q 

A = — ; the r integral breaks into two pieces: 
2a 



(r') n P n (cos0')\dr' + / (r') n P n (cos9')\dr' 



In the first integral 9' = 9 (see diagram); in the second integral 9' = ix — 9, so cosf?' = — cos 9. But P n (— z) 
(— l) n P n (z), so the integrals cancel when n is odd, and add when n is even. 



oo a 

u n o /i 



n=0,2,4,.. 



,n+l 



The integral is , so 

n + 1 



47re 0 r ^— ' 
u n=0,2,4,. 



1 /a 



r (") P„(cos0) 



Problem 3.39 

Use separation of variables in cylindrical coordinates (Prob. 3.23): 



V(s, <j>) = do + bo In s + [s fc (afc cos fc(/> + bk sin fc</>) + s k (ck cos fc0 + dk sin &;</>)] 



k=l 



s < R : V(s, (j)) — Y1T=1 sk ( a k cos k(j> + bk sin k<j>) (In s and s fe blow up at s = 0); 
s > R : V(s, cj)) — YlT=i s ~ k ( c k cos k(f) + dk sinfc</>) (In s and s fe blow up as s — ► oo). 

(We may as well pick constants so V — i 0 as s - > oo, and hence a 0 = 0.) Continuity at s = R 
i? fc (a*; cos k(f) + bk sin fc^>) = R~ k (ck cos fc</> + dfe sin fc<^>), so Cfc = R 2k a,k, dk — R 2k bk- Eq. 2.36 says: 



5U 



&V 



-cr. Therefore 



^ fc+1 (cfc cos fccA + dfe sin k<p) — kR k ~ 1 (ak cos fcc/> + sin feci) 



CO 



^2/ci? fe 1 (a fc cosfc0 + 6fesinfc0) = 
Fourier's trick: multiply by (cos l<f>) d<p and integrate from 0 to 2tt, using 



CT 0 /e 0 (0 < (j> < tt) 
-cr 0 /e 0 (vr < cA < 27r) 



2-ir 27r 

sin k(f> cos I <fid(j) — 0; / cos k(f) cos lift t 
o o 



0, k^l 

TT, k = I 
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Then 



2/it 7ra; = — 
eo 



2tt 

cos 1(f) d(j) — J cosl<j>d<f) 



<7 0 I sin/0 



T sin /0 

n i"" 



0; ai = 0. 



27r ( 0 k ^ I 

Multiply by (sin/^) d(f> and integrate, using J sin k<fi sin I (f>d<fi = \ J h — i 



7T, fc = I 



2lR l - 1 nb, 



i = 



11 
eo 



sin l<pdcf> — / sin /</> 



- CT ° < 


cos /0 


7T 


cos /</> 


~~ e 0 ' 




H 

0 


/ 



2jt " 



«0_ 

/e 0 



(2-2 cos /tt) 



0, if / is even 

4(To//eo, if / is odd 



h = 



0, if / is even 

2cr 0 /7re 0 / 2 i?^ 1 , if / is odd 



Conclusion: 



v(s,4>) 



2a ° R V 1 sinfcJ^ {S<R) 



Problem 3.40 

Use Eq. 3.95, in the form V(r) = — — £ /« = / z n A(z) dz. 

a 

(a) Iq — k J cos ^2"^ dz = k 

— a 

+ A(z) 



n=0 

2a fKZ\ 
— sin — 
tt \2a) 



2ak 

TT 



7T\ . / 7T 

sin | — — sin 

2/ V 2 



Therefore: 




1 /4afc\ 1 



47reo V 7r / r 



(Monopole.) 



a 


a 


/o 


= 0. 




a 


/i 


■»/ 




— a 



fe 1 f — ) [sin(7r) — sin(— 7r)] cos(7r) cos(— n) 1 = fc— — 

\7T/ 7T 7T J 7T 

X(z) 



1 f2a 2 k\ 1 



47ren V tt / r 



- cos 0. 



(Dipole.) 



(c) Iq = h = 0. 



Io = k I Z COS 



•(") 



2zcos(7rz/a) (-7rz/a) 2 — 2 . /7rz s 



7rz/a — Z /7TZ\ 
+ / ,\ 3 sin — 
(7r/ar V a / 



= 2fc 



f & \ 

y—j [acos(7r) + acos(— 7r)] 



(TT/a) 2 U,/,,) 

4a 3 k 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



CHAPTER 3. SPECIAL TECHNIQUES 



69 



—a 1 


\ a 




y 


\ 





V(r,0) 



AlTEr 



4a 3 fc\ 



2r 3 



(3 cos 



(Quadrupole.) 



Problem 3.41 

(a) The average field due to a point charge q at r is 




1 



so E ave = 



irR 3 ) 
1 



(f 7ri? 3 ) 4vre 0 



E dr, where E 



q- — ft dr. 



1 



- 4. 



(Here r is the source point, dr is the field point, so goes from r to dr.) The field at r due to uniform 

1 f * 

charge p over the sphere is E„ = / p — ^ dr. This time dr is the source point and r is the field 

" 4ire 0 J ' 1 2 

point, so n, goes from dr to r, and hence carries the opposite sign. So with p = —q/ (|7ri? 3 ), the two 
expressions agree: E ave = E p . 



(b) From Prob. 2.12: 



47reo R 3 47re 0 i? 3 ' 



(c) If there are many charges inside the sphere, E ave is the sum of the individual averages, and ptot is the 



sum of the individual dipole moments. So E a 



qed 



47re 0 i? 3 ' 

(d) The same argument, only with q placed at r outside the sphere, gives 

1 



E ;1 



E, 



■ f (field at r due to uniformly charged sphere) 



1 



-Q 



But this is precisely the field produced by q (at r) at the center of the sphere. So the average field (over 
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces 
at the center. And by superposition, this holds for any collection of exterior charges. 



Problem 3.42 

(a) 



E 



dip 



E n 



47reor 3 


(2 


P 


[2 


47reor 3 


+ sin 6 


(< 


P 




47reor 3 




1 





(2cos6»f + sm90) 

[2 cos 6*(sin 9 cos (j) x + sin 9 sin <fi y + cos 9 z) 
x + cos0sin0y — sin#z)] 

3 sin 9 cos 9 cos </> x + 3 sin 9 cos 9 sin 4>y + (2 cos 2 9 — sin 2 9) i 

" v ' 

=3 cos 2 0-1 

E dip dr 

J -g- [3 sin 9 cos #(cos 0 x + sin </> y ) + (3 cos 2 (9—1) z] 7- 2 sin 9 drd9 ( 



( P 



(fTTi? 3 ) V47T6C 
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2-n 

But J cos 

0 



2tt 



sin 



0, so the x and y terms drop out, and J d<p = 2n, so 

o 



1 / p 



H IT 

-^) 2ir J\ dr J (3 cos 2 0 - l) sin 6d6 . 



o 



(-cos 3 0+cos 0)15 = 1-1+1-1=0 



I 1 f 1 

Evidently E avo = 0, which contradicts the result of Prob. 3.41. [Note, however, that the r integral, / - dr, 

1 1 Ja r 

blows up, since In r — > — oo as r — > 0. If, as suggested, we truncate the r integral at r = e, then it is finite, and 

the 6 integral gives E avc = 0.] 

(b) We want E within the e-sphere to be a delta function: E = A<5 3 (r), with A selected so that the average 

field is consistent with the general theorem in Prob. 3.41: 



EaVC " (§7Ti?3) 



AS 3 (r) dr = 



(|7ri? 3 ) 4tt€ 0 R 3 



A = 



3e 0 



, and hence 



Problem 3.43 



(a) I = J (Wi) • (W 2 ) dr. But V-(Vf VV 2 ) = (VFi) • (VV 2 ) + ^i(W 2 ), so 

J = y V-{V l VV 2 )dT - J ^i(V 2 F 2 ) = j V l {VV 2 )-d&+^- J V lP2 dr. 

1 /■ 

But the surface integral is over a huge sphere '"at infinity", where V\ and V 2 —> 0. So / = — / Vip 2 ^t- By 

eo J 

the same argument, with 1 and 2 reversed, I = — J V 2 p\ dr. So J V\p 2 dr = J V 2 p\ dr. qed 



(b) 



Situation (1) : Q a = J a p x dr = Q; Q b = J b p 1 dr = 0; V lb = V ab . 

Situation (2) : Q a = f a P2 dr = 0; Q b = J b p 2 dr = Q; V 2a = V ba . 

J V x p 2 dr = Via J a P2 dr + V lb J b p 2 dr = V ab Q. 



J V 2 pi dr = V 2a J a pi dr + V 2b J h pi dr = V ba Q. 

Green's reciprocity theorem says QV ab = QV ba , so V ab = V ba . qed 
Problem 3.44 

(a) Situation (1): actual. Situation (2): right plate at V 0 , left plate at V — 0, no charge at x. 
v=o v=o 



0 ) q d\ 
But V h =V ri =0 and Q X2 



j Vip 2 dr = V h Q h + V X1 Q X2 + V ri Q r2 . 
0, so JVip 2 dr = 0. 

J V 2P i dr = V h Q h + V X2 Q X1 + V r2 Q ri . 
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But V; 2 = 0 Q Xl = q, V T2 = V Q , Q ri = Q 2 , and V X2 = V 0 (x/d). So 0 = V 0 (x/d)q + V 0 Q 2 , and hence 



Qi = -qx/d. 



Situation (1): actual. Situation (2): left plate at Vq, right plate at V = 0, no charge at x. 



V lP2 dr = 0= / V 2 pi dr = V h Q h + V X2 Q Xl + V r2 Q ri = V 0 Qi + qV X2 + 0. 



ButK 2 =V 0 (l-^),so 



Q 1 = -q(l-x/d). 



J 



(b) Situation (1): actual. Situation (2): inner sphere at Vq, outer sphere at zero, no charge at r. 

V lP2 dr = V ai Q a2 + V ri Q r2 + V bl Q b2 . 
But V ai = V bl = 0, Q r2 = 0. So / V lP2 dr = 0. 

V 2Pl dr = V a2 Q ai + V r2 Q ri + V b2 Q bl = Q a V 0 + qV r2 + 0. 



/ 



But V r2 is the potential at r in configuration 2: V(r) = A + B/r, with Via) = Vq =^> A + B/a = Vq, or 
aA + B = aV Q , and V(b) = 0 => A + B/b = 0, or bA + B = 0. Subtract: (6 - a) A = -aV 0 => A = 
-aV 0 /(b - a); B (I - i) = V 0 = B^ B = abV 0 /(b a). So V(r) = «%(*-!). Therefore 



(IX.-q^ ( h -l\=iY. 



Qa 



qa 



(b — a) \r 



- 1 



(6 — a) \r 

Now let Situation (2) be: inner sphere at zero, outer at Vb, no charge at r. 

J V lP2 dr = 0 = J V 2Pl dr = V a . 2 Q ai + V r2 Q ri + V b . 2 Q bl = 0 + qV r2 + Q b V 0 . 



This time V(r) = A + — with Via) = 0 => A + B/a = 0; V(b) = V Q ^> A + B/b= V 0 , so 
r 

V(r) = (l - £) . Therefore ? (l - 5) + Q b V 0 = 0; I Q 6 = (i - °)7 

(b — a) \ r) (o—aj ^ r ' \°~ a ) ^ rl 

Problem 3.45 



TiTjSij > pdr' 



3 I 3 3 

(a) \ E *Ma = \ J 3 E **r5 E ? jrj - (-') 2 E 1 

ij = l [ »=1 j=l i,j 

3 3 

But E^' r ^ = ?•!•' = r' cosd' = Efj r j; YjYjfiij = E^^ = r ■ r = 1. So 



(=1 



l/ quad = —^4 / s (V 2 cos 2 <9' - r' 2 ") pdr' = —^4 / r' 2 P 2 (cos 6>'Wr' (the n = 2 term in Eq. 3.95). 
47re 0 r j 2\ / 47re 0 r' 3 J 
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(b) Because x 2 = y 2 = (a/2) 2 for all four charges, Q xx — Q yy = [3(a/2) 2 — (s/2a/2) 2 ] (q — q - q + q) = 0 
Because z = 0 for all four charges, Q zz - 
This leaves only 



(V2a/2) 2 (q - q- q + q) = 0 and Q xz = Q yz = Q zx = Q zy = 0. 



«- - 3 Kl) (1) < + (1) ("I) <-) + ("I) (1) <-) + ("I) ("I) « 



o 2 

da g. 



(c) 



Q t j = J [3(rj — di)(rj — dj) — (r — d) 2 <5y] pdr (I'll drop the primes, for simplicity.) 

[3rjT"j — r 2 5ij\ p dr — 3di J rjpdr — 3dj J ripdr + 3didj J pdr + 2d- J vpdrSi 
d 2 5ij J pdr = Qij — 3(diPj + djpt) + 3didjQ + 2Sijd ■ p — d 2 SijQ. 



So if p = 0 and Q — 0 then = Qy. qed 



(d) Eq. 3.95 with n = 3: 



To, 



f(r') 3 P 3 (cos8')pdT'; P 3 (cos 0) = J (5 cos 3 0 - 3 . 
47re 0 r 4 J 2 




Define the "octopole moment" as 



Qiifc= / (5r' i r j r' k ~(r') 2 (r' l S jk + r' J d tk + r' k 6 ij )p(r')dT'. 



Problem 3.46 

v 1 



Atteq 



1 1 

* 1 ^2 



1 1 



* 3 
4 1 





f- a 2 


— 2ra cos 0 




h a 2 


+ 2ra cos 6 




Ffe 2 


— 2r6cos 0, 




h& 2 


+ 2r6cos 9. 



Expanding as in Ex. 3.10: 



1 1 

* 1 ^2 



2r 



1 1 

^3 ^4 



26 C( 

2^ 
a r 2 



-g \ ^""^ 

\ b b 




+q 


v v ^ 






a 


a 




0 (we want a r, not r»d, 


this time). 




because b — R 2 /a, Eq. 3.16) 







cos 6*. 
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R 

But q' = q (Eq. 3.15), so 



V(r, 9) S 



47T£o 



2r R 2 R 2 

g^- cos # g — 5- cos 9 

a z a a r z 









47T£o 







cos 9. 



Set E 0 = — — ^ — ^ (field in the vicinity of the sphere produced by ±q) : 



4ire 0 a 2 



V(r,e) = -E 0 [r- 



R 3 



cos 9 



(agrees with Eq. 3.76). 



Problem 3.47 

The boundary conditions are 

(i) V = 0 when y = 0, 

(ii) V = Vb when y = a, 

(iii) V = 0 when x = b, 

(iv) V = 0 when x = —b 

Go back to Eq. 3.26 and examine the case k = 0: d 2 X/dx 2 = d 2 Y/dy 2 = 0, so X(x) = Ax + B, Y(y) = Cy + D. 
But this configuration is symmetric in x, so A = 0, and hence the k = 0 solution is V(x, y) = Cy + D. Pick 
D = 0, C = Vo/a, and subtract off this part: 

V{x,y) = V 0 V a +V{x,y). 

The remainder (V(x,y)) satisfies boundary conditions similar to Ex. 3.4: 

(i) V — 0 when y = 0, 

(ii) y = 0 when y = a, 

(iii) V" = — Vb(y/a) when x = b, 

(iv) y = — Vo(y/a) when a; = —6. 

(The point of peeling off Vb(y/a) was to recover (ii), on which the constraint k = nn/a depends.) 
The solution (following Ex. 3.4) is 



V(x,y) = C n cos\\(nirx/a) sm(niry/a), 



n=l 



and it remains to fit condition (iii): 

V(b,y) = ^ C n cosh(n7r6/a) sm(niry/a) = —Vo(y/a). 

Invoke Fourier's trick: 

yj C n cosh(n7r6/a) / sin(n7ry/a) sin(n'7ry/a) dy = / y s\Yi{n' iry / a) dy, 

Jo a Jo 

^C„ cosh(n7r6/a) = — — j y sm(mry / a) dy . 
2 a Jo 
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C n — — 



2U 0 



a 2 cosh(mrb/a) 



( — ") smtmry/a) — ( — ") cos(nny/a) 



2Un 



a 2 cosh(n7r6/a) \nir J 
V(x,y) 



a 2 \ , . 2F 0 (-1)" 
cos(n-7r) = 



ri7r cosh(n7r6/a) 



Vh 



V 2 ^ (—1)" coshtn-Kx/a) . , 

- + -} - — T7 — ttt sin (niry/a) 

a ir n cosh(mTb/a) 

n=l \ i / 



Alternatively, start with the separable solution 

V(x, y) = (C sin kx + D cos kx) (Ae ky + Be~ kv ) . 

Note that the configuration is symmetric in x, so C — 0, and V(x, 0) = 0 => B = —A, so (combining the 
constants) 

V(x, y) — A cos kx sinh ky. 

But V(b, y) — 0, so cos kb = 0, which means that kb = ±7r/2, ±37r/2, . . . , or k = (2n — l)7r/26 = a„, with 
n = 1,2,3, .. . (negative k does not yield a different solution — the sign can be absorbed into A). The general 
linear combination is 



V(x, y) = ^A n cos a n x sinh a n y, 

n=l 

and it remains to fit the final boundary condition: 

oo 

V(x, a) = Vq = A n cos a n x sinh a„a. 

n=l 

Use Fourier's trick, multiplying by cosa„'X and integrating: 

oo „b 



cos a n 'xdx — \] A n sinh a n a / cos a„'i cos a n x dx, 
b n=i J - b 



Vo 2 Sm - = -A„ sinha„a(W„/„) = bA n , sinh ava. 

n=l 



2V 0 sin a n b . / 2n - 1 . 

So A„ = — . But sma n o = sm tt = —(—1) , so 

b a n smha n a V 2 



2V 0 



n=l 



„ sinh q n y 
a n sinh a„a 



cos a n x. 



Problem 3.48 

(a) Using Prob. 3.14b (with b = a): 

V(x,y) = 



4Vq v-^ sinh(n7rx/a) sin(n7ry/a) 



n odd 



nsinh(n7r) 
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dV\ 



dx lx=o 

E 



-e 0 - 



4F 0 



n odd 

4eoVo v-^ sm(niry/a) 



n7r\ cosh(n7ra;/a) sin(n7ry/a) 
a / nsinh(n7r) 



k=0 



a ^ — ' sinh(n7r) 
n odd v 7 



/ c r (y)dy = - 4f ^ E —7 ^ / sm(niry/a) dy. 



— cos(niry / a)\ a n = — [1 — cos(n7r)l = —(since n is odd). 



In 2. 



But / sin(niry / a) dy = 
Jo 

= Se Q V Q 1 

7r nsinh(n7r) 

n odd v y 

[I have not found a way to sum this series analytically. Mathcmatica gives the numerical value 0.0866434, 
which agrees precisely with In 2/8.] 
Using Prob. 3.47 (with b = a/2): 



V(x,y) = V 0 



y 2 >— ^ (— 1)™ cosh(n7rx/a) sin(mn//a) 



a 7r 



E 



ncosh(n7r/2) 



a(x) = -e 0 



dV 



dy 
-eo^o 



y=0 



= -eoU 0 



a it ^ \ a I 



mr\ (— 1)™ cosh(n7rx/a) cos{niry/a) 



ncosh(n7r/2) 



y=o 



1 2 ^ (-l)™cosh(n7rx/a) 



+ S 



a a 



cosh(n7r/2) 



1+2E 



(— 1)™ cosh(n7ra;/a) 
cosh(n7r/2) 



a/2 



a/2 



cr(x) dx 



eoVb 



« + 2 E 



(-l) r 



cosh(n7r/2) /_ a 



a/2 



j/2 



cosh(n7rx/a) do; 



r /2 a 

But / cosh(n7rx/a) dx = — sinh(ri7rx/a) 

J-a/2 n7r 



a/2 



-a/2 



2a 



rnr 



sinh(n7r/2). 



4a ^ (-l)"tanh(n7r/2) 
7r n 



4 ^ (-l) n tanh(n7r/2) 
7r ^ n 



In 2. 



[Again, I have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees 
with the expected value (In 2 — n) /4.] 
(b) From Prob. 3.23: 

V(s, <t>) = a 0 + 6 0 lns + (a k s k + h^j [c k cos(k(f>) + d k sm(k(j>)]. 
In the interior (s < R) bo and b k must be zero (Ins and l/s blow up at the origin). Symmetry => d k = 0. So 

oo 

V(s, <fi) — a 0 + ^ a k s k cos(k<j>). 



k=i 
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At the surface: 

V(R, (t>) = J2 akRk C0S (M = 



k=0 



Vo, if - 7r/4 < 4> < 7r/4, 
0, otherwise. 



Fourier's trick: multiply by cos(k'cj)) and integrate from — 7r to tt: 



00 />7r r n /4 

y^afei? fc / cos(k(f>) cos(fc'0) dc/) = Vq I cos(k' <p) d<j> 

u—n J — TT J — tt/4 



k=0 



But 



V Q sm(k'<i))/k' 



ir/4 



cos(k(f>) cos(fc'0) d<p ■ 



Vqtt/2, if k' = 0. 



0, if k ^ k' 
2vr, if k = k' = 0, 
tt, if k = k' ± 0. 



-7T/4 



(y 0 /fc')siii(A;'7r/4), if fc' ^ 0, 



So 2na 0 = F 0 vr/2 =*> a 0 = Vb/4; 7ra fc i? fe = (2V 0 /k) sin(fc7r/4) =*> a fc = (2V 0 /nkR k ) sin(fc7r/4) (k ^ 0); hence 

1 2 ^ s in(/br/4) / s \ k 



V(s^) = V 0 



4 TT 



ic=i 



7? 



cos(fc0) 



Using Eq. 2.49, and noting that in this case n 



dV_ 



s=R 



TT ^ ' 



fc=i 



= 26q Vo 
7ri? 



sin(fc7r/4) cos(/c</>). 



We want the net (line) charge on the segment opposite to Vo (— 7r < (f> < —3ir/4 and 37r/4 < 0 < 7r): 

4e 0 Vb 



A= / a((t>)Rd<f>= 2R / <r(0) # = 

J3tt/4 



4e 0 F 0 



y^sin(fc7r/4) 



fe=i 



sin(fc0) 


7T 


4e 0 Vb 


fc 


3tt/4 


7T 



£ ° 0 sin(fc7r/4) /" cos(fc</>) i 
sin(/c7r/4) sin(3/c7T/ 





sin(fc7r/4) 


sin(3A;7r/4) 


product 


1 




1/V2 


1/2 


2 


1 


-1 


-1 


3 


1/V2 


1/V2 


1/2 


4 


0 


0 


0 


5 


-1/V2 


-1/V2 


1/2 


6 


-1 


1 


-1 


7 


-1/V2 


-l/%/2 


1/2 


8 


0 


0 


0 
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4e 0 Vb 



1,3,5... 



2,6,10,... 



4e 0 Vb 



1^1 1 1 

1,3,5... 



1,3,5, 



Ouch! What went wrong? The problem is that the series XXV^) is divergent, so the "subtraction" oo — oo 
is suspect. One way to avoid this is to go back to V(s,4>), calculate e 0 (dV/ds) at s ^ R, and save the limit 
s — > i? until the end: 



cr(0, s) 



dV _ 2e Q V 0 s in(fc7r/ 4) ks 

k=l 



k-1 



R k 



cos(k(f>) 



2e 0 V 0 
ttR 



x k 1 sin(fc7r/4) cos(fc</>) (where x = s/i? — * 1 at the end). 



fc=i 



A(x) ee CT ( ( /),s)i?# = -^^y"}a;' £ " 1 sin(A:7r/4)sin(3fc7r/4) 



4e 0 Vb 

7T 

2e 0 Vb 

7TX 



2x 



fc=l 

a; 5 



But (see math tables) : In 



1 - x 



1 /V 

SB V 2 
2 ^ 

+ y 



a; 

10 



10 



X 

To 



2eo^o 
irx 

£qV 0 



In 



Ii n (ii__L 

1 - x J 2 V 1 - x 2 



x 

X X"" 

eoVb 



In 



Tr.r 



1 -x 



In 



7T.T 



{l + xf 



A = lim A(x) = 
x— »i 



-eo^o 



In 2. 



1 -x 2 



Problem 3.49 




47re 0 r 3 



(2cos#r + sin6'0). 



Now consider the pendulum: F = —mgz — Tr, where T — mg cos </> = mv 2 /l and (by conservation of 



energy) mgl cos <fi = (l/2)mv 



2glcos<j) (assuming it started from rest at <fi = 90°, as stipulated). But 



i (f> — — cos 9, so T = mg(— cos (?) + (m/l)(—2gl cos ( 



-3mgcos0, and hence 



F = —mg(cos9r — sin 6*0) + 3mg cos 6* f = mg(2cos9r + sin 0 0). 

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on q in the 
field of a dipolc, with mg <-» qp/Aireol 3 . Evidently g also executes semicircular motion, as though it were on a 
tether of fixed length I. 
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Chapter 4 

Electrostatic Fields in Matter 



Problem 4.1 

E=V/x = 500/1CT 3 = 5 x 10 5 . Table 4.1: a/Aire a = 0.66 x 1CT 30 , so a = 4tt(8.85 x 1CT 12 )(0.66 x 1CT 30 ) 
7.34 x 1CT 41 . p = aE = ed => d= aE/e = (7.34 x 1CT 41 )(5 x 10 5 )/(1.6 x 1CT 19 ) = 2.29 x 1CT 16 m. 

d/R = (2.29 x lCT 16 )/(0.5 x lO" 10 ) = 



4.6 x icr b . 



To ionize, say d = R. Then R — aE/e = aV/ex =>■ V = 



Rex/a = (0.5 x 10- 10 )(1.6 x 10- 19 )(lQ- 3 )/(7.34 x 10" 41 ) = 10 8 V. 



Problem 4.2 



First find the field, at radius r, using Gauss' law: J E-da = j- Q cnc , or E 



l l 

47reo r 2 



Qcnc • 



Qcnc = J /"/- 7 I ' - I- (I I - 



2q 



Txa° 



e 2r ' a ( r 2 + ar + 



a 2 \ a 2 



= q l-e- 2r / a {l + 2-+2-„ 
a a z 



[Note: Q cnc (r — » oo) = q.] So the field of the electron cloud is E e — 



1-e 



proton will be shifted from r = 0 to the point d where E c — E (the external field) : 

1 q 



2r/a ^ 



1 + 2^ + 2^ 



. The 



E = 



47re 0 d 2 



1 _ e -2d/a ( 1 + 2 ^ +2 ^! 

a a z 



Expanding in powers of (d/a): 

e -2d/a _ j 

1 - e- 2d ' a (l + 2- + A \ = 1 - I 1 - 2- + 2 



a a' 



1 f2d\ 2 1 /2d N 3 



2 V a 



3! V a 



+ 



d\ 2 4 /rf x 3 



3 \a 

& 



+ ■ 



1 -2- + 2 

a \a 

1 + 2- + 2 



d\ 2 4/tT 3 



3 V a 



+ 



a a 

,/ ( / 2 -H d' d 2 dj 4d 3 



4 /d 



3 V a 



+ higher order terms. 
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E 



1 q /4d 3 
A^d 2 I 3^3 



Att£q 3a 3 



(qd) 



-p. a — 37reoa 3 



[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts 
j^a = |a 3 = | (0.5 x 10~ 10 ) 3 = 0.09 x 10~ 30 m 3 , compared with an experimental value (Table 4.1) of 
0.66 x 10~ 30 m 3 . Ironically the "classical" formula (Eq. 4.2) is slightly closer to the empirical value.] 
Problem 4.3 

p(r) = Ar. Electric field (by Gauss's Law): § E-da = E (Anr 2 ) = ^ Q cnc = i Ar Airr 2 dr , or E = 



1 47T A ; 



Ar 



This "internal" field balances the external field E when nucleus is "off-center" an amount 



4irr 2 e Q 4 4e 0 

d: ad 2 /4eo = E => d = \J 4eoE/A. So the induced dipole moment is p = ed = 2e^/ t^j A\[E . Evidently 



p is proportional to E 1 / 2 . 



For Eq. 4.1 to hold in the weak-field limit, E must be proportional to r, for small r, which means that p 



must go to a constant (not zero) at the origin: p(0) ^ 0 (nor infinite) 



Problem 4.4 

r 



-O 



Field of q: j^-^y. Induced dipole moment of atom: p = aE 



Field of this dipole, at location of q (8 = it, in Eq. 3.103): E 



1 1 / 2a q 



47reo r 3 \47re 0 r 2 



(to the right). 



Force on q due to this field: 



F = 2a 



Airer 



(attractive). 



Problem 4.5 

Field of pi at p 2 (0 = tt/2 in Eq. 3.103): Ei = 



— ^ X „ 0 (points down). 



Torque on p 2 : N 2 = p 2 X Ei = piE\ sin 90° = p%E\ = 



^ >1 ^ >2 (points into the page). 
47renH 



Field of p 2 at Pl (0 = tt in Eq. 3.103): E 2 = 



P2 



(— 2f) (points to the right). 



Torque on Pl : Ni = Pi x E 2 = 



2piP 2 
47reor 3 



47reor 3 
(points into the page) 



Problem 4.6 

(a) 



(b) 



////////////////////////////// 

z P, 




Use image dipole as shown in Fig. (a). 
Redraw, placing p^ at the origin, Fig. (b). 



E; 



47re 0 (2z) 



r (2 cos 0 f + sin 0 <?) ; p = p cos 0 f + p sin 0 0. 



N = p x Ej 



47re 0 (2z) 3 



^cos 0 f + sin 0 0) x (2 cos 0 f + sin 0 0) 



p 

47re 0 (2z) 3 
p 2 sin 0 cos ( 
4^e 0 (2z) 3 



cos 0 sin 0 0 + 2 sin 0 cos 0(— 0) 



(— 0) (out of the page). 
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But sin 9 cos 9 = (1/2) sin 29 , so 



TV 



P 



2 sin 26» 



47re 0 (16z 3 ) 



(out of the page) . 



For 0 < 9 < 7r/2, N tends to rotate p counterclockwise; for 7r/2 < 9 < it, N rotates p clockwise. Thus the 



stable orientation is perpendicular to the surface — either f or j. 



Problem 4.7 

If the potential is zero at infinity, the energy of a point charge Q is (Eq. 2.39) W = QV(r). For a physical 
dipolc, with — q at r and +q at r + d, 



l-r+d 

L : 



U = qV(r + d) - qV(r) = q[V(r + d) - V(r)] = q - / E ■ ,!] 

For an ideal dipole the integral reduces to E • d, and 

U = -qE d = p E, 

since p = qd. If you do not (or cannot) use infinity as the reference point, the result still holds, as long as 
you bring the two charges in from the same point, r 0 (or two points at the same potential). In that case 
W = Q[V{r)-V{r 0 )],eaid 

U = q[V(r + d) - V(r 0 )} - q[V(r) - V(r 0 )} - q[V(r + d) - V(r)], 



as before. 



Problem 4.8 

U = - P i-E 2 , but E 2 = [3 (p 2 -f) f - p 2 ]. So U = [pi-p 2 - 3 ( Pl .f) ( P2 -f )]. qed 

Problem 4.9 



(a) F= (p- V)E (Eq. 4.5); E = 



(b) E 



1 q 



q xx + yy + zz 



47T£o r 2 47reo (x 2 + y 2 + z 2 ) 3 / 2 
d \ q x 



x ~ I Px 8x + Pv Oy +Pz dzJ 47re 0 (x 2 + y 2 + z 2 f/ 2 



47re 0 

+ Pz 



Px 



1 



2x 



_(x 2 + y 2 + z 2 yl 2 2 (x 2 + y 2 + z 2 ) 5 / 2 



Pv 



- x - 



2y 



3 



2z 



2 (x 2 + y 2 + z 2 ) 5 / 2 
[P - 3(p • f ) f] . 



1 q 

47reo r 3 

J- 1 {3 [p ■(-?)] (-f)-p} 
47re n r J 



47re n 



1 1 



Px 3x 

^ - -£(PxX + PyV + PzZ) 



2 {x 2 + y 2 + z 2 f/ 2 

q 



4ire 0 



p^ 3r(p ■ r) 



e 0 I- 47reo r 3 

are because r points toward p, in this problem.) 



[3(p • f ) f — p] . (This is from Eq. 3.104; the minus signs 



F = qE 



1 q 

4-7ren r 3 



[3(p-f)f-p]. 



[Note that the forces are equal and opposite, as you would expect from Newton's third law.] 
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Problem 4.10 

(a) <r b = Pn = 



kR\ 



Pb = VP = -^( r2fcr ) = ~^kr 2 = 



-3k. 



(b) For r < R, E = ^prr (Prob. 2.12), so E 



-(fc/e 0 )r. 



For r > R, same as if all charge at center; but Q tot = (kR)(AirR ) + (— 3k)(^nR 3 ) — 0, so E = 0 



Problem 4.11 

pt = 0; 0& = P-n = ±P (plus sign at one end — the one P points toward; minus sign at the other — the one 
P points away from). 

(i) L S> a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and 
charge Pna 2 . See Fig. (a). 

(ii) L <^ a. Then it's like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform "fringing 
field" at the edges. See Fig. (b). 



(iii) Lk, a. See Fig. (c). 




(a) Like a dipole 





(b) Like a parallel-plate capacitor 



(c) 



Problem 4.12 



V = J dr = P- 1 J -^-^dr^. But the term in curly brackets is precisely the field of a uniformly 
charged sphere, divided by p. The integral was done explicitly in Prob. 2.7 and 2.8: 



n, l I 47re 0 

— w dr = ■ 



1 (4/3)irR 3 p 



R 3 



r, (r < R). 



So V(r,6) = < 



R* 
3e 0 r2 

1 



P f 



R 3 P cos 6 
3e 0 r 2 



, 3e 0 



Pr 



Pr cos 9 
3e 0 



(r > R), 
(r < R). 



Problem 4.13 

Think of it as two cylinders of opposite uniform charge density ±p. Inside, the field at a distance s from 
the axis of a uniformly charge cylinder is given by Gauss's law: E2tts£ = j^pirs 2 £ => E = (p/2eo)s. For 
two such cylinders, one plus and one minus, the net field (inside) is E = E + + E_ = (p/2eo) (s+ — s_). But 



s_ = — d, so E 



pd/(2e Q ), where d is the vector from the negative axis to positive axis. In this case 



the total dipole moment of a chunk of length I is P (ira?£) = (p7ra 2 ^) d. So pd = P, and E = — P/(2eo), 
s < a. 



for 
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Outside, Gauss's law gives E2irs£ = ^pira 2 £ =^> E = ff^-f, for one cylinder. For the combination, E 



E+ + E_ 



pa 
2e 0 



fe-fr). whcrc 
d 



s± = s=F 



2' 



o2 l ST 2 



it 



s • d 



c-2 



ST 



1± 



s • d 



± s ^ S ^ T ^ ) ! keeping only Lsl order I onus in d). 



1 M-d)_ d 



for s > a. 



Problem 4.14 



Total charge on the dielectric is Q tot — § s <Jb da + J v pb dr = § s P • da — J v V-P dr. But the divergence 
theorem says § s P • da = J v V-P dr, so Qcnc = 0. qed 



Problem 4.15 



(a) Pb = VP = - 



i_d_ 

r 2 dr 



A. 



<i b = P-n = 



+P-f = fe/6 (atr = 6), 
P • f = — k/a (at r = a). 



Gauss's law => E = j^^SP f. For r < a, Q enc = 0, so | E = 0. | For r > b, Q cnc = 0 (Prob. 4.14), so | E = 0. 



For a < r < b, Q cnc = (-^) (Ana 2 ) + f a (-=£) 4irr 2 dr = -4irka - 4irk(r - a) = -Ankr; so E = -(k/e 0 r) f . 
(b) § T>da = Q fmc = 0 D = 0 everywhere. D = e o E + P = 0^E = (-l/e 0 )P, so 



E = 0 (for r < a and r > b); 



E 



-(fc/eor) f (for a < r < b). 



Problem 4.16 

(a) Same as E 0 minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14) 

D = e 0 E = e 0 E 0 + §P = D 0 - P + §P, so 



is -P/3e 0 . So 



E = E 0 + —P. 

3e 0 



D = D 0 - |P. 



(b) Same as E 0 minus the field of ± charges at the two ends of the "needle" — but these are small, and far 



away, so E = E 0 . D = e 0 E = e 0 Eo = D 0 - P, so D = D 0 P. 



(c) Same as E 0 minus the field of a parallel-plate capacitor with upper plate at a = P. The latter is 
-(l/e 0 )P, so 



E = Eo + ^P. 



D = e 0 E = e 0 E 0 + P, so D = D 0 . 
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<s:] 



Problem 4.17 



P 

(uniform) 





(field of two circular plates) ( same as E outside, but lines 

continuous, since V-D = 0) 



For more detailed figures see the solution to Problem 6.f4, reading P for M, E for H, and D for B. 



Problem 4.18 

(a) Apply J D • da — Q t nc to the gaussian surface shown. DA = a A 
metal plate.) This is true in both slabs; D points down. 



D = a. 



(Note: D = 0 inside the 



(b) D = eE => E = a/ex in slab 1, E = a/e 2 in slab 2. But e = e 0 e r , so t\ = 2e 0 ; e 2 = §£o- E\ = a/2eo, 



E 2 = 2a/3e 0 . 



(c) P = eoXeE, so P = e oX ed/(e 0 e r ) = ( X e/e r )<J; X e = e r - 1 => P = (1 - e~ >. Pi = a/2, P 2 = a/3. 



(d) V = E ia + E 2 a = (aa/6e 0 )(3 + 4) = 7aa/6e 0 



(e) p b = 0; 



at = +Pi at bottom of slab (1) = a/2, 
&b = —Pi at top of slab (1) = —a/2; 



at, = +P 2 at bottom of slab (2) = a/3, 
at, = —P 2 at top of slab (2) = —a/3. 



(f) In slab 1: 
In slab 2: 



total surface charge above: a — (a/2) = a/2, 

total surface charge below: (a/2) — (a/3) + (a/3) — a = —a/2. 

total surface charge above: a — (a/2) + (a/2) — (a/3) — 2a /3, 
total surface charge below: (a/3) — a = —2a/3, 



® 



@ 



1+a 

- -a/2 

- +C-/2 

- -cr/3 

- +cr/3 



E 2 = - — . / 
3e 0 



Problem 4.19 

With no dielectric, C 0 = Ae 0 /d (Eq. 2.54). 

In configuration (a), with +a on upper plate, —a on lower, D = a between the plates. 



E = a/eo (in air) and E = a/e (in dielectric). So V 



cn 2 



2e 0 A 
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r _ Q _ e„A ( 2 \ 
a V d \l+l/e r ) 



Ca 
Co 



2e r 



In configuration (b), with potential difference V: E — V/d, so a = e 0 E = e 0 V/d (in air). 
P = eoXeE = e^XeV/d (in dielectric), so at, = —e 0 x e V/d (at top surface of dielectric), 
ftot = £oV/d = <Tf + at = <Tf — e 0 XeV/d, so <jf = eoV(l + Xe)/d = eoe r V/d (on top plate above dielectric). 



C b = 



1 



V V 

h is grea 
If the x axis points down 









(4 




= -{ 

2V \ 



V 



V 
d 



Ae 0 ( 1 + e r 
~d 



Co 



[Which is greater? - = 



2e r _ (l+e r )^4e r _ l+2e r +4<-4e r _ (l-e r ) 



l+e r 



2(l+e r ) 



^|y^ = > 0. So C b > C a ] 





E 


D 


P 


(a) air 


2e r V ~ 
(e r +l) d X 


2e r e 0 V - 
(e r +l) d X 


0 


(a) dielectric 


2 V - 


2e r e 0 V - 


2(e r -l) e 0 y - 


(e r +l) d X 


(e r +l) d X 


(e r +l) d X 


(b) air 




^x 


0 


(b) dielectric 






(e r -l)^x 





crt, (top surface) 


er/ (top plate) 


(a) 


2(e r -l) £ 0 V 
(er+l) d 


2e r e 0 V 
(e r +l) d 


(b) 




e r ^f (left); ^ (right) 



Problem 4.20 

/D-da = Q/ enc Z)47rr 2 = p§7rr 3 = 
pR 3 /3r 2 => E = (pi? 3 /3eor 2 ) f , for r > i?. 

r0 



E 



V = 



/ 



E-cfl 



pi? 3 1 R 
3e o r ^ 



3e /r 3e 0 ' 3e 2 



= (pr/3e)f, for r < R; D4nr 2 = p^nR 3 
P R 2 p R 2 



=> D = 



P R 2 
3e 0 



1 



1 

2e, 



Problem 4.21 

Let Q be the charge on a length I of the inner conductor. 

Q 



D da = D2ns£ = Q => D = 
V = - f E • dl = 

J c 



E = _ Q . (a<a<b), E= -. (b < r < c). 



2ns£ " 2ire 0 s£ 
b ' Q \ ds , f° ( Q \ '/-s 



2irel J s 2Tre a l 



2wes£ 

1 " l i) + 7'"(D 



C = _Q 



27T£o 



In(6/o) + (l/e r ) ln(c/6) ' 
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Problem 4.22 

Same method as Ex. 4.7: solve Laplace's equation for Vi n (s,<fi) (s < a) and V ou t(s,4>) (s > a), subject to 
the boundary conditions 



(i) V in 



. dV in 

(iii) y ou t 



V out 



at s = a, 
at s = a, 
Eqs cos 4> for s 3> a. 



E 0 






Z 


> 



From Prob. 3.23 (invoking boundary condition (iii)): 

oo oo 

Vi n (s, 4>) = s k (cik cos fc0 + &fe sin k(f>), V ou t(s, <f>) — — E 0 s cos 4> + s~ fc ( Cfe cos fc0 + dfc sin &;</>). 



fc=i 



fe=i 



(I eliminated the constant terms by setting = 0 on the y z plane.) Condition (i) says 

a k (ak cos fe^> + 6fc sin = ~Eqs cos 0 + a~ k (ck cos fc0 + <ifc sin kcj)), 

while (ii) says 

e r ka k ^ 1 (ak cos fc0 + sin = — Eq cos 0 — fca~ fc_1 (c/c cos + dfe sin/c^). 
Evidently 6fe = dk = 0 for all k, a,k = Ck = 0 unless fc = 1, whereas for k = 1, 

aa! = — _E 0 a + a Ci, e r a! = — Eq — a ~ 2 C\. 

Solving for oi, 



En 



a i 



and hence E; n (s, c 



(l + Xe/2) 

0V in . 



, SoVin(s,0) = - 



- s COS < 



dx 



En 



(1 + Xe/2) 



(l+Xe/2) ^ (l + Xe/2) ' 

As in the spherical case (Ex. 4.7), the field inside is uniform. 



Problem 4.23 

P 0 = eoXeE 0 ; Ei 

Xe 



3e 0 



-E 0 ; Pi = eoXeEi 



e ox; 



E 0 ; E 2 



3e 0 



Pi 



-En 



Evidently 



E„ = - 



E 0 , so 



E — Eq -|- Ei -|- E2 

The geometric series can be summed explicitly: 

1 



E 

,n=0 



Xe 
3 



E 0 . 



l-x 7 



so E 



(l+Xe/3) 



En 



which agrees with Eq. 4.49. [Curiously, this method formally requires that Xe < 3 (else the infinite series 
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.] 
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Problem 4.24 

Potentials: 

'V out (r,9) = -E Q r cos 9 + ^^^(008 9), (r > b); 
< V mcd (r,0) = E(^ir l + ^h)Pl(cos9), (a < r < b); 
^V in {r,9) - 0, (r<a). 
Boundary Conditions: 

(i) V out = Kiod, (r = b); 

(ii) e^ = e 0 °X^, (r = b); 

(iii) V med = 0, (r = a). 



(i) => -E 0 b cos 9 + Y / ^Pi(™sO) = Y,( K A ib l + ^)Pi(cos6)-, 



(ii) =► e r 



B, 



P ; (cos0) = -E 0 cos6-J2(l+l)j^Pi(cos6); 



(iii) A,a< + — L = 0 =► A = -a 2 ' +1 A ; . 



For i ^ 1 : 



^) =* s ; = A(6 2m -a 2m ); 



(ii) e r 



I A t b +(/+!) 



+ 

b i+2 



A; = = 0. 



For I = 1 : 



(i) -^6+^ =i 4i6-^ =► B l -E {) b 3 = A l {b 3 -a 3 ) 



b 2 



(ii) e r ^! + = -£ 0 - 2^ -25! - F 0 o 3 - e r A 1 (b 3 + 2a 3 ) . 

So -3^ 3 = A 1 [2(63_ a 3 )+er(6 3 + 2a 3 )]; A 1= 2[1 _ (o/6) ,- + ^ [1 + 2(a/6)3] . 

KnedM) 

E(r,0) 



2[l-(a/6)3] + e r [l + 2(a/6)3 

-vy med = 



/ - ^ I cos6>, 



3£q 

2[l-(a/6)3] + e r [l + 2(a/6) 3 ] 



1+^" |cOS0f- [ I ".. |mu0 0> . 



Problem 4.25 

There are four charges involved: (i) q, (ii) polarization charge surrounding q, (iii) surface charge (at) on 
the top surface of the lower dielectric, (iv) surface charge (a' b ) on the lower surface of the upper dielectric. 
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In view of Eq. 4.39, the bound charge (ii) is q p = —q(x' e /{l + Xe)i so the total (point) charge at (0,0, d) is 
q t = q + q P = q/(l + Xe) = Q&- As in Ex - 4 -8, 



(a) CT fc = e 0 Xe 

(b) a' b = e oX ' e 



qd/e' r 



1 qd/ e' r 



<?b 


< 


2e 0 


2e 0 




< 


2e 0 


2e 0 



(here a b = Pn = +P Z = e 0 x e E z ); 
(here a h = -P z = -e 0 x' e E z ). 



Solve for a b , a' b : first divide by Xe and x' e (respectively) and subtract: 



ex;, 1 qd/e'r 



Xe Xe 27T( r 2 +d 2)i 

Plug this into (a) and solve for <r b , using e' r — 1 + x'e'- 



°b = Xe 



qd/e' r 



Xe 27T( r 2 +d 2)2 



47T( r 2 + rf 2)2 2 



-1 



4^ ( r 2 + d2) l [1 + (Xe + X'e)/2] ' 



°b = Xe 



1 qd 



+ 



1 gd/e; 



47T ( r 2 + d 2) I [1 + (Xe + Xe)/ 2 ] 2tt ( r 2 + rf 2) | 
The toiaZ bound SUrfe^o ^Viarcro ia rr. = rr, -L /r' = J 2^ (x e -Xe) 



SO cr b = 



e rXe/ e r 



4ir ( r 2 + d 2)l [l + ( X e + x' e )/2]' 



'6 4rr 



?ace charge is (74 = 0";, + a' — 
d = Xe)- The total bound charge is (compare Eq. 4.51): 



( r 2 +d 2)| <[l + (Xe+Xi)/2] 



(which vanishes, as it should, when 



Qt 



(Xe-Xe)q 



K [l + (Xe + X'e)/2] 



€ r ~\~ € r J 6^ 



and hence 



V(r) 



q/e'r 



+ 



Qt 



47T£o 1 ^Jx 2 + y 2 + (z- d) 2 ^x 2 + y 2 + (z + d) 2 



(for z > 0). 



Meanwhile, since ~r + Qt = ~r 
e e 



Problem 4.26 

From Ex. 4.5: 



1 + 



e^ + e r 



2q 



e'r + e r ' 



V(r) 



[2q/(e'r + e r )] 



(for z < 0). 



fo, 



D 



0, 

g 
47rr 2 



(r < a) 
f , (r > a) 



E = < 



47r ^2 f < («<^<&) 



, 47T£o?* 



2 ' 



(r < a) 1 
r < 6) 

(r > 6) 



> . 



W 



1 o 2 



2 (4tt) 5 



7a r 2 r 2 e 0 7;, J 



91 jl (zi 

8tt I e V r 



+ 



1 /-l 



eo 



1 



<S7T (|I 1 f] V" b) + b) S7Tf () ( I + V , : V" ft 



Q 2 



1 Xc 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER 



Problem 4.27 

Using Eq. 4.55: W = f J E 2 dr. From Ex. 4.2 and Eq. 3.103, 
' 1 Pz, (r < R) 

> 



E 

W r<R 
W r>R 



Pz, (r<R) 

den 
R 3 P 

(2 cos 9 f + sin 9 0), (r>R) 

3e 0 r 6 



so 



2 V3eo/ 3' 



27 e 0 ' 



£0 {R 3 P 



J ^ (4 cos 2 9 + sin 2 0) r 2 sin 9 dr d9 , 



(R 3 P) 2 f n 

\ Q ' 2ir (1 + 3 cos 2 (9) sin 9 d9 
18eo Jo 

^(fl 3 P) 2 / 4 \ _ 4^ 3 P 2 
9e 0 V 3i?3 / 27e o ' 



° 1 , ir(R 3 P) 2 3 

dr = — ^ — (- cos 9 - cos 3 0) | Q 



9e 0 







OO 




v 3r 3 ) 


R 



Wi 



tot 



2nR 3 P 2 
9e 0 



This is the correct electrostatic energy of the configuration, but it is not the "total work necessary to assemble 
the system," because it leaves out the mechanical energy involved in polarizing the molecules. 

Using Eq. 4.58: W = \ J D-Edr. For r > R, D = e 0 E, so this contribution is the same as before. 
For r < R, D = e 0 E + P = -|P + P = |P = -2e 0 E, so ^D-E = -2"fE 2 , and this contribution is 

This is not 



0. 



now (—2) (ff ) = — |f r3 ^ 2 , exactly cancelling the exterior term. Conclusion: 
surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem 
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as 
the "work necessary to assemble the configuration" — the latter would depend entirely on how you assemble it. 

Problem 4.28 

First find the capacitance, as a function of h: 
Air part: E=^-^V=^- ln(b/a), 



Oil part: D = f£ = 
Q = \'h + X(£ - h) 



E = 



2A' 



V 



X 



e 



A' 



e r X. 

4-7T6S 47T6 

e r A/i — A/i + XI = A[(e r — l)h + £\ = X{\ e h + I), where I is the total height. 



The net upward force is given by Eq. 4.64: F = dh — 2 
The gravitational force down is F = mg = pTr(b 2 — a 2 )gh. 



C= V = 2AlnWay ° = °W 

— lT/2dC _ 1 T/2 2-n-epX., 
~ 2 V <tt ~ 2 V 



ln(6/o) • 



p(6 2 — a 2 )g\i\{b/a) 
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Problem 4.29 



(a) Eq. 4.5 =► F 2 = (p 2 ■ V) Ei = p 2 — (Ei); 

oy 



Eq. 3.103 =$> Ei = 



Pi 



Pi 



47re 0 y 3 



z. Therefore 









F 






P2 


2/ 






Pi 





2 — 



PlP_2 

47re 0 



_rf / 1_ 



3piP2 
47re 0 y 4 



z , or 





z 






Pij 








z | f 2 

Ei 


F 2 = 3P1P2 4 z 
47re 0 r- 4 


(upward) . 





To calculate Fi, put p 2 at the origin, pointing in the z direction; then p! 
is at — rz, and it points in the — y direction. So Fi = (pi • V) E 2 = 
<9E 2 

; we need E 2 as a function of x, y, and z. 

x—y—O, z— — T 



-pr 



dy 



FromEq. 3.104: E 2 

P2 



1 1 



3(p 2 -r)r 



P2 



where r = xii+yy+zi. p 2 = p 2 z, and hence p 2 r = P2Z. 



dE 2 

dy 



E 2 

9E 2 

dy 

(0,0) 



47re 0 

P2 



3-z(a; x + yy+zz) — (x 2 + y 2 + z 2 ) i 
(x 2 + y 2 + z 2 ) 5 / 2 



P2 
47T£n 



SxzSc + 3yzy - (x 2 + y 2 - 2z 2 ) z 
(x 2 + y 2 + z 2 ) 5 / 2 



47T6, 

P2 3z 
47reo r 5 



v ( P2 -3r 

y; Fl - Pl ^ y 



47re 0 r 4 Y ' 



But y in these coordinates corresponds to — z in the original system, so these results are consistent with 
Newton's third law: Fi = — F 2 . 

(b) From page 165, N 2 = (p 2 x Ei) + (r x F 2 ). The first term was calculated in Prob. 4.5; the second we 
get from (a), using r = ry: 



p 2 x Ei = (-*); rxF 2 = (ry)x 



x; so 



N 2 = A 3 X - 



This is equal and opposite to the torque on pi due to p 2 , with respect to the center of pi (see Prob. 4.5). 
Problem 4.30 

Net force is to the right (see diagram). Note that the field lines must bulge to the right, as shown, because 



E is perpendicular to the surface of each conductor. 




E 
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Problem 4.31 

P = kr = k(xx + yy + zz) p b = -V P = -k(l + 1 + 1) 
Total volume bound charge: Q vo i = — 3ka 3 . 



-3k. 



a b = P-n. At top surface, n = z, z — a/2; so a b = ka/2. Clearly, cr ft — ka/2 



on all six surfaces. 



Total surface bound charge: Q sur f = 6(ka/2)a 2 = 3ka 3 . Total bound charge is zero. / 



Problem 4.32 

D-rfa - Q /enc => D 



9 r 

47re 0 (l + Xe)r 2 ' 



P = eoXeE 



P6 = VP 



, V - 

47T(1 + Xe) V r 



Xe i-3/ \ 



(Eq. 1.99); a b = P f : 



QXe r 

47T(1 + Xe) 



<7Xe 



47r(l + Xe )i? 2 ' 



Qsurf = CT 6 (47ri? 2 ) 



Xe 



1+Xe 



The compensating negative charge is at the center: 



/«* = -r?t/ aS(r) * = -'r 



Xe 

+ Xe 



Problem 4.33 

EH is continuous (Eq. 4.29); £>j_ is continuous (Eq. 4.26, with 07 = 0). So £ Xl = £7 X2 , D yi = £) y2 
ei^j = e 2 E y2 , and hence 



tan ( 



E x 2 /Ey 2 _ E yi _ e 2 



qed 



tan^i E Xl /E yi E y2 ei 

If 1 is air and 2 is dielectric, tan 0 2 / tan 9i = e 2 /e 0 > 1, and the field lines bend away from the normal. This is 
the opposite of light rays, so a convex "lens" would defocus the field lines. 
Problem 4.34 

In view of Eq. 4.39, the net dipole moment at the center is p' = p — p = 1+ 1 p = ^-p. We want the 
potential produced by p' (at the center) and a b (at R). Use separation of variables: 



Outside: V{r,6) = ^ -^-^(cosfl) 



(Eq. 3.72) 



Inside: V(r, 9) 



1 p cos 8 



Atteq e r r 2 



+ J2A ir l P t (cos 9) (Eqs. 3.66,3.102) 



(=0 



r b, 



V continuous at R < 



or = R 2l+1 A l (I 1) 



^ = — ^ + iliiZ, or Si = + Aii? 3 

I. i? 2 47re 0 e r i? 2 47reoC '' 



> . 



8V_ 
dr 



R+ 



dV_ 
dr 



En B) „ . „. 1 2pCOS0 v-^ ,.„;i„/ „s 1 

(1 + l)^fl(cOS*) + -E^-^M = --O* 



— P f = - — (eoXeE-f) = Xe 



1 2p cos 0 
47reo e r i? 3 



+ ^M i i?'- 1 P ; (cos0)|. 
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For 



-(* + Vr%~ lAlRl ^ = XelAiR 1 ' 1 (I + 1); or - (21 + VAtf- 1 = xJAR 1 ' 1 => A t = 0 (1 + 1) 

4irE 0 e r R J A^r CnC 



_ _P_ _ Aii?3+ P _A^ = _J^XeP 
4lTfnf r . 47Tfnf„ 2 47T£o 6- 



47T60 

•A 1 = 



47reoe 



Xe 2 



47re 0 e ; 
A t R 3 



2 

(3 + Xe) 



1 XeP AiR 3 
+ Xe „ i 



= 1 2(e r -l)p B = p 

47re 0 i? 3 e r (3 + Xe) 47re 0 R 3 e r (e r + 2) ' 1 47re 0 e 



1 2(e r - 1) 
(e r + 2) 



Meanwhile, for r < R, V(r, 6) = 



1 



pcos9 1 prcos 9 2(e r — 1) 
47reo e r r 2 47re 0 i? 3 e r (e r + 2) 



p cos 9 




(r < R). 




[ L + Z {e r + 2j R\ 



47T£o £r 

1 XeP 
47T£o £r 

p 3e r 
47reo£ r £r + ' 



Problem 4.35 

Given two solutions, V 1 (and Ex = - Wi, Di = eEi) and V 2 (E 2 = - W 2 , D 2 = eE 2 ), define V 3 = V 2 - V t 
(E 3 = E 2 -Ex, D 3 = D 2 Dx). 

J v V-(y 3 D 3 )dr = J s V3D3 • da = 0, (V 3 = 0 on 5), so /(W3) ■ D 3 dr + J* V 3 (V-D 3 ) dr = 0. 
But VD 3 = VD 2 - V-Dx = p f - p f = 0, and W 3 = W 2 - VV X = -E 2 + E x = -E 3 , so / E 3 • D 3 dr = 0. 
But D 3 = D 2 Di = eE 2 - eEi = eE 3 , so / e(E 3 ) 2 dr = 0. But e > 0, so E 3 = 0, so V 2 -V 1 = constant. But 
at surface, V 2 = V\, so V 2 = V\ everywhere, qed 
Problem 4.36 

(a) Proposed potential: 



V(r) = V 0 -. If so, then 



R 

E = -V7 = Vq^t f, in which case 



„ R . 
P = eoXeVb^r, 



in the region z < 0. (P = 0 for z > 0, of course.) Then tjf, = e 0 XeVoj^(r-h) — 



eoXeVo 
R ■ 



(Note: n points out 



of dielectric n = — f .) This o-fc is on the surface at r = i?. The flat surface z = 0 carries no bound charge, 
since n = z _L f . Nor is there any volume bound charge (Eq. 4.39). If V is to have the required spherical 
symmetry, the net charge must be uniform: 

cr t ot47ri? 2 = Qtot = 47re 0 i?V r 0 (since V 0 = Q t ot/47re 0 -R), so a tot = e 0 V 0 /R. Therefore 



{(eoVo/R), on northern hemisphere 
(e 0 Vo/R)(l + Xe), on southern hemisphere 



(b) By construction, a t ot = 0fc + crj — eoVo/R is uniform (on the northern hemisphere o~b = 0, Of = eoVo/i?; 
on the southern hemisphere = —CoXeVo/ R, s ° °7 = £ Vo/i?). The potential of a uniformly charged sphere is 



^0 



Q 



tot 



a tot (4^i? 2 ) _ eoV 0 R 2 



47T£or 



R e 0 r 



^0 



(c) Since everything is consistent, and the boundary conditions (V = Vo at r = R, V — ► 0 at 00) are met, 
Prob. 4.35 guarantees that this is the solution. 
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(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to n, 
so we'd get bound charge on this surface, spoiling the symmetry. 

Problem 4.37 

E ex t = Since the sphere is tiny, this is essentially constant, and hence P = e °^ e E cxt (Ex. 4.7). 



2tT6qS 



tOXe 



A 



A 



l + Xe/3/ \27reos/ ds \2-7reos 
( A 2 



sdr 



l + Xe/3/ \2ire 



A 



l+Xe/3 
-1 



dr 



-X. 



1 4 



l + Xe/3 \^e 0 J s 3 3 



ttR 3 s 



- 


( Xe \ 


X 2 R 3 . 


K^ + XeJ 


3 S ' 



Problem 4.38 

The density of atoms is N — M/gy^g ■ The macroscopic field E is E se if + E c i sc , where E se if is the average 
field over the sphere due to the atom itself. 

p = aEdso => P = AaE olsc . 

[Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two arc in 
fact equal, as we found in Prob. 3.41d.] Now 



E 



self 



(Eq. 3.105), so 



So 



and hence 



Solving for a: 



E = 



1 a 
T^tf 3 



Eelse E c i sc 



p = 



i p 

47T60 i? 3 



47re 0 i? 3 



E 



else 



1 Na\ „ 
3e 0 J 



Na 



(1 - Na/3e 0 ) 

Na/e 0 



E = eoXeE, 



Xe = 



Na _ Na 

Xe ~ ~Z Xe 



(1 - Na/3e 0 )' 

(' + !) 



Na 



or 



a 



£0 Xe 



TV (1 + Xe/3) N (3 + x 



3eo Xe n , , 3e 0 / e r - 1\ 

. But Xe = £r — 1, so a = — — . qed 



N \e r + 2 



Problem 4.39 

For an ideal gas, N = Avagadro's number/22.4 liters = (6.02 x 10 23 )/(22.4 x 10 ~ 3 ) = 2.7 x 10 25 . Na/e 0 = 
(2.7 x 10 25 )(47re 0 x lO- 3O )0/e a = 3.4 x 10~ 4 /3, where 0 is the number listed in Table 4.1. 

H: 0 = 0.667, Na/e 0 = (3.4 x 10- 4 )(0.67) = 2.3 x 10~ 4 , Xe = 2.5 x 10~ 4 ) 



Ne 
Ar 



0 = 0.667, Na/e 0 = (3.4 x 10- 4 )(0.67) = 2.3 x 10~ 4 , Xe = 2.5 x 10~ 4 ■ 
0 = 0.205, Na/e 0 = (3.4 x 10- 4 )(0.21) = 7.1 x lO" 5 , X e - 6.5 x lO" 5 I 
0 = 0.396, Na/e 0 = (3.4 x 10- 4 )(0.40) = 1.4 x 10" 4 , Xe = 1.3 x 10~ 4 f a g recmcnt 
0 = 1.64, Na/e 0 = (3.4 x 1Q- 4 )(1.64) = 5.6 x 10~ 4 , Xe = 5.2 x 10~ 4 J 



is quite good. 
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Problem 4.40 

[The statement of the problem in the text skips a step: 

_ Jue^ kT dn 

where d£l = sin 8 d8d(j> and the integral is over all orientations, 8(0 — * it) and <fi(0 — ► 2ir). Setting the polar axis 
along E, p E = pEcosO = —u, so sin# d6 — du/pE. Doing the (trivial) <f) integral, we obtain the expression 
in the book.l 



(a) 



(u) 



J P _ E vE ue-^du {KTfe-*/** [-(u/*T) - l]\*_ E pE 



-pE 
'-pE' 



- u / kT du 



-kTe-^/ kT \ pE ' 

I — pE 



kT ■ 



[ e -pE/kT _ e pE/kT^ + [( pE /kT)e-P E / kT + ( P E/kT)eP E / kT ] 



kT-pE 



e -pE/kT _ e pE/kT 
e pE/kT , e -pE/kT 



e pE/kT _ e -pE/kT 

P = N(p); p = (pcos6»)E = (p • E)(E/£T) 



= LT-pEnM h ( ^ 



(u)(E/E); P = Np 



pE 



Np 



kT 
pE 



X x_ 

3 45 " 



Let y = P/Np, x=pE/kT. Then y = cothx-l/x. As x -> 0, y = (± + § - H )-± 

0, so the graph starts at the origin, with an initial slope of 1/3. As x — > oo, y — > coth(oo) = 1, so the graph 
goes asymptotically to y = 1 (see Figure). 




pE/kT 

(b) For small x, y ~ so w or f w ^§t^ = e oXeE => P is proportional to _E, and 
For water at 20° = 293 K, p= 6.1 x 10~ 30 Cm; N 



Np 2 
3eofcT 



molecules molecules ^ moles ^ grams 

volume mole gram volume ' 

,29vk wm-30\2 



(0.33xlO^")(6.1xlO~ J ") J 



12. Table 4.2 gives an 



N = (6.0 x 10 23 ) x (i) x (10 6 ) = 0.33 x 10 29 ; Xe = ( 3 )(8 . 85xl o-^) (1 .38xio-^)(2 9 3) 
experimental value of 79, so it's pretty far off. 

For water vapor at 100° = 373 K, treated as an ideal gas, = (22.4 x 10~ 3 ) x (fjf) = 2.85 x 10~ 2 m 3 



2:; 



N = 



6.0 x 10 
2.85 x 10- 2 



= 2.11 x 10 



25. 



(2.11 x 10 25 )(6.1 x IO- 30 ) 2 
(3)(8.85 x 10- 12 )(1.38 x 10- 23 )(373) 



5.7 x 10" 



Tablc 4.2 gives 5.9 x 10 3 , so this time the agreement is quite good. 
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Chapter 5 

Magnetostatics 



Problem 5.1 

Since v x B points upward, and that is also the direction of the force, q must be positive, 
terms of a and d, use the Pythagorean theorem: 



To find B, in 



a 2 + d 2 
2d 



(R-d) 2 + a 2 = R 2 => R - 2Rd + d + a = R => R = 



The cyclotron formula then gives 



p = qBR 



qB 



(a 2 + d 2 ) 
2d 



R 




Problem 5.2 

The general solution is (Eq. 5.6): 



E 

y(t) = C\ cos(W) + C 2 sm(ujt) + —t + C 3 ; z(t) = C 2 cos(wi) — C\ sin(ut) + C 4 . 

B 

(a) y(0) = z(0) = 0; 2/(0) = E/B; z(0) = 0. Use these to determine d, C 2 , C 3 , and C 4 . 
y(0) = 0 => Ci + C 3 = 0; 2/(0) = cjC 2 + E/B = E/B => C 2 = 0; z(0) = 0 => C 2 + C* 4 = 0 => C 4 = 0; 



i(0) = 0 =^> C\ = 0, and hence also C 3 = 0. So y(t) = Et/B; z(t) = 0. Does this make sense? The magnetic 



force is q(v x B) = —q(E/B)Bz = — </E, which exactly cancels the electric force; since there is no net force, 
the particle moves in a straight line at constant speed. / 

(b) Assuming it starts from the origin, so C 3 = —Ci, C 4 = — C 2 , we have i(0) = 0 => C\ = 0 =4> C 3 = 0; 

E E E E EE 

y(0) = — => C 2 lo H = — => C 2 = = -C 4 ; y(t) = sm(u)t) H 1; 

yy ' 2B B 2B 2ujB ' yy ' 2wB V ' B ' 



E E 

cos(ujt) + - — — , or 



2uB 



2wB' 



Let (3 = E/2uB. 



2ljB l v /J w 2uB 

Then y(t) = (3 [2ut - sin(wi)] ; z(t) = (3 [1 - cos(wt)] ; (2/ - 2/3wi) = -/3sin(u;t), (0 - 0) = -/?cos(wt) => 

(2/ - 2[3ujt) 2 + (z- f3) 2 = f3 2 . This is a circle of radius (3 whose center moves to the right at constant speed: 

2/0 = 2f3ujt; z 0 = (3. 

(c) z(0) = 2/(0) =^=> -Ctu = ^ => Ci = -C 3 = C 2 w + ^ = ^ => C 2 = C 4 = 0. 



B 



B 



B B 
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tf(t ) = -^oosM) + |t+A ; z ( t) 



sin(wt). 



E E 

y(t) = [1 + u>t — cos(u)t)] ; z(t) — sm(u)t). 

ujB loB 



Let 0 = E/luB; then [y - (3(1 + ut)] = -/3cos(wi), z = /3sin(wi); [y - /3(1 + wi)] 2 + z 2 = /3 2 . This is a circle 
of radius (3 whose center is at yo = (3(1 + u)t), z 0 = 0. 

z I 




(b) 




Problem 5.3 

(a) From Eq. 5.2, F = q[E + (v x B)] = 0 => E = vB 

q v 



E 
B' 



(b) From Eq. 5.3, mv = qBR ■■ 



m BR 



E 

Bm' 



Problem 5.4 

Suppose / flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward 
the left) cancels the force on the right side (toward the right); the force on the top is IaB = Iak(a/2) = 
Ika 2 /2, (pointing upward), and the force on the bottom is IaB = —Ika 2 /2 (also upward). So the net force is 



Ika 2 z. 



Problem 5.5 

(a) 



K = , because the lcngth-pcrpcndicular-to-flow is the circumference. 

2na 



(b)J- 



a 



J da 



ds ( 



2ira ds = 2iraa 



a = - — ; J 
2ira 



2nas 



Problem 5.6 



(a) v = cor, so | K = aur. \ (b) v = ujr sin 9 <p =>■ J = puirsm9<f> 7 where p = Q/ (4/3) 7ri? 3 
* ( dp s 



Problem 5.7 

dp d 



= — J prdr = J (^J^j r dr = — J (V • J)r dr (by the continuity equation). Now product rule #5 
says V • (xJ) = x(V • J) + J • (Vi). But Vx = x, so V • (a; J) = x(V ■ J) + J x . Thus J V (V • J)xdr = 

/ V • (xJ) dr — J J x dr. The first term is J s xJ ■ da (by the divergence theorem), and since J is entirely 
Jv Jv 

inside V, it is zero on the surface S. Therefore J V (V • 3)xdr = — J v J x dr, or, combining this with the y and 
z components, / V (V • J)r dr = — J v J dr. Or, referring back to the first line, ^ = J J dr. qed 

Problem 5.8 

(a) Use Eq. 5.35, with z = R,0 2 = —0i = 45°, and four sides: B ■ 



/2pol 
irR 



(b) z — R, 9 2 = —0\ = — , and n sides: B 
n 



np 0 I 
2irR 



sin(7r/n). 
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(c) For small 6, sin 6^6. So as n — > oo, i? 



nvol /7r 



2ixR \n 



Vol 
2R 



(same as Eq. 5.38, with 2 = 0). 



Problem 5.9 

(a) The straight segments produce no field at P. The two quarter-circles give B 



(b) The two half-lines are the same as one infinite line: 
SoB= — + — ] (into the page). 

4i? V 7T ' 



Vol 



Vol (I _ 1 
8 \a b 

Vol 



(out). 



, the half-circle contributes 
2nR' 4R 



Problem 5.10 

(a) The forces on the two sides cancel. At the bottom, B = =>■ F = ( jr— ) = ^ ( u p)- At the 



„ Vol „ VoI 2 a , „ , „, 

top, B = — P c => F = — ^ (down . The net force is 

27r(s + a) 27r(s + a) 



VoI 2 a 2 
2tts(s + a) 



\2tts y 

(up). 



(b) The force on the bottom is the same as before, fioI 2 a/2Trs (up). On the left side, B 



dF = I(dl x B) = /(dxx + dyy + dzz) x [ ^_ z 

\2iry 

corresponding term from the right side, and F y — 



Vol 2 



Vol 
2ny 



(— dxy + dyk). But the x component cancels the 



2iry 



F„ 



Vol 2 ^ / s/y/Z + a/2 
2\/37r n \ s/V3 



Vol 2 
2V3tt 



In 1 



2tt 
/3a ' 



- cix. Here y = \/3^, so 



2s 



force on the triangle is 



2vr 



a 2 , / _ -\/3a 



The force on the right side is the same, so the net 

y t 









\ 






/S 60°: |_ 





Problem 5.11 

Use Eq. 5.38 for a ring of width dz, with / — > nl dz: 
VonI 



B 



so dz 



(a 2 + z 2 ) 3/2 
; — d6\ and 



dz. But z = a cot I 



1 



sin 



So 



(a 2 + z 2 ) 



3/2 



/x 0 n/ f a 2 sin 3 0 
B = — I , (-adfl) 
a J sin 0 



sin d 0 



/t 0 nl 



sin 6» d0 



Mo"/ „,0 2 
— - — cos 0 L 



/ 


z' \ 










\ 


a 

V/ 






H 






z 


dz 



(COS #2 — COS 0i ). 



For an infinite solenoid, 0 2 = 0, 0i = 7r, so (cos 02 — cos0i) = 1 — (—1) = 2, and B — ji^nl. / 
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Problem 5.12 

Magnetic attraction per unit length (Eqs. 5.37 and 5.13): f m = 



Electric field of one wire (Eq. 2.9): E 



1 A 



2tt d 



s 

1 



Electric repulsion per unit length on the other wire: 



1 A 2 2 
f e = -. They balance when [iqV — — , or 

2lTEQ d eo 



1 



Putting in the numbers, 



v/(8.85 x 10- 12 )(4tt x 10" 7 ) 



3.00 x 10 s m/s. This is precisely the speed of light(!), so in fact you could 



never get the wires going fast enough; the electric force always dominates. 
Problem 5.13 

(a) <z> B • d\ = B 2ws = /io/enc 



f 0, for s < a; 
B={ nol 



2ns 



(b) J = ks; 1=1 J da = ks(2irs) ds 
Jo Jo 



<fi, for s > a. 



2irka 3 , 3/ 
» k 



3 ' ' 2^3' cnc 
' Vols 2 ^ 



/ J da = ks(2-Ks) ds 
Jo Jo 



2itks'~' s"^ 

— - — = J— ~, for s < a; I cnc = I, for s > a. So B = < 



27ra 3 



«/>, for s < a; 



(p, for s > a. 

K 2ws 



Problem 5.14 

By the right-hand-rule, the field points in the — y direction for z > 0, and in the +y direction for z < 0. 
At z = 0, B = 0. Use the amperian loop shown: 



B ■ dl = Bl = /n 0 J e; 



HolzJ 



B 



ji^Jzy (—a < 2 < a). If z > a,/ 0 



l±olaJ , 



so 



B 



— /ioJay, for z > +a; 
+/ioJay, for z > —a. 



z 


amperian loop 




, 1 








— 2/ 



Problem 5.15 

The field inside a solenoid is nonl, and outside it is zero. The outer solenoid's field points to the right (z), 



whereas the inner one points to the left (— z). So: (i) B = /ig^(^2 — "i) z, (ii) B = jjboln-} z, (iii) B = 0 



Problem 5.16 

From Ex. 5.8, the top plate produces a field fioK/2 (aiming out of the page, for points above it, and into 
the page, for points below). The bottom plate produces a field fi a K/2 (aiming into the page, for points above 
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates 
they add up to fioK, pointing in. 



(a) B = [Xqov (in) betweem the plates, B = 0 elsewhere 



(b) The Lorentz force law says F = J(K x B) da, so the force per unit area is f = K x B. Here K = crv, 



to the right, and B (the field of the lower plate) is /ioav/2, into the page. So f m = fj,oa 2 v 2 /2 (up) 
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(c) The electric field of the lower plate is a/2e 0 ] the electric force per unit area on the upper plate is 
/ e = (T 2 /2e 0 (down). They balance if pov 2 — l/eo, or v = l/^/e^po = c (the speed of light), as in Prob. 5.12. 



Problem 5.17 

We might as well orient the axes so the field point r lies on the y axis: r = (0, y, 0). Consider a source point 
at (x 1 , y' , z') on loop #1: 

•fc = —x x + (y — y') y — z z; dl = dx' x + dy' y; 



d\' x * = 



x y z 

cfa' dy' 0 
-x' (y-y') -z' 



= (-z' dy') x + (z' dx') y + [(y - y') dx' + x' dy'} z. 
p 0 I d\' x 1, p 0 I (-z' dy') x + (z' dx') y + [(y - y') dx' + x' dy'} z 



-in 



4tt 



[{x'Y + (y - y') 2 + (z') 2 ] 3/2 



Now consider the symmetrically placed source clement on 
loop #2, at (x' ,y' , —z'). Since z' changes sign, while every- 
thing else is the same, the x and y components from dBi and 
cancel, leaving only a z component. qed 
With this, Ampere's law yields immediately: 



B 



[iQnli, inside the solenoid; 
0, outside 



(the same as for a circular solenoid — Ex. 5.9). 

For the toroid, N/2tts — n (the number of turns per unit 
length), so Eq. 5.58 yields B — fionl inside, and zero outside, 
consistent with the solenoid. [Note: N/2irs = n applies only 
if the toroid is large in circumference, so that s is essentially 
constant over the cross-section.] 




Problem 5.18 



It doesn't matter. According to Theorem 2, in Sect. 1.6.2, J J • da is independent of surface, for any given 



boundary line, provided that J is divergenceless, which it is, for steady currents (Eq. 5.31). 
Problem 5.19 

. , charge charge atoms moles grams , . , . ( 1 \ , 

a p = - & = -2- = (e)(N) — (d), where 

volume atom mole gram volume \M ) 

e = charge of electron = 1.6 x 10 _19 C, 
N = Avogadro's number = 6.0 x 10 23 mole, 
M = atomic mass of copper = 64gm/mole, 



d = density of copper 



9.0gm/cm 



p= (1.6 x 1CT 19 )(6.0 x 10 23 ) 



(b) J 



9.0 

64 



1.4 x 10 4 C/cm 3 



1 



pv 



irs 2 p tt(2.5 x 10" 3 )(1.4 x 10 4 ) 
is astonishingly small — literally slower than a snail's pace. 

Mo (hh\ = (4tt x 10^ 7 ) 
2?r V d J 2?r 



9.1 x 10 3 cm/s, or about 33 cm/hr. This 



(c) From Eq. 5.37, /„ 



2 x 10- 7 N/cm. 
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(d)E 



1 A 



27reo d 



2ne 0 



A1A2 



1 /yeoT^ = 3.00 x 10 8 m/s. Here 



1 1 ( hh 
v 2 2ireo \ d 
- 2 / 3.0 x 10 10 



fn 



9.1 x 10" 



99 


\ Mo 


(hh 


J 2tt 


\ d 


1.1 X 


10 25 . 



; f m , where 



f e = (1.1 x 10 25 )(2 x 10~ 7 ) = 2 x 10 18 N/cm 



Problem 5.20 

Ampere's law says V x B = p 0 3. Together with the continuity equation (5.29) this gives V • (V x B) = 
/ioV • J = —padp/dt, which is inconsistent with div(curl)=0 unless p is constant (magnetostatics) . The other 
Maxwell equations are OK: V x E — 0 V ■ (V xE) = 0 (/), and as for the two divergence equations, there 
is no relevant vanishing second derivative (the other one is curl(grad), which doesn't involve the divergence). 

Problem 5.21 

At this stage I'd expect no changes in Gauss's law or Ampere's law. The divergence of B would take the 
where p m is the density of magnetic charge, and cto is some constant (analogous to eo 

where J m is the magnetic current density (representing the 



form 



V B = a 0 pr, 



and fi 0 ). The curl of E becomes VxE = /3 0 J 



flow of magnetic charge), and /3q is another constant. Presumably magnetic charge is conserved, so p m and J m 
satisfy a continuity equation: V • J m = ~dp m /dt. 

As for the Lorentz force law, one might guess something of the form q m [B + (v x E)] (where q m is the 
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we 
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is 



c 2 = 1/eoW 
law reads F = 



q e [E + (v x B)] + q„ 



1 



B--(vxE) 



"o q mi q-n 



In this form the magnetic analog to Coulomb's 



f , so to determine ao we would first introduce (arbitrarily) a unit of magnetic charge, 



J-L dl=dz 



then measure the force between unit charges at a given separation. [For further details, and an explanation of 
the minus sign in the force law, see Prob. 7.35.] 

Problem 5.22 

A = 

Vol 



Mo 

47T 



Iz 



dz 



Hoi „ 

47T 



dz 
V z 2 + s 2 



47T 

B = V x A 

Pols 



In ( z + \J z 2 + s 2 



^ln 

47T 


Z2 + \/{z2) 2 + S 2 


z 


+ v /(zi) 2 + s 2 _ 




dA 
ds 



0 



Pol 

47T 



1 



Z2 - V( Z l) 2 + S 2 



Z2 + ^J{Z 2 ) 2 + S 2 v/(z 2 ) 2 + S 2 Zl + V /(Z 1 ) 2 + S 2 V /(Z 1 ) 2 + ,S 2 

1 Zl - v/(zi) 2 + S 2 1 



0 



47T 
47T 

or, since smf 



(^ 2 ) 2 - {(z 2 ) 2 + s 2 } ^(z 2 ) 2 + s 2 z\ - {( Zl ) 2 + S 2 } ^( Zl ) 2 + S 2 



Z2 



Zl 



V(^) 2 + s 2 

Zl 

' ^(zi) 2 + s 2 



and sin 6 2 



4> 



Vol 
Airs 



Z2 



Zl 



V(Z2) 2 + S 2 ^{Zi) 2 + S 2 



0. 



z 2 



+ s 2 



(sin 6 2 — sin 0i) 0 

47TS 



(as in Eq. 5.35). 
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Problem 5.23 

A <t> = k^B = V xA = -^-<sk)z = -z; J = —(V x B) 

s os s ^o 



1 


' d /kY 




k A 


Mo 


ds \s)_ 


4> = 


2 ( P- 

HQS 2 



Problem 5.24 

V A = • (r x B) = -- [B • (V x r) - r • (V x B)] = 0, since V x B = 0 (B is uniform) and 

V x r = 0 (Prob. 1.62). V x A = -^V x (r x B) = - l - [(B • V)r - (r • V)B + r(V • B) - B(V • r)]. But 

dx du dz 

(r • V)B = 0 and V • B = 0 (since B is uniform), and V-r= — + -^ + — = 1 + 1 + 1 = 3. Finally, 

ox oy dz 

Bx fa +Bv dy +Bz ~b~z) ( x *+yy+ z ^ = B x 5t+B y y+B z z = B. So VxA = --(B-3B) = B. 

qed 

Problem 5.25 

(a) A is parallel (or antiparallel) to I, and is a function only of s (the distance from the wire). In cylindrical 
coordinates, then, A = A(s)i, so B = V x A = — — — <b = 0 (the field of an infinite wire). Therefore 

OS ZTTS 



OA 
~ds~ 



Vol 



and 



2irs 

look fishy). V • A 



A(r) = -^ln( S /a)z 

Z7T 



dA z 

dz 



(the constant a is arbitrary; you could use 1, but then the units 



O./VxA 



dA z - fi 0 I ~ 

<P = 7y <P = B. / 

OS Z7TS 



(b) Here Ampere's law gives </b • dl = B2ns = /io^onc = VoJ ^s 2 = Vo—p 



-ITS 



Hols 2 



Ho Is 7 OA 



2tt R 2 4ttR 2 



R 2 "" " R 2 ' 
(s 2 — b 2 )i. Here b is again arbitrary, except that since A 



Vol 



must be continuous at i?, — ln(i?/a) 

Z7T 



tM)I 
AitR 2 



(R 2 — b 2 ), which means that we must pick a and b such that 



21n(i?/6) = 1 - {b/R) 2 . I'll use a = b = R. Then 



I'ol i l , ,2 , - 



A = 



AttR 2 

Ho I 
' 2ir 



(s 2 - R z ) z, for s<R; 
\n(s/R)z, for s > R. 



Problem 5.26 

K = Kit => B = y (plus for z < 0, minus for z > 0). 

A is parallel to K, and depends only on z, so A = A(z) x. 



B = V x A 



x y z 

d/dx d/dy d/dz 
A{z) 0 0 



dA 



± ,_oK f _ 



HoK 



\z\ x 



dz " 2 
will do the job — or this plus any constant. 




K 



Problem 5.27 

(a)V-A=^p J V-(J^j dr'; V- (J^j = ^-(V- J)+J- V ^^-^j . But the first term is zero, because J (r') 
is a function of the source coordinates, not the field coordinates. And since n, = r — r', vf^-j= —V' ( — j . 
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^-(V • J) + J • V (J^J > and V • J = 0 in magnetostatics 



dr' = 



SoV.(f)— J.v(f).ButV.(^ 

(Eq. 5.31). SoV-^^-^ = —V'- , and hence, by the divergence theorem, V-A = —^p J V'- 
_ IpL </ — . ^ a ' ; where the integral is now over the surface surrounding all the currents. But J = 0 on this 

47T J 1 

surface, so V • A = 0. / 



— (V xJ)-JxV[- 



not a function of r) , and V 



(Eq. 1.101), so V x A 



dr'. But V x J = 0 (since J is 
po fJxi 



47T 



dr' = B. / 



(c) V 2 A ^ V J ^' ^' j dr'. But V 2 ^' ^' j = JV 2 ^' -jj ) (onco a^ain J is a conshml.. as lav as 



differentiation with respect to r is concerned), and V 2 
V 2 A = g J J(r') [-4ttS 3 (* )] dr' = -fi 0 J(r). / 



-4tt5 3 (* ) (Eq. 1.102). So 



Problem 5.28 



p Q I = j> B • dl = - J VU ■ dl = ~[U(b) - U(a)} (by the gradient theorem), so U(b) ^ U(a). qed 

would do the job, in the sense that 



For an infinite straight wire, B = d>. U 

ZTTS 



2tt 



— V£7 = V(0) = — — ^ (i> = B. But when 6 advances by 2ir, this function docs not return to its initial 
Z7r Z7r s dtp 

value; it works (say) for 0 < (f> < 2ir, but at 2ir it "jumps" back to zero. 

Problem 5.29 

Use Eq. 5.67, with R—*f and <t — > pdf: 



p 0 ujp sin C/ - / ' _ 4 p 0 ujp . ~ f _ 

<p J r dr H — rsmucp J r dr 



3 r 2 



1 /r 



B = V x A 



p Q UJp 



p a ujp 



1 9 



2 lrsin<9<9<9 
cos 6 f 



(i? 2 - r 2 ) 



sin y r sin ( 



i? 2 2r< 



l W^p . . -„ . . , 
° ,> rS:n "l. 3 5 I 
i? 2 r 2 



1__9 
r 9r 



r 2 sin 6 



R 2 



. But p ■■ 



(4/3)^R 3 ' 



so 



AttR 



3r 2 \ 
5i? 2 ; 



Problem 5.30 

dW z 



(a) 



dx 

8Wy 

dx 



F y => W z (x,y,z) = -f*F y (x',y,z)dx' + C 1 {y,z). 
F z ^W y (x,y,z) = + f* F z (x', y, z) dx' + C 2 (y, z). 
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These satisfy (ii) and (iii), for any C\ and C 2 ; it remains to choose these functions so as to satisfy (i): 

dF x dR, dF 7 . 



f x dFJx',y,z) , . dC\ f x dF z (x',y,z) , . dC 2 , . dF x dF v 

Jo oy dy J 0 dz dz dx dy 

0 U 0: Fx{X ^ Z) - N ° W i 



dz 



— 0, so 



dF x (x',y,z) ^ , dC x 8C 2 



dx' 

dd dC 2 



dF x (x',y,z) dx , = Fx{x ^ z) _ Fx{Q ^ z): so 



dx' 



f 

= F x (0, y, z). We may as well pick C 2 — 0, C\(y, z) = / F x (0, y , z) dy' , and we're done, with 
oy dz J 0 

W x = 0; W y = [ F z (x',y,z)dx'; W z = f F x (0, y',z) dy' - [ F y (x' ,y, z) dx' . 
Jo Jo Jo 

(b) VxW = f 9 ^- dV ^)± + ( 9Wx dWz )y I ( 9Wy — I 
\ dy dz J \ dz dx J \ dx dy 



But V • F = 0, so the x term is 

so V x W = F. / 

dW x dW v dW z 



F x (0,y,z) 



dF x (x',y,z) , 
—^' dX 



x + [0 + F y (x, y, z)] y + [F z {x, y, z) - 0] z. 

F x (0,y,z) +F x (x,y,z) -F x (0,y,z), 



dF z (x', y,z),. f y dF x (0, y', z) , , [ x dF y (x', y,z) , , 



V W = ^f + ^f + ^f = ° + J dy + I »- dy I 



in general. 

(C) W„ : 



Jo 



52 



f x t 2 f y r x v 2 

Jo x ' dx ' = Y ; Wz = I y ' dy, ~J 0 zdx ' = \~ 



ZX. 



2 / 2 

W = yy + (|--za: i 2. V x W 



x y z 

<9/<9a; d/dz 
0 a; 2 /2 (y 2 /2-zx) 



p + zy + iz = F. / 



Problem 5.31 

(a) At the surface of the solenoid, B aDO vc = 0, Bbdow = Honl z = fi 0 K z; n = s; so K x n = — K z. 
Evidently Eq. 5.74 holds. / 

(b) In Eq. 5.67, both expressiions reduce to ([i 0 R 2 u;<t/3) sin 9 4> at the surface, so Eq. 5.75 is satisfied. 



dA 

dr 



HoR uicr ( 2 sin 



R+ 



4> 



2ri 0 RbJ<7 . - dA 
— Sm ^ ; ~dr~ 



sin 9(f). So the left side of 



Eq. 5.76 is — iiqRuxj sin 9 <p. Meanwhile K = crv = a (to x r) = aujR sin 9 <f>, so the right side of Eq. 5.76 is 
— /Zo<7wi?sin6>(/>, and the equation is satisfied. 

Problem 5.32 

dA dA 

Because A abovo = A bc i ow at every point on the surface, it follows that — — and — — are the same above 

dx dy 

and below; any discontinuity is confined to the normal derivative. 



B 



above Bbelow 



dA„ 



dz 



+ 



dA, 



dz 



x + 



dA dA 

I y. But Eq. 5.74 says this equals 

dz dz 



dA dA dA dA 

HoK(-y). So = and — = -^K. Thus the normal derivative of the com- 

dz dz dz dz 

ponent of A parallel to K suffers a discontinuity —^i 0 K, or, more compactly: 



dA 



above 



dA 



below 



dn 



dn 
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Problem 5.33 

(Same idea as Prob. 3.33.) Write m = (m • f ) f + (m ■ 9) 9 = mcos6>f — msmOO (Fig. 5.54). Then 
3(m ■ f ) f m = 3m cos Or — m cos 9 r + m sin 9 9 = 2m cos 9 r + m sin 0 9, and Eq. 5.87 <J4> Eq. 5.86. qed 

Problem 5.34 



(a) m = la = IttR 2 z 

(b) B 



/zo InR 2 



in 



2 cos 9 f + sin 9 9 



(c) On the z axis, 9 = 0, r = z, f = z (for z > 0), so 



B 



2z 3 



(for z < 0, 9 = 7T, f = — z, so the field 



is the same, with \z\ 3 in place of z 3 ). The exact answer (Eq. 5.38) reduces (for z > fi) to B « [IqIR 2 /2\z\ 
so they agree. 

Problem 5.35 

For a ring, m = Iirr 2 . Here / - 



<dr = ULurdr, so m = J 0 irr 2 aujrdr = iraujR 1 /4. 



Problem 5.36 

The total charge on the shaded ring is dq = a(2irR sin 9)R d9. 
The time for one revolution is dt = 2tt/lu. So the current 

in the ring is / = — - = aujR 2 sin 9 d9. The area of the ring 
dt 

is 7r(i?sin 0) 2 , so the magnetic moment of the ring is dm = 
(cridR 2 sin 9 d9)irR 2 sin 2 9, and the total dipole moment of the 
shell is 



-in 




m 



CT^vri? 4 /; sin 3 9d9= (4/3)crw7ri? 4 , or m = — awR 4 z. 



The dipole term in the multipole expansion for A is therefore Adi P = — — oujR 4 ' 

4-7T 3 



- [1q<jujR a sin 9 2 
2 0 = 5 Za~ 4>, 



r* 3 r* 

which is also the exact potential (Eq. 5.67); evidently a spinning sphere produces a perfect dipole field, with 
no higher multipole contributions. 

Problem 5.37 z 

The field of one side is given by Eq. 5.35, with s 

v/z 2 + (w/2) 2 and sin 9 2 = - sin 9 1 - ' " V 2 ' 
B = 

component, multiply by sin 



Vol to 

4vr y/z 2 + (w 2 /4)y/z 2 + (w 2 /2) 

(w/2) 
' ^z 2 + (w/2) 



^z 2 + w 2 /2' 
To pick off the vertical 



for all four 



Vol 



2tt (z 2 + w 2 /A)yJz 2 + w 2 /2 













\ 




z \ 







z. The field of a dipole m = Iw 2 , for points on the z axis (Eq. 5.86, with r 



sides, multiply by 4: B = 

For z > w, B w 
f^z, 0 = O)isB=^^z. / 

2n z a 

Problem 5.38 

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up 
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on 
a mobile charge q balances the magnetic attraction: F = g[E+ (v x B)] = 0 => E = — (v x B). Say the current 
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is in the z direction: J = p_uz (where p_ and v are both negative). 



B • dl = B2tts = ^oJirs 2 => B = 0; 



E • da — E2nsl = — (p + + p_)ns 2 l => E = -*-(/=>+ + p_)ss. 



2e 0 



(P+ + P-)ss 



(") x ( g ^7 



MO 2 - 

— p_u ss 



P+ + P- = p-(e 0 Po« 2 ) = P- 



Evidently p + = —p- ( 1 I = — , or p_ = — -) 2 p+. In this naive model the mobile negative charges fill a 



c 2 / 7 2 



smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v <C c, the effect 
is extremely small. 

Problem 5.39 



(a) If positive charges flow to the right, they are deflected down, and the bottom plate acquires a positive 
charge. 



(b) qvB = qE ^ E = vB ^ V = Et = vBt, with the bottom at higher potential 



(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative 
charge. The potential difference is still the same, but this time the top plate is at the higher potential. 

Problem 5.40 

From Eq. 5.17, F = I J(dl x B). But B is constant, in this case, so it comes outside the integral: F = 
I (J dl) x B, and J dl = w, the vector displacement from the point at which the wire first enters the field to 
the point where it leaves. Since w and B are perpendicular, F = IBw, and F is perpendicular to w. 

Problem 5.41 

The angular momentum acquired by the particle as it moves out from the center to the edge is 



I lt dt = j Ndt = j( rxF ) dt = J r x l( v x B ) dt = q J r x (dl x B) = q J (r • B) dl - J B(r • dl) 



But r is perpendicular to B, so r • B — 0, and r • dl — r ■ dr — \d(v ■ r) = \d(r 2 ) = rdr = (l/27r)(27rr dr). 



SoL = [ B2irrdr = [ B da. It follows that 

2tt 7 0 2tt J 



L = — — <f>, where $ = f B da is the total flux. 

Z7T 



In particular, if <f> = 0, then L = 0, and the charge emerges with zero angular momentum, which means it is 
going along a radial line. qed 

Problem 5.42 

From Eq. 5.24, F = J(K x B avc ) da. Here K = ctv, v = ujRsm 6 <p, da = R 2 sin 9 dO d<j>, and 
B ave = |(B in + Bout). From Eq. 5.68, 
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Bin — 
Bout = 

B flv p — 



2 2 

-[1o<jRujz = - fj, 0 a Rw (cos 9 r — sin 80). From Eq. 5.67, 
o o 



„ , „ ,' tin R A user sin 0 ~\ rinR^uxr 
V x A = V x [ - — — <f> = - — 



1 d ( sin 9 \ „ 1 <9 / sin „ , , 

r- -7T I I 0 

r or 



j- sin 6* 89 

^ RA ^ a ( 2 cos 0 f + sin 9 0) = (2 cos 9 r + sin 9 0) (since r = R). 

6r A 3 

lioRwcr . ~ 

— - — (4 cos 9r — sm 9 9). 



KxB avc = {<7ujRsm8) ( ^°^°^ \j> x (4cos0f - sin 0 0)] = ^(crwi?) 2 (4cos 0 0 + sin 0f ) sin 0. 



Picking out the z component of 6 (namely, — sin 9) and of f (namely, cos 9) , we have 



(K x B avo ) 2 



Mo 



(auR) 2 sin 2 8 cos 9, so 



Mo 



2 (aujR) 2 R 2 J sin 3 9 cos 9 d9d(j)= -^(aujR 2 ) 2 2tt 



Mo, 





tt/2 




C'f) 


, or 




0 



MoT 



(<TLUR 2 ) 2 Z. 



Problem 5.43 

(a) F = ma = q e (v xB) = — (v x r); 



MO gegm , N 

a = -(v x r). 

47r mr A 



Ait r 2 

(b) Because a _L v, a • v = 0. But a • v 

/ s dQ MOgegm d /r\ MOgegm r , i Mogegm /v r rfr 

(c) — = m(v x v) +m(r x a) — - =0 + — — r x (v x r - — 

4 7rr 3 1- V '• /•- '// 



Id. . Id,,, dv „ dv 

- — (v • v) = - — (v ) = v — . So — = 0. qed 

2dV ' 2dV ' dt dt H 



dt 



MOgegn 
47T 



1 2 v r d 
-s[r v — (r • vjrj 



r*dt 



Air dt \r 



MOgegro 
47T 



v (f • v) v f 2(r • v) 

r r r 2r r 



0. / 



(d) (i) Q • 4> = Q(z ■ 4>) = m(r x v) • 0 - gm (r ■ 0). But z • 0 = f • 0 = 0, so (r x v) • 0 = 0. But 



dl 



Air 



r = rf, and v = — = f r + r00 + rsin00</> (where dots denote differentiation with respect to time), so 



r x v = 



f e <j> 

r 0 0 

r r9 r sin 9<j) 



(-r 2 sin9cj>)9 + (r 2 9)4>. 



Therefore (r x v) • <j> = r 6 = 0, so 9 is constant. qed 

(ii) Q • f = Q(z ■ f ) = m(r x v) • f — ^ 0 ^ Lgm (f • f ) . But z • f = cos 0, and (r x v) _L r (r x v) • f = 0, so 



r . a Mogegm „ Mogegm 

Qcos9= , or Q = 

Att Ait cos 9 



An 

And since 9 is constant, so too is Q. qed 



(iii) Q ■ 9 = Q(z ■ 0) = m(r x v) ■ 0 - ^ egm (f ■ 0), But z-0 = - sin (9, f 0 = 0, and (r x v) • 0 = -r 2 sin 00 



(from (i)), so — Qsin0 = — mr sin 00 



47T 

2 sin 00 => 0 = ^ 
mr 2 



= with 



k _ Q _ MQgegm 

m 47rm cos 0 



(e) v 2 = r 2 + r 2 9 2 + r 2 sin 2 00 2 , but 0 = 0 and 



k .9 9 2*2/i^ 9 ^ sill ^ 

— , so r = v — r sm 0— = v . 
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7 \ 2 .Q 

ar \ r 



v 2 — (ks'm 9/r) 2 



(f) 



/> 2 (k 2 /r 4 ) 
<■//• 



/ W | — | - Mir 



r\ (vr/k) 2 — sin 



r(0) 



3s[(0 — <fo) sin 6>] ' 



= dcf> fa = 



H 0 g e q m tan ( 



sec 



fcsinS 



sec[(0 — (/>o) sin 0] = 



where A = — 



Problem 5.44 

Put the field point on the x axis, so r = (s, 0, 0). Then B = 
~ J ( K * * - 1 da; da = Rd(f>dz; K = K4> = sin0x + 

cos 0 y) ; * = (s — R cos <^>) x — i? sin <f>y — zi. 

x y z 

K X * = if — sin 0 cos 0 0 

(s — Acos0) (— Asinr/>) (— z) 
A' [(— z cos (/>) x + (— z sin </>) y + (i? — s cos </>) z] ; 



z^ + 



2Rscos<ft. The a; and y components 



+Z, 




c 












K 































integrate to zero (z integrand is odd, as in Prob. 5.17). 



B z = 



KR 



(R — scos( 



A-k'"~ J (z 2 + R 2 + s 2 -2Rscos(I)) 3 / 2 
where d 2 = R 2 + s 2 - 2Rs cos 4>. Now 



HoKR 



(R — s cos ( 



d<j)dz — J (R — s cos 4>) (J 

dz _ 2z °° _ 2 

( z 2 +d 2)3/2 - d 2^ z 2 + d 2 „ ~ ^ 
1 



cZz 



(z 2 + d 2 ) 3 / 2 



2tt 7 0 (i? 2 + s 2 - 2Rs cos ! 



(i? — s cos 



2A 



[(i? 2 - s 2 ) + (R 2 + s 2 - 2Rs cos , 



47T 



/■2-7T 

(i? 2 - , 2 ) / 

JO 



d(i) 



{R 2 + s 2 - 2Rscosc 



271 



2tt 



d(j) 

a + b cos < 



= 2 



a + 6cos0 Va 2 - b 2 



tan 



Va 2 - 6 2 tan^/2) 
a + 6 



Va 2 - b 2 



tan 



Va 2 -fo 2 tan(7r/2) 



Va 2 - b 2 



(I 



2?r 



Va 2 - b 2 



. Here a = R 2 + s 2 , 



b = -2Rs, so a 2 - b 2 = R 4 + 2R 2 s 2 + s 4 - 4i?V = R 4 - 2R 2 s 2 + s 4 = (i? 2 - s 2 ) 2 ; T^fe 2 " - |A 2 - d 2 |. 



Mo A 

47T 



(A 2 - .s 2 
\R 2 - s 2 



-2/T + 27T 



MoA / R 



\R 2 - s 2 



Inside the solenoid, s < R, so B z = ^° (1+1) = HqK. Outside the solenoid, s > R, so B z = ^ — ( — 1 + 1) = 0. 



Here A — nl, so B = /xon/z (inside), and 0( out side) (as we found more easily using Ampere's law, in Ex. 5.9). 
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Problem 5.45 

Let the source point be r' = i?cos0x — i?sin0y, and 
the field point be r = i?cos(9x + i?sin0y; then = 
R [(cos 8 — cos (f>) x + (sin 9 + sin <fi) y] and dl = R sin <p d<fr x + 
i? cos (pdcfyy = R d0(sin 0 x + cos </> y) . 




rflx* = R 



R 2 (sin 0 sin 9 + sin 2 0 — cos 9 cos 0 + cos 2 



B 



x y z 

sin (j) cos </> 0 

(cos 9 — cos </)) (sin 9 + sin 0 

i? 2 (l + sin^sin^ - cos#cos(/>) d<t>z = R 2 [1 - cos(# + </>)] d<£z. 

[1 - cos(0 + 0)] = n 0 IR 2 

o [2i? 2 -2i? 2 cos(0 + 0)] 3/2 M2R 2 ) 3/2 "Jo 



fi 0 I f dl x * ^ d2 - 

^— = - — if z 

J 47T 



47T ./ ^ 

^ z r # = mo-^ z , 2 ln 

8v / 27ri? Z 7 0 v / 2sin[(0 + <£)/2] 16ttJ? 



tan 



87ri? 



In 



tan 



1 e+7r ' 

v 4 , 



tan (|) 



Problem 5.46 

(a) From Eq. 5.38, 



B 



HoIR 2 



[R 2 + (d/2 + z) 2 ] 3/2 [i? 2 + (d/2 - z) 2 ] J/ " J 



3/2 



dB_ 
dz 



dB _ hqIR 2 \ (-3/2)2(d/2 + z) (-3/2)2(d/2 - z)(-l) 
0* ~ 2 \ [i? 2 + (d/2 + z) 2 ] 5/2 + [ R 2 + (d/2 - z) 2 } 5/2 

3/ioIR 2 i -(d/2 + z) (d/2-z) \ 

2 \[i? 2 + (d/2+z) 2 ] 5/2 + [i? 2 + (d/2-z) 2 ] 5/2 j 

_ fyoIR 2 j -d/2 d/2 



2=0 



[R 2 + (d/2) 2 ] 5/2 [R 2 + (d/2)' 



i5/2 



= 0. / 



(b) Differentiating again: 



d 2 B _ 3fi 0 IR 2 

W 2 ~ 2~ 



{ 



-1 



-(d/2 + z)(-5/2)2(d/2 + z) 



[i? 2 + (d/2 + z) 2 } 5/2 [i? 2 + (d/2 + z) 2 ] 7/2 

(d/2 - z)(-5/2)2(d/2 - z)(-l) 



-1 



a 2 ^ 



[i? 2 + (d/2 - z) 2 ] 5/2 
3^ 0 ^ 2 f -2 



}■ 



[i? 2 + (d/2 - z) 2 ] 7/2 
2(5/2)2(d/2) 2 2 1 _ 3[i 0 IR 2 



z=0 



2 \ [i? 2 + (d/2) 2 ] 5/2 [i? 2 + (d/2) 2 ] 7/2 j [i? 2 + (d/2) 2 ] 7/2 
3n 0 IR 2 



-R 2 - 



5cP 



,7/2 



B(0) = 



[R 2 + (d/2) 2 } 
li 0 IR 2 [ 1 



(d 2 - R 2 ) . Zero if d = i?, 



in which case 



2 1 [i? 2 + (i?/2) 2 ] 3 / 2 + [R 2 + (i?/2) 2 ] 3 / 2 J ^° IR2 (5i? 2 /4)3/ 2 



8/x 0 J 
5 3 / 2 i?' 
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Problem 5.47 

(a) The total charge on the shaded ring is dq = a(2nr) dr. The 
time for one revolution is dt — 2ir /u>. So the current in the ring 

is I = — = OLardr. From Eq. 5.38, the magnetic field of this 
dt 

ring (for points on the axis) is g?B = — aojr— — , dr z, 

2 (r 2 + z 2 ) A l 2 

and the total field of the disk is 



B 



/1q<7LU 



[IqOUJ 



r 3 dr 

0 ( r 2 + z 2)3/2 

u du 
(u + z 2 ) 3 / 2 



z. Let u = r , so du = 2r dr. Then 



u + 2z 2 
Vu + z 2 



Uq(7LU 



(R 2 + 2z 2 ) 
VR 2 + z 2 



2z 



(b) Slice the sphere into slabs of thickness t, and use (a). Here 
t = \d(RcosO) \ = Rsm9d9; 

a — > pt — pi? sin 8 d9; R — > Rsm9; z — > z — Rcos9. First 
rewrite the term in square brackets: 



( R 2 + 2z 2 ) 
VR 2 + z 2 



2z 



y/R? 



+ z 



2{R 2 + z 2 ) _ R 2 
VR 2 + z 2 ~ ^R 2 + z 2 
R 2 /2 



- 2z 



VR 2 + z 2 



But R 2 + z 2 -> R 2 sin 2 9 + (z 2 - 2Rzcos6 + R 2 cos 2 9) 
R 2 + z 2 - 2Rzcos8. So 





z 

j ifeinB 


















X 





B z =^2 f^OdO 
2 Jo 



\/R 2 + z 2 - 2Rz cos 9 - 



(R 2 /2) sin 2 9 



VR 2 + z 2 - 2Rzcos 
Let u = cos 6, so du — — sin 6* rf6*; 0 : 0 — * 7r =4- it : 1 — ► — 1; sin 2 9 = 1 — u 2 



— (z — i?cos ( 



y/R 2 + z 2 - 2Rzu 



(R 2 /2)(l-u 2 ) 
VR 2 + z 2 - 2Rzu 



z + Ru 



du 



el i 

/ \/R 2 + z 2 - 2Rzu du = (i? 

7-i 3i?z 



2 , z 2 



2.Rzu) 



3/2 



3i?z 
1 

3/Iz 
i 



(i? 2 + z 2 - 2i?z) 3/2 - (R 2 + z 2 + 2R Z y 



3Rz 



[(z — R) 3 — (z + R) c 



(z 3 - 3z 2 R + 3zR 2 - R 



3 z 3 



3z 2 R - 3zR 2 - R 3 ) = — (3z 2 + R 2 ). 

' 6Z 



1 



i \/R 2 + z 2 - 2Rzu 



du 



— ^R 2 + z 2 -2Rzu 
Rz 



-^[(z-R)-(z + R)}= 2 . 
Hz z 
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Is = / , du 
J-i y/R 2 + z 2 - 2Rzu 

= - 60 ^3^ 3 [8(i? 2 + z 2 ) 2 + 4(R 2 + z 2 )2Rzu + 3(2Rz) 2 u 2 ] V ' R 2 + z 2 - 2Rzu 

= --^^{[8(R 2 + z 2 ) 2 + 8Rz(R 2 + z 2 ) + l2R 2 z 2 ] (z - R) 

- [8(R 2 + z 2 ) 2 - 8Rz(R 2 + z 2 ) + \2R 2 z 2 \ (z + R)} 

{z [WRz(R 2 + z 2 )} - R [l6(i? 2 + z 2 ) 2 + 2AR 2 z 2 } } 

3 



16R R z z 2 + z 4 - i? 4 - 2R z z 2 



60i? 3 z 3 
1 

~60R 3 z 3 

4 ( h R 2 z 2 rA- 4 
~15R 2 z3 { 2 U U ~ 15z 3 



z- - -R z z' 
2 



2 }' 74 = Z J du = 2z; /s = R 



j udu = 0. 



B z = noRpu 



2 2 ^ ^ 2 2 i? 2 4 / 2 5 2 



2z 



,. , 2i? 2 R 2 2R 4 R 2 n 
^[2z + — -- + ^ + --2z 



2R 5 Q 



SO 



_ liqQluR 2 „ 
U ~ 1(W Z - 



Problem 5.48 

g = / X . n, = — i?cos0x + (y — i?siri(/>) y + zz. (For simplicity I'll drop the prime on 

4ir J 

4>.) 1 2 = R 2 cos 2 <f> + y 2 — 2Ry sin (f> + R 2 sin 2 <j> + z 2 = R 2 + y 2 + z 2 — 2Ry sin <f>. The source coordinates 
(x',y',z') satisfy x' — Rcoscf) dx' = —Rsm<j>d(f); y' = Rsincf) dy' = R cos <fi d(j)\ z 1 = 0 =^> dz' = 0. So 
dl' = —Rsm(/>d(f>x + Rcos(f)d<f)y. 

x y z 

(Rz cos <p d<fi) x + (Rz sin 0 d0) y + (— i?y sin 4>d<j> + R 2 d<p) i. 



dl' x * 



-Rsai(j)d(j) Rcos<j)d(j) 0 
—Rcoscj) (y — Rsincj)) z 



B„ — 



[i^lRz 

4-7T 



,-2tt 
JO 



cos ^ d0 



p n IRz 1 



(i? 2 + y 2 + z 2 - 2i?y sin <^) 3/2 4tt i?y ^/i? 2 + y 2 + z 2 - 2i?y sin « 



2tt 



0. 



since sin 0 = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms 
of elementary functions. 



B x — 0; By 



fi 0 IRz 



2tt 



sin <j> def) 



4tt Jo (#2 + y 2 + z 2 _ 2i? y S in 0) 



3/2 



2tt 



(i? — ysm(j>) d(j) 



4tt 7o (i? 2 + y 2 + z 2 -2i? 2 /sin < / ) ) 



3/2 ' 



Problem 5.49 

From the Biot-Savart law, the field of loop #1 is B = f^Il </ ^i x ^ ^ e f orcc on i OQ „ »2 j s 

4tt Jj 4. 2 

F = J 2 jf dl 2 x B = £jW2 X ^ 2 X ~ - ■ Now dl 2 x (rfli x n, ) = dli(rfl 2 ■ <£ ) - * (rfli • dl 2 ), so 
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Mo 

4-7T 



hh 



The first term is what we want. It remains to show that the second term is zero: 

*> = {x 2 -x 1 )x+(y 2 -y 1 )y+(z 2 -zi)z, so V 2 (l/^ ) = ^ — [{x 2 - ^i) 2 + (2/2 - Vif + {z 2 - zi) 2 ] 1/2 x 

OX 2 

+ t— \(x 2 - xi) 2 + (y 2 - yi f + (z 2 - Zl ) 2 Y' 1 - 
oy 2 

(X2-Xl) - (2/2-2/l) « (Z2~Zi)^_ X. 4- 

~ 1 ■ x * y n, - * 1 
Corollary 2 in Sect. 1.3.3). qed 



1 



1 



■dl 2 = - 



V 2 ( ) • dl 2 = 0 (by 



Problem 5.50 

(a) 



B 



Mo 



47T 7 4. 2 

72 



Jx4 , 1 

dr => A = — 
4. z 4tt 



B x <* 

* 2 



dr. 



-p. For dielectrics (with no /ree charge), p& 



1 f P(r') • 

' dr' . In general, p = e 0 V • E (Gauss's law), 



(b) Poisson's equation (Eq. 2.24) says V V 
(Eq. 4.12), and the resulting potential is V(r) = 

47T60 J 1 

1 f E(r') • -i 

so the analogy is P — > — eoE, and hence V(r) = — — / — g dT . qed 

[There are many other ways to obtain this result. For example, using Eq. 1.100: 



V P 



V • 



-V- 



= 4n5 3 {* ) = 4nS 3 (r - r'), 

V(r) = J V (r>)5*(r-r>)dT> = -l J V(r')V-^ dr' = i- J ^[W(r')] dr' - -L f V (r>) ±, -da' 

(Eq. 1.59). But V'y(r') = -E(r'), and the surface integral -> 0 at 00, so V(r) = --^ J E ^ 2 - dr', as 
before. You can also check the result, by computing its gradient — but it's not easy] 



Problem 5.51 

(a) For uniform B, / 0 r (B x dl) = B x f Q r dl 



B x r 



^A=-|(Bxr). 



(b)B =^0, so /Bxdl= f^g-^g| ( r = 
v ; 2ns ^' ./ V 2na 2nb ' 



Polw ( 1 1 



27r V a 



§ ^ 0. 



(c)A=-rxB/ (] 1 AdA= -|(rxB). 



<d)B-£* B<*, - g£* A 



"27TS 



(r x 4>) 



-dX = 

A 



Hoi 



vector from the origin — in cylindrical coordinates r = ss + zz. So A 



2ns 
Ho I 
2ns 



(r x <fr). But r here is the 



s(s x <j>) + z(z x 4>) 



and 



(s x 4>) = z, (z x 0) = -s. So 



A = - — (zs — sz. 
2ns y 



The examples in (c) and (d) happen to be divergenceless, but this is not in general the case. For (letting 
L = Jp 1 AB(Ar) dX, for short) V • A = -V • (r x L) = — [L • (V x r) — r • (V x L)] = r • (V x L), and 

VxL = / 0 1 A[V x B(Ar)] dX = A 2 [V A x B(Ar)] dX = Mo Jo A 2 J(Ar) dX, so V • A = p Q r ■ £ A 2 J(Ar) dX, and 
it vanishes in regions where 3 — 0 (which is why the examples in (c) and (d) were divergenceless) . To construct 
an explicit counterexample, we need the field at a point where J ^ 0 — say, inside a wire with uniform current. 
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Here Ampere's law gives B 2tts = Mo^cnc = HoJ^s 2 B = 



A = — r x 



V A 



Conclusion: 



6 



1 ® l 2 n ^ / 2n 



Mo^ ( 1 



-2sz 



(ii) does not automatically yield V • A = 0. 



Ho J 
2 

HoJs 
6 



s </>, so 
(zs - sz). 



Problem 5.52 

(a) Exploit the analogy with the electrical case: 



E = — i[3(p-f)f-p] (Eq. 3.104) = -VV, with V = 7^-^ (Eq. 3.102). 



B = T^4[3(m-f)f -m] (Eq. 5.87) 



4ire 0 r 2 



-VU, (Eq. 5.65). 



Evidently the prescription is p/eo ~~ * A*o m 



C/(r) 



Mo m ■ r 

47T r 2 



(b) Comparing Eqs. 5.67 and 5.85, the dipole moment of the shell is m = (An /3)uiaR z (which we also got 
in Prob. 5.36). Using the result of (a), then, 



U(r) = 



HouiaR 4 cos 0 



for r > R. 



Inside the shell, the field is uniform (Eq. 5.38): B = ^fi 0 aujRz, so U(r) — —|/xocrwi?z + constant. We may 

as well pick the constant to be zero, so U(r) — — ^ n aujRr cos 8 for r < R. 

[Notice that U(r) is not continuous at the surface (r = R): Ui n (R) = — ^hqo-ujR 2 cosB ^ U out (R) = 
l^ofwi? 2 cos8. As I warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from 
places where there is current!] 

(c) 



B = 



3r 2 \ 
1 -5i^) C0S ^ 



&U 

1 dU 
r¥ 
dU 
dr 



4nR 

0^U(r,e,<j>) = U(r,d). 

6r 2 \ 



5R 2 J 



4nR 



I -—jsm9^U(r,6) 
2 



•» _- W _ 

or r ou 



LiouiQ \ I 6r 2 \ 

— Jrcos0 + /(r). 

^3 



1 o>?7 



r sin ( 



0. 



Equating the two expressions: 



47T.R 

4?ri? 



V 4nR y 



r_ 5i^) COS0 + - 9W ' 



r 2 \ 

— \rcos6 + g(9), 



or 
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But there is no way to write r 3 cos# as the sum of a function of 9 and a function of r, so we're stuck. The 
reason is that you can't have a scalar magnetic potential in a region where the current is nonzero. 
Problem 5.53 

(a) V • B = 0, V x B = moJ, and V • A = 0, VxA = B =^ A = — / — dr', so 

W 4-7T J 1 

V • A = 0, V x A = B, and V • W = 0 (we'll choose it so), V x W = A 







W=i| 


f B dr'. 


4tt J 


1 



(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I'll 
try something of the form W = ar(r • B) + /3r 2 B, and see if I can pick the constants a and (3 in such a way 
that V • W = 0 and V x W = A. 

V • W = a[{r ■ B)(V ■ r) + r • V(r • B)] + (3 [r 2 (V B) + B V(r 2 )] .Vr = ^ + ^ + ^ = 1 + 1 + 1 = 3; 

V(r • B) = r x (V x B) + B x (V x r) + (r • V)B + (B • V)r; but B is constant, so all derivatives of B vanish, 
and V x r = 0 (Prob. 1.62), so 

V(r-B) = (B • V)r = ( B x — + B y — + B z —\ (xx + yy + zz) = B x x + B y y + B z z = B; 

/ d d d \ 
V(r 2 ) = x— + y— +z— (x 2 + y 2 + z 2 ) = 2xSl + 2yy + 2zi = 2r. So 
\ ox ay oz J 

V ■ W = a [3(r • B) + (r • B)] + 0 [Q + 2(r • B)] = 2(r • B)(2a + (3), which is zero if 2a + (3 = 0. 

V x W = a [(r • B)(V x r) - r x V(r • B)] + (3 [r 2 (V x B) - B x V(r 2 )] = a [0 - (r x B)] + (3 [0 - 2(B x r)] 

= -(r x B)(a-20) = -i(r x B) (Prob. 5.24). So we want a -2/3 = 1/2. Evidently a - 2(-2a) = 5a = 1/2, 



or a = 1/10; /3 = -2a = -1/5. Conclusion: W = — [r(r • B) - 2r 2 B] 

(c) V x W = A => J(V x W) • da = J A- da.. Or §W ■ dl = 
J A ■ da. Integrate around the amperian loop shown, taking 
W to point parallel to the axis, and choosing W — 0 on the 
axis: 

fionl s 2 l 



(But this is certainly not unique.) 



-Wl 



(using Eq. 5.70 for A). 



W 



HqtiIs 2 



For s > R, -Wl 



(s < R). 
fi 0 nlR 2 l 



^nIR 2 l fi 0 nIR 2 l 



W 



fi 0 nIR 2 



[l + 21n(s/i?)] 



2 

(s > R) 



Hs/R); 



Problem 5.54 

Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that 
V ■ [U x (V x V)] = (V x V) ■ (V x U) - U • [V x (V x V)]: 

J V • [U x (V x V)] dr = J {(V x V) • (V x U) - U • [V x (V x V)]} dr = I [U x (V x V)] • da. 

As always, suppose we have two solutions, Bi (and Ai) and B2 (and A2). Define B3 = B2 — Bi (and 
A 3 = A 2 - Ai), so that V x A 3 = B 3 and V x B 3 = V x Bi - V x B 2 = MoJ - A*oJ = 0. Set U = V = A 3 
in the above identity: 
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J {(V x A 3 ) ■ (V x A 3 ) - A 3 • [V x (V x A3)]} dr = J {(B 3 ) • (B 3 ) - A 3 • [V x B 3 ]} dr = J (B 3 ) 2 dr 

= <j> [A 3 x (V x A3)] • da = <j)(A 3 x B 3 ) • da. But cither A is specified (in which case A 3 = 0), or else B is 

specified (in which case B 3 = 0), at the surface. In either case /(A 3 x B 3 ) ■ da = 0. So J (B3) 2 dr = 0, and 



hence Bi = B2. qed 



Problem 5.55 



From Eq. 5.86, B tot = B 0 z - 

47rr c> 

fore B f = 5 0 (z • f) - '"^2cos6> = (b 0 
This is zero, for all 9, when r = R, given by Bq = 



(2cos6>f + sin6>0). There- 



2ttt 3 I 



cos 8. 



or 



\2irBo) 



1/3 



2vri? 3 

Evidently no field lines cross this sphere. 




\ 



Problem 5.56 

Q 



(a) J 



Quo 



(2tt/w) 2tt 

m _ Q ujR 2 Q 
1 ~ 2 MujR? ~ 2M' 



a = irR , m 



nR 2 z 



2tt ' 2 
and the gyromagnetic ratio is 



loR 2 z. L = i?Mu = MujR 2 :L = MujR 2 i. 



Q_ 
2M' 



(b) Because g is independent of R, the same ratio applies to all "donuts" , and hence to the entire sphere 
(or any other figure of revolution) : g = -^-^ . 

(1.60 x 10" 19 )(1.05 x 1CT 34 ) 



(c) m 



eh eh 
2m 2 4m 
Problem 5.57 

(a) B a 1 

3 



(3/4)7Ti? 3 



B dr 



4(9.11 x IO- 31 ) 
3 



4.61 x lCT 24 Am 2 . 



47ri? 3 



47ri? 3 



A x da = — 



3 Mo 
inR 3 47r 



J (V x A) dr 



dr' > x da 



— 7 — ~~ttt — I J x I <P — dal rfr'. Note that J depends on 

(47r) 2 i? 3 7 \ J n, J 

the source point r', not on the field point r. To do the surface 
integral, choose the (x, y, z) coordinates so that r' lies on the 
z axis (see diagram). Then 1 = \J R 2 + (z 1 ) 2 — 2Rz' cos 9, 
while da = R 2 sin 8 d9 dej) r . By symmetry, the x and y com- 
ponents must integrate to zero; since the z component of f is 
cos 9, we have 
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i r cose 

— da — z / — , 

* J ^R 2 + (z') 2 - 2Rz' cos 9 



R 2 sm6d6d<b = 2TrR 2 z, 



cos 9 sin 9 



o y/R? + (z') 2 -2Rz'cos9 



dO. 



Let u = cos 9, so du = — sin 9 d6. 



= 2ttR 2 z 



L 



■ du 



y/R 2 + (V) 2 - 2Rz'u 

, f 2 \2{R 2 + {z') 2 ) + 2Rz'u] r- — 

= ^ R2 *{- ^ 3(2^ 

^ { [i? 2 + (z') 2 + ife'] V^ 2 + (^') 2 - 2ife' - [i? 2 + (z') 2 - ife 7 ] v/^ 2 + (^') 2 + 2i?z'} 

{ [R 2 + (z 1 ) 2 + Rz'] \R - z'\ - [R 2 + (z 1 ) 2 - Rz'] (R + z')} 

(/ < R); 



2ttR 2 z 
3(Rz>y 
2tt 
3(^)2 

47T . „ 47T . 

3 3 ' 



AnR 3 . 4tt i? 3 , , 



For now wc want r' < J?, so B avc = - 3 f° / (Jxr')dT' = ~t^U / (Jxr')dr'. Now m = \ f(rx J) dr 

(47r) 2 i?' ;i 3 j 47rit cl _/ 



(Eq. 5.91), so B avc = qed 



(b) This time r> > R, so B avc = --J^^R* J (j x ^ dr' = £ | dr', where * 



(47r) 2 i? 3 3 

goes from the source point to the center (<* = — r'). Thus B avo = B cen . qed 



now 



Problem 5.58 



47T 



(a) Problem 5.51 gives the dipolc moment of a shell: m = ^-(jcdR* z. Let R — > r, <7 — > pdr, and integrate: 



4^ . /•« 4 in R 5 . td , Q 



so 



m = -QujR 2 i. 
5 



(b) B a 



^0 2m 
4tt tf 3 



Mo 2Qw . 
4t t 5J? 

/Uo QujR 2 sin 0 
4-7T 5 r 2 



0. 



(c) A = — <p 

Air r A 

(d) Use Eq. 5.67, with R — > r, cr — > pdf, and integrate: 



A = 



[iQUjp sin 0 - /" _ 4 /i 0 w 3Q sin 0 R 5 



3 r 2 



0 / r dr = 



3 47ri? 3 r 2 5 



0 : 



[io QuR 2 sin 0 
47T 5 r 2 



4>. 



This is identical to (c); evidently the field is pure dipole, for points outside the sphere. 



(e) According to Prob. 5.29, the field is B = 



tipuQ 
inR 



3r 2 \ / fir 2 \ 



The average 
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obviously points in the z direction, so take the z component off (cos 0) and 9 (—sin 
[IqujQ 1 r r / ^ 2 N ' «- 2 



4?ri? (4/3) 

(^R 2 ) 2 ^ Jr. 
3/j.qujQ r3 
SttR 4 Jit 



)ttR 3 J [\ 5R 2 ) \ 5R 2 J 



r 3 3 R 5 \ 
3~ ~ 55R 2 ) 



R 3 6 R 5 



- ) sin 2 0 
3 5 5R 2 J 



r 2 sin 9 dr d8 ( 
sin 9 d9 



1G 



20QirR 



75 

7 cos 0 — 3 cos 3 



2 fl+-sin 2 ^sin^^— - r (7 +9 cos 2 0) sin0 d0 
75 / 8vri? 75 i 0 V ; 



Mo^Q , nn s Mo^Q 

( 20 ) = T^rrr ( same as (b)). / 



o 2007ri? 



IOttE 



Problem 5.59 

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard 
Eq. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a 
delta-function, A<5 3 (r), with A selected so as to make the average field consistent with Prob. 5.57: 



(4/3) 



W/ A " 3(r)dr= ^ A 



Ho 2m 2/i 0 m 

— — ^ =4> A = — - — . The added term is 

47r R 3 3 



2/x 0 



m<5 3 (r). 



A = 



Mo 1 
47r ^— ' r™ J 

n=0 



T J{r') n P n {cos9)3dT. 



Problem 5.60 

(a) I d\ — ► J g?t, so 

(b) A mon = [ J dr = -7-^-7- (Prob. 5.7), where p is the total electric dipole moment. In mag 

Anr J 4irr dt 

netostatics, p is constant, so dp/dt = 0, and hence A mon = 0. qed 

(c) m = 7a = |J ^(r x d\) — > m = | J(r x J) dr. qed 

Problem 5.61 

For a dipole at the origin and a field point in the x z plane ((f) = 0), we have 



B = ^^(2cos0f + sin00) 



— — [2 cos 0(sin 6* x + cos 0 z) + sin 0(cos 0 x 
Air r 3 



Mo "i 



[3 sin 9 cos 0 x + (2 cos 2 0 - sin 2 0) z] . 



Here we have a siacfc of such dipoles, running from z = 
—L/2 to z = +L/2. Put the field point at s on the 
x axis. The x components cancel (because of symmetri- 
cally placed dipoles above and below z = 0), leaving B = 
L/2 (3 cos 2 0-1) 



Mo 

47T 



27Wz 



■ dz, where A4 is the dipole mo- 



ment per unit length: m = IirR = (ovh)irR = oujRttR h 



M = 



m o s 

— = nau>R . Now sm0 = -, 
h r 

scot 9 =>■ dz — — 7j— d6. Therefore 
sin 2 0 



1 



sin 



so 
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B 



VOf p3^ - /"'"Vo 2 « ' 
( Trmn H " ' 

2tt 



(nauR^z / (3 cos 2 (9-1) 

tt/2 



^crojR 3 „ 
n—d9 — — — - — z 
2 <9 2s 2 



Jtt/2 



cos 2 9- I) sin6 d6 



IJ, 0 au)R 3 „ , 3 . e ™ hq<jloR? , in \- MoCTwi? 3 . 2 „ 

— —5 — z (-cos J fc> + cosfcM = — — — cos0 TO (l-cos 6> m ) z = — —5 — cos 9 m sin 0 m z. 
2s z ' tt/2 2s 2 v ' 2s 2, 



But sin6L 



and cos#„ 



2s 2 
-(L/2) 



V* 2 + (i/2) 2 



so B = - 



[iocrojR 3 L 
4[s 2 + (L/2) 2 ] 3 / 2 
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Chapter 6 

Magnetostatic Fields in Matter 



Problem 6.1 

N = m 2 xBi; Bi 



N = — (yxz) 



Mo 1 



47r r 3 



47r r 3 

fXo mim 2 
47r r 3 



[3(mi-f)f - mi] ; f = y; mi = miz; m 2 = m 2 y. Bi 



x. Here mi = ira 2 !, m 2 = fr 2 /. So 



N= Mo W 2 ^ 



Mo ™i, 
47r r 3 



Final orientation 



downward (— z) 



Problem 6.2 

dF = ZdlxB; dN = rxdF = Jrx(dlxB). Now (Prob. 1.6): rx(dlxB) + dlx(Bxr) + Bx(rxrfl) = 0. 
But d [rx(rxB)] = dr X (r X B) +r X (dr xB) (since B is constant), and dr = dl, so dlx(Bxr) = rx(eflxB) - 
d[rx(rxB)]. Hence 2rx(dlxB) = d[rx(rxB)] — Bx(rXdl). dN = |/{d[rx(rxB)] - Bx(rxdl)}. 



N = i/{/c?[rx(rxB)] -Bx $(rXdl)}. But the first term is zero (§d(- 
2a (Eq. 1.107). So N = -J(Bxa) = mxB. qed 

Problem 6.3 



0) , and the second integral is 



(a) z> 


[ ; b 








mi' 


/r 

Y 



According to Eq. 6.2, F = 2-kIRBcosO. But B 

B • y, so BcosO 



p.0 [3(m r f)f-mi 
Am 

f • y 

Ha J_ 

47T r 3 



and £? cos 0 



^ [3(mi • f)(f • y) - (mi • y)]. But va. x ■ y = 0 and 



sin (j), while mi • f = mi cos ( 



Bcos6 



— — 3mi sin <fi cos < 



F 



2-kIR^ p-3mi sin </<> cos < 



Now sin (f> = y , cos (f> = \Jr 2 — R 2 /r, so F 



2 Vr 



But IR 2 n — m 2 , so F 
(b) F = V(m 2 -B) = (m 2 -V)B 



while for a dipole, i? <C r, so 



3/i 0 rnim 2 
~2T r 4 



[^i(3(mi.z)z - mi)] = |m im2 z £ (£), 



2mi 



-34 



or, since z 



3/i 0 rn\vn<z. 
"~2T r 4 
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Problem 6.4 

dF = I{(dyy)xB(0,y,0) + (dzz)xB(0,e,z) - (dy y) xB(0, y, e) - (ebz)xB(0,0, z)} 
= l\-(dyy)x [B(0,y,e) -B(0 J y,0)]+(<fofi)x [B(0,e,z) - B(0,0,*)]} 



-SB, 

: dz 



dB dB 

=> Ie z <zx- yx — 

ay oz 



Note that fdy%\ 0tVt0 



e 9B 

dy 

dB 



Bi 1 0,0,0 aild I dz 



dB 




a e 




dy 


0,0, z 


e 9y 


0,0,0 



F = m< 



x y z 

0 0 1 

3B X dB„ 8B Z 

9lf 3y dy 



x y z 

0 1 0 

d_B x dB» dB ; 

c?2 <9z dz 



m < y- 



aB x as^ aB x 

x — 1- y — h z 



9a; 



dy dy 
I using V-B = 0 to write 



„8B y „dB z „dB x 
x— — x— h z- 



<9y 5z 



dx 



But m-B = mB x (since m = mx, here), so V(m-B) = mV(-B x ) — m ( - r -gy-j t -g^ 

Therefore F = V(m-B). qed 
Problem 6.5 



(a) B = Mo-Zo^y (Prob. 5.14). 
m-B = 0, so Eq. 6.3 says 



(b) m-B = itioiiqJoX, so F = mo/io^o x - 



(c) Use product rule #4: V(p • E) 
= p x (V x E) + E x (V x p) + (p ■ V)E + (E ■ V)p. 
But p does not depend on (a;, y, z), so the second 
and fourth terms vanish, and V x E = 0, so the 
first term is zero. Hence V(p • E) = (p ■ V)E. qed 

This argument does not apply to the magnetic analog, 
since VxB/0. In fact, V(m • B) = (m • V)B + Mo(m x J). 
(m-V)B Q = m 0 J^(B) = m 0 fi 0 Joy, (m-V)B b = m 0 ^(fi 0 J 0 xy) = 0. 



# J = Ji 



m 









Problem 6.6 

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to 
be paramagnetic. The rest (having an even number) should be diamagnetic. 

Problem 6.7 

J b = VxM = 0; K 6 = Mxn = M0. 

The field is that of a surface current Kf, = M0, 
but that's just a solenoid, so the field 



outside is zero, and inside B = (J,oKb = IIqM. Moreover, it points upward (in the drawing), so B = /ioM 
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Problem 6.8 

VxM = J 6 



18_ 
s ds 



(sks 2 )i = -(3fcs 2 )z = 3fcsz, K b = Mxn = ks 2 ((pxs) = -kR 2 z. 



So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should 
be zero. . . is it? Yes, for j'J b da = f*(3ks)(2irs ds) = 2vrfci? 3 , while j'K b dl = {-kR 2 )(2TrR) = -2irkR 3 .} Since 

= Ak)M. 



these currents have cylindrical symmetry, we can get the field by Ampere's law 

Jb da = 2irkfios 3 



B ■ 2-ks — hqI c 



Mo 



B = fioks (ft 



Outside the cylinder 7 cnc — 0, so B = 0 



Problem 6.9 




K 6 = Mxn = M<j>. 



(Essentially a long solenoid) 



(Essentially a physical dipole) 



(Intermediate case) 
[The external fields are the same as in the electrical 
case; the internal fields (inside the bar) are completely 
different — in fact, opposite in direction.] 



Problem 6.10 

Kb = M, so the field inside a complete ring would be fioM. The field of a square loop, at the center, is 
given by Prob. 5.8: B sq = y/2 hqI/ttR. Here I — Mw. and R — a/2, so 



V2~li 0 Mw 2y/2 fi 0 Mw 
7r(a/2) 7ra 



net field in gap : B = [IqM. 1 — 
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Problem 6.11 

As in Sec. 4.2.3, we want the average of B = B out + B; n , where B out is due to molecules outside a small 
sphere around point P, and B; n is due to molecules inside the sphere. The average of B out is same as field at 
center (Prob. 5.57b), and for this it is OK to use Eq. 6.10, since the center is "far" from all the molecules in 
question: 

Ho f MX* 
A out = ^ J ~^dr 

outside 

The average of B in is ^ (^)— Eq. 5.89— where m = §7ri? 3 M. Thus the average B in is 2^ 0 M/3. But what is 
left out of the integral A out is the contribution of a uniformly magnetized sphere, to wit: 2/ioM/3 (Eq. 6.16), 
and this is precisely what Bj„ puts back in. So we'll get the correct macroscopic field using Eq. 6.10. qed 

Problem 6.12 



(a) M = fcsz; J b = VxM = K b = Mxfi = kR(fi. 

B is in the z direction (this is essentially a superposition of solenoids). So 
B = 0 outside. Use the amperian loop shown (shaded) — inner side at radius s: 
<f>R ■ d\ = Bl — /io^cne = Mo [/ Jb da + Kbl] = /io [—kl(R — s) + kRl] = fiokls. 



B = fiqksz inside. 




(b) By symmetry, H points in the z direction. That same amperian loop gives <fH-dl = HI = Mo-f/ onc = 0, since 
there is no free current here. So 



H = 0 



and hence 



so B 



Mo 



ksi. 



B 



Mo 



M. 



Outside M — 0, so B — 0; inside M = ksi. 



Problem 6.13 

(a) The field of a magnetized sphere is |mqM (Eq. 6.16), so 



B = B, 



jMoM, 



with the sphere removed. 



In the cavity, H = ^B, so H = ^ (B 0 - |mqM) = H 0 + M 



§M 



H = H 0 +-M. 



(b) 



K 6 0 



The field inside a long solenoid is Mo^- Here K — M, so the field of the bound current on 
the inside surface of the cavity is [IqM , pointing down. Therefore 



MoM; 



B = B 0 

H = —(B 0 - MoM) = —B 0 - M => H = H 0 . 

Mo ' Mo 1 



(c) 



This time the bound currents are small, and far away from the center, so 



B ( 



while H = J-B 0 = H 0 + M=> H = H 0 + M 



[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medium; in the 
sphere (intermediate case) both B and H are modified.] 
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Problem 6.14 

M: 



B is the same as the field of a short solenoid; H = — B — M. 





Problem 6.15 

"Potentials": 

W in (r,6) = £ Air'i^cosfl), (r < R); 
W out (r,6) = £ ^P^cosd), (r > R). 
Boundary Conditions: 

(i) W in {R,6) = W out {R,0), 



(ii) 



dW ou 



c)W h 



— — i , r- i r, = M — Mz-r — M cos 6. 

Or \R or \R 

(The continuity of W follows from the gradient theorem: W(h) — W(a) = J & VW ■ dl — — f H • dl; 
if the two points are infinitesimally separated, this last integral — > 0.) 

(i) =► AiR 1 = => B t = R 2l + l A h 

(ii) =► J2{l + l)whPl{™s6)+Y,lAiR l - 2 Pi(cose) = Mcos6. 
Combining these: 

M 



Thus W in {r,6) = ^rcosf 



71/ 



-z, and hence H; 



so Ai = 0 (I j= 1), and 3A 


L = M Ai 




1 






z = — M, so 
3 


(4m + m) = 




/ 
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Problem 6.16 

fH-rfl = 7 /enc = I, so H = ^0. B = Mo (l + Xm )H = 



J b = VXM= -I- fs^" 7 | , 



M = Xm H = 



Xml 1 

2tts 



, - 0. K, MX A 

sos \ 2ns 

Total enclosed current, for an amperian loop between the cylinders: 



Xml, 

-^fz, at* = 6. 



1 + ^ 2na = {1 + Xm)/ ' 80 / B ' dl = Mo/cnc = Mo(1 + Xm)/ ^ B = ^2^7^ ^ / 



Problem 6.17 

From Eq. 6.20: § H-c.1 = H(2tts) = 7 /enc = 



7( S 2 /a 2 ), (a<o); 
7 (s > a). 



77 



I: <:>:!> < ; =<"' 



f Mo(l+Xm)I« 


(s < a); 


J 27ra 2 ' 


| Mo J 

I, 2tts ' 


(s > a). 



Jfc = XmJ/ (Eq. 6.33), and J f = so J b = 



(same direction as 7). 



K 6 = Mxn = XmHxn 



Xml 
2na 



(opposite direction to 7). 



h = J&(7ra 2 ) + Kb(2na) = x m 7 — XnJ = |_0| (as it should be, of course). 



Problem 6.18 

By the method of Prob. 6.15: 

For large r, we want B(r, 6) — > B 0 = B 0 z, so H = — B — > — B 0 z, and hence IF 
— — 7>o r cos 6*. 



"Potentials": 



(r < 



VF out (r,0) = _-LBorcose + E^fl(coBfl), (r > 



Boundary Conditions: 
(i) W in (P,0) = W out (P, 
(h) 



_____ + U 9W^ I 

dr \R~ P dr \R 



= 0. 



(The latter follows from Eq. 6.26.) 



(ii) => fia 



— b 0 cos e + ( 1 + 1 ) - Jt2 Pj (cos ^ + ^ Yl lAl Rl ~ 1 Pl ( cos 0 ) = 0 • 



-±B 0 z = 

Mo u 



For _ ^ 1, (i) ^> Bi = R 2l+1 A h so [// 0 (Z + 1) + A^.-R i_1 = 0, and hence _4 ; = 0. 

For 2 = 1, (i) _4 1 P= -j^B 0 R + B 1 /R 2 , and (ii) B 0 + 2/i 0 _Bi/P 3 + /i_4 1 = 0, so _4 X = -3B 0 /(2fi 0 + /i). 



W in (r,0) 



3Pn 



(2^o + AO 



r cos 6* : 



B = /iH = 



3P 0 z 
(2^ 0 + M) 

3^B 0 



-VW ir 



3Po 



3B 0 



(2/i 0 + A*) ( 2 Mo + A*) ' 



(2fio + fj,) 



1 + Xm 
1 + Xm/3 



Bn. 
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By the method of Prob. 4.23: 

Step 1: B 0 magnetizes the sphere: M 0 = XmH 0 = Mo (*+ x j Bo- This magnetization sets up a field within 
the sphere given by Eq. 6.16: 

Bi = \no~M. 0 = \ Xm B 0 = |kB 0 (where k = ^-). 
3 3 1 + Xm 3 

5iep 2: Bi magnetizes the sphere an additional amount Mi = ^Bi. This sets up an additional field in 
the sphere: 



2 2 { 1k\ 

B 2 = -MoMi = -/tBi = f — J B 0 , etc. 

The total field is: 

B = B 0 + Bi + B 2 + • • • = B 0 + (2k/3)B 0 + (2k/3) 2 B 0 + ■■■=[! + (2/s/3) + (2k/3) 2 + ■ ■ ■ ] B 0 



Bn 



(l-2/c/3)' 



1-2k/3 3-2 Xm /(l + Xm) 



3 + 3 Xm 
3 + 3 Xm - 2Xr. 



3(1 +Xm) 
3 + Xm ^ 



so 



B= ( -i±^] B( , 

1 + Xm/3, 



Problem 6.19 



Am 



Am = -f-^B; M = 

4m e ' V 

,B (Eq. 6.30). So Xr, 



4m e V 



[Note: Xr, 



Xm H (Eq. 6.29) 
<C 1, so I won't worry about the (1 + Xm) 



B, where V is the volume per electron. M 



M0(l+Xm) J 

term; for the same reason we need not distinguish B from B 0 i sc , as we did in deriving the Clausius-Mossotti 
equation in Prob. 4.38.] Let's say V = §7rr 3 . Then Xm = ~% (j^)- ru usc 1 A= 10" 10 m for r. 

which is not bad — Table 6.1 says Xm = — 1 x 1CP 5 . 



Then y - riO 7 ^ f 3(i.6xio- 19 ) 2 



-2 x 10" 5 , 



However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital 
radius is smaller for the inner electrons, they count for less (Am ~ r 2 ). I have also neglected competing 
paramagnetic effects. But never mind. . . this is in the right ball park. 

Problem 6.20 

Place the object in a region of zero magnetic field, and heat it above the Curie point — or simply drop it on 
a hard surface. If it's delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it 
back and forth many times; each time you reverse the direction, reduce the field slightly. 

Problem 6.21 

(a) The magnetic force on the dipole is given by Eq. 6.3; to move the dipolc in from infinity we must exert an 
opposite force, so the work done is 



U 



= -f F - dl= -f 

J oo J oc 



V(m ■ B) • dl = -m • B(r) + m • B(oo) 



(I used the gradient theorem, Eq. 1.55). As long as the magnetic field goes to zero at infinity, then, U = — m B. 
If the magnetic field does not go to zero at infinity, one must stipulate that the dipolc starts out oriented 
perpendicular to the field. 

(b) Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104. 

(c) U — — j^^j [3 cos 6*i cos # 2 — cos(# 2 — 0i)]miTO2. Or, using cos(# 2 — #i) = cos 9\ cos 9 2 + sinOi sin# 2 , 



^o mim 2 . . 

U = 5 — sin 6 1 sin 0 2 — 2 cos Ox cos w 2 ) . 

4ir r 3 
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Stable position occurs at minimum energy: J^- = ^ = 0 



au_ = Momim 2 ^ cos 0i gin 02 + 2 gin 6^ cos 0 2 ) = 0 2 sin 9 1 cos 6» 2 = - cos 6>i sin 6» 2 ; 



— - M0 4 "^ 2 (sin6>i cos6» 2 + 2cos6lisin0 2 ) = 0^2sin6»i cos6» 2 = -4cos 9 l sin 0 2 . 



Thus sin 9\ cos 0 2 = sin 0 2 cos 0i = 0. 



Either sin 9\ = sin 0 2 = 0 : — ® — > or — ® ■- 



or cos 0! = cos 0 2 = 0 : t T or T I 

© ® 

Which of these is the stable minimum? Certainly not © or© — for these m 2 is not parallel to Bi, whereas we 
know m 2 will line up along Bi. It remains to compare© (with 9\ = 9 2 = 0) and© (with 9\ = it/2, 9 2 = —it/2): 
Ui = ! (-2); U 2 = w 4 ";" 2 (-l)- f/i is the lower energy hence the more stable configuration. 



Conclusion: They line up parallel, along the line joining them: 
(d) They'd line up the same way: — ► — ► — > — ► — ► — ► 



Problem 6.22 



F = 7^ dl x B = 7 ^ tfl^ x B 0 + I j dl x [(r • V 0 )B 0 ] - 7 ^ dl^ x [(r 0 • V 0 )B 0 ] = I j dl x [(r • V 0 )B 0 ] 

(because j> dl = 0). Now 

(cfl x B 0 ), = ^2e ijk dl j (B 0 )k, and (r • V 0 ) = ^n(V 0 )i, so 

7^ = 7 ^ e^-fe i r ( cMj [(V 0 )i(S 0 )fe] < Lemma 1 : 4 r ; dl, = ^ ei jm a m (proof below). ^ 



= 7 X! e iifc e 'j" l a m (V 0 )((- B o)fc I Lemma 2 : ^ e ijk ei jm = 5 a 5 km - 5 im 6 kl (proof below). 

j,k,l,m [ j 

= I y~] (Silhm - 5 im 8 k i) a m (V 0 )i(B Q ) k = 7^ [a k (V 0 )i(B 0 ) k - a l (V 0 ) k (B Q ) k } 



k,l,- 

= 7[(Vo) i (a-B 0 )-a i (Vo-B 0 )]. 

But Vo • B 0 = 0 (Eq. 5.48), and m = 7a (Eq. 5.84), so F = Vo(m • B 0 ) (the subscript just reminds us to take 
the derivatives at the point where m is located), qed 

Proof of Lemma 1: 

Eq. 1.108 says §(c •r)dl = axc=-cxa. The jth component is ^2 p § c p r p dlj = — J2 P m e jpmC p a m . Pick 
c p = S p i (i.e. 1 for the Zth component, zero for the others). Then § ri dlj = — ^ m eji m a m — J2 m e ljm a m- qed 

Proof of Lemma 2: 

£ij k £ijm — 0 unless ijk and Ijm are both permutations of 123. In particular, i must either be I or m, and k 
must be the other, so 

CijkCljm = ASuS km + B5 lm S k i. 
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To determine the constant A, pick i = I = 1, k = m = 3; the only contribution comes from j = 2: 

£1236123 = 1 = ^11^33 + BSi 3 8 3 i = A=> A= 1. 
To determine B, pick i = m = 1, k = I = 3: 

£123£321 = -1 = ^13^31 + £Wll#33 = B ^> B = -1. 

So 



Problem 6.23 

(a) The electric field inside auniformly polarized sphere, E = — g^P (Eq. 4.14) translates to H = — ^(pqM.) 
— |M. But B = /i 0 (H+M). So the magnetic field inside a uniformly magnetized sphere is B = ^ 0 (— gM+M) 

(same as Eq. 6.16). 



(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = 1+ * ^ 3 E 0 
(Eq. 4.49). Now % e translates to \m, for then Eq. 4.30 (P = e 0 x e E) goes to /i 0 M = ji 0 x ra H, or M = x m H 
(Eq. 6.29). So Eq. 4.49 => H = ^^^ Hq. But B = ^ 0 (1 + Xm)H, and B 0 = p a H 0 (Eqs. 6.31 and 6.32), 
so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is 
B 1 B 0 



A*o(l + Xm) (l + Xm/3)A*o 



or 



B = ( — UHL- ) B 0 (as in Prob. 6.18). 

' + x m /3 



(c) The average electric field over a sphere, due to charges within, is E avc = — j^^r- Let's pretend the charges 
are all due to the frozen-in polarization of some medium (whatever p might be, we can solve V-P = — p to find 
the appropriate P). In this case there are no free charges, and p = JPdr, so E avc = — j^-jrs fPdr, which 
translates to 

11/",,, 1 



Have = -4^W M ° MrfT= ~^ m - 



_ Mo 2m 

47T R 6 



in agreement 



But B = Mo (H + M), so B avc = -^-p + MoM avc , and M avo = so 

with Eq. 5.89. (We must assume for this argument that all the currents are bound, but again it doesn't really 
matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H. 
Goedecke, Am. J. Phys. 66, 1010 (1998).) 

Problem 6.24 

Eq. 2.15 : E = P jj^- J v dr'^ (for uniform charge density); 

Eq. 4.9 : V = P • jj^- J v jj^i dr'^ (for uniform polarization); 

Eq. 6.11 : A = fi 0 e 0 M. x j -A^ J v dr'j (for uniform magnetization). 

E in = p(^r) (Prob. 2.12), 
For a uniformly charged sphere (radius R) : ■{ } i° r 3 A 



J V in = =^(P t), 
So the scalar potential of a uniformly polarized sphere is: < [° 



3e 0 r 2 

v out = (P-f), 
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f A; n = — (M x r), 

and the vector potential of a uniformly magnetized sphere is: < m ^ 0 R 3 ' 

L A ou t = -g-^2-(lvl x rj, 

(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11). 
Problem 6.25 

(a) B x = ^ z (Eq. 5.86, with 9 = 0). So m 2 -B 1 = - F = V(m-B) (Eq. 6.3) 

3 2°" z. This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward 
(-m d gz): 



F = # 



Mo m 
"2tt z 3 



3^ 0 ?™ 2 n 



1/4 



(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet: 

3/x 0 m 2 3fi 0 m 2 „ 

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet: 



3/iom 2 
2tti/ 4 



3/io^ 2 
2ir(x + y) 



m d g = 0. 





' 1 


1 


l 


2tt 




y 4 





+ 



(x+y) 4 - 



m d g+m d g = 0, or ^ - |r + , 



0, so: 2 



(x+2/)" - "! ou - * - {x/y)* + (x/l/+l) 4 • 

Let a = x/y; then 2 = + ■ Mathematica gives the numerical solution a = x/y = 0.850115 . . . 

Problem 6.26 

At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of 
H is continuous (Eq. 6.25 with K f = 0). So B^ = B^, h| = h|. But B = (Eq. 6.31), so ^b| = ^b|. 
Now tan 6»i = b\/B^, and tan6> 2 = b\/B^, so 



tan ( 



B\ Bt 



- =M 
tan ft Bi B \ B\ 

(the same form, though for different reasons, as Eq. 4.68). 



M2 

Mi 



Problem 6.27 

In view of Eq. 6.33, there is a bound dipole at the center: mj, = x m m. So the net dipole moment at the 
center is m center = m + mj = (1 + x m )m 



T^m. This produces a field given by Eq. 5.87: 



R - " 1 

J-> center — ~ 
dipole 47T r 



3 [3(m-f )f — m] . 



This accounts for the first term in the field. The remainder must be due to the bound surface current (Kf,) at 
r = R (since there can be no volume bound current, according to Eq. 6.33). Let us make an educated guess 
(based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface 
bound current is (for interior points) of the form B sur f aco = Am (i.e. a constant, proportional to m). In that 

case the magnetization will be: 



current 



M = Xm H = ^B = ^1 [3(m.f)f - m] + ^im. 

\l 4-7T T 6 [I 
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This will produce bound currents J;, = VxM = 0, as it should, for 0 < r < R (no need to calculate this 
curl — the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less, 
except at r = 0), and 

K fc = M(i?)xf = ^(-mxf) + ^(mxf) = Xm m (--^ + sin00. 

But this is exactly the surface current produced by a spinning sphere: K = crv = cruiR sin 9 <f>, with (ctujR) <-> 
Xm,m — 4 J- R3 . So the field it produces (for points inside) is (Eq. 5.68): 



2 2 (A 1 \ 

Bsurfaco = -^(pU)R) = -^oXm™ — —. j 

current 3 3 \ \1 AttR 6 J 



Everything is consistent, therefore, provided A = \noXm (77 - or A (l - ^fXm) = ~\^w- But 

Xm=(^)-l,BoA(l-| + |^)=-|^,orA(l+^)=2^;A=^4^ > aiidhen» 

B=f R[3(m.f)f-m] + fc^). qed 

The exterior field is that of the central dipole plus that of the surface current, which, according to Prob. 5.36, 
is also a perfect dipole field, of dipole moment 

m 4 ^p3/,,m 4 R 3 f 3 R \ 27rfl 3 /x 2(^ 0 - //)m M^o - Apm 
m surfaco — -ttK (<7U)K) = -irR - — £5 surfacc — — —r— ■ — - — — — ■ — -. 

current 3 3 \2^i 0 current/ ^ 0 47T R 6 (2^ 0 + A*) Mo( 2 Mo+^) 

So the total dipole moment is: 

H u (Mo - A») 3Aim 
m t ot = — m m- 



At 0 A*o (2/Lto + A*) ( 2 Mo + A*) 
and hence the field (for r > i?) is 



B= ) U(m.f)r >" 

u o + A* / r 



Mo 
47r V 2 Ato 



Problem 6.28 

The problem is that the field inside a cavity is not the same as the field in the material itself. 

(a) Ampere type. The field deep inside the magnet is that of a long solenoid, Bo ~ MoM. From Prob. 6.13: 

{Sphere : B = B 0 - §AioM = g^oM; 
Needle : B = B 0 — MoM = 0; 
Wafer : B = fj, 0 M. 

(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway 
between two distant point charges, B 0 « 0. From Prob. 4.16 (with E — > B, l/e 0 — > fio, P — > M): 

f Sphere : B = B 0 + f M = |pt 0 M; 

i Needle : B = B 0 = 0; 

[ Wafer : B = B 0 + /i 0 M = /x 0 M. 

In i/ie cavities, then, the fields are the same for the two models, and this will be no test at all. Yes. Fund it 
with $1 M from the Office of Alternative Medicine. 
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Chapter 7 

Electrodynamics 



Problem 7.1 

(a) Let Q be the charge on the inner shell. Then E 

-/;^ = -^g/;^ = ^(i-i). 



j^-^Jf in the space between them, and (V a — Vb) 



J J - da=a J 



E-da : 



Q = a 47re 0 (K- V b ) 
e 0 e 0 (l/a-1/6) 



Ana 



(Va ~ Vb) 



(b)R 



V a -V b 



-(- 
Alter \ a 



(c) For large b (b 3> a), the second term is negligible, and R — l/Aitcra. Essentially all of the resistance is in 
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the 
cross-sectional area (Aitr 2 ) gets larger and larger. For the two submerged spheres, R = 7-^— = (one R as 



the current leaves the first, one R as it converges on the second). Therefore I =V/R= 2itaaV. 



Problem 7.2 

(a) V — Q/C — IR. Because positive / means the charge on the capacitor is decreasing 
d ® = -T= — j-Q, so Q(t) = Q 0 e- t/RC . But Q 0 = Q(0) = CV 0 , so Q(t) = CV 0 e-^ RC . 



dt 

Hence I(t) 
(b) W 



RC 
_dQ 
dt 



-t/RC 



V 0 
R ( 



-t/RC 



\cv 2 . 



The energy delivered to the resistor is / P dt 

Jo 

1 



t/2 roo 

I 2 Rdt=^- / e- 2t / RC dt = 

R Jo 



:CK 2 . / 



0 



V 0 2 ( R C -2t/Rc\ 

R \ 2 J 

(c) V 0 = Q/C + IR. This time positive I means Q is increasing: ^ = I = ^^{CVa — Q) 

dt RC 

~ dt => ln(Q - CV 0 ) = --^t + constant => Q(t) = CV 0 + ke~ t/RC . But Q(0) = 0 => 
RC RC 



dQ 



-CV 0 
-CV Q , so 



Q(t) = CV 0 (l - e- 4 / flc ) . 



/W = f = cv 0 



( — e-V-RcA _ 


V 0 -t/RC 


\RC e ) ~ 


R 
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r°° v 2 f°° v 2 / \ 

(d) Energy from battery: / V 0 I dt = / e'^^dt = ( -RCe'^^ ) 

Jo R Jo R v 

Since /(i) is the same as in (a), the energy delivered to the resistor is again 



V 2 



cv 2 . 



\cv 2 . 



The final energy in 



the capacitor is also 

to the resistor. 

Problem 7.3 



irv 2 



SO 



half the energy from the battery goes to the capacitor, and the other half 



(a) / = J 3 ■ da, where the integral is taken over a surface enclosing the positively charged conductor. But 
J = erE, and Gauss's law says J'E ■ da = j^Q, so I — <r j'E ■ da = ^Q. But Q = CV, and V = IR, so 



^CIR, or 



R 



crC 



qed 



(b) Q = CV= CIR 
time constant is r — RC 



dQ 
dt 



RC ( 



Q(t) = Q 0 e- t/RC , or, since V = Q/C, V(t) = V 0 e-^ RC . The 



e 0 /cr. 



Problem 7.4 

I = J(s) 2irsL 



V 



-f 

Jb 



E-dl = 



J(s) = I/2ttsL. E=J/(7 = I/27:saL = I/2nkL. 
I 



2irkL 



(a-b). So 



R = 



2irkL 



Problem 7.5 

£ 



r + R' 



P = I 2 R 



£ 2 R 



dP 



{r + R) 2 ' dR 



2R 



(r + R) 2 (r + R) 3 



= 0=>r + R = 2R. 



R 



Problem 7.6 

£ = §~E-dl = | zero | for all electrostatic fields. It looks as though £ = §~E ■ dl = (o-/e 0 )h, as would indeed 
be the case if the field were really just cr/eo inside and zero outside. But in fact there is always a "fringing 
field" at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of 



the loop. The current is I zero. 



Problem 7.7 



Blv 
~R~' 



W £ = -f = -Blf t - -Blv; £ = IR 
direction of flow: (vxB) is upward, in the bar, so downward through the resistor.) 

B 2 l 2 v 



(Never mind the minus sign — it just tells you the 



(b) F = IIB = 



R 



(c) F = ma = m 



dv 
dt 



to the left 
B 2 l 2 



R 



dv 
dt 



B 2 l 2 
V Rm ' 



v = voe 



(d) The energy goes into heat in the resistor. The power delivered to resistor is I 2 R, so 



dt R 2 



2;2 



B 2 l 



vle- 2at , 



where a = 



B 2 l 2 



dW 



mR ' dt 



amvle 2at . 



The total energy delivered to the resistor is W — amv, 



r° 

Jo 



dt = amv n 



-2a 



amvr. 



2a 



-rnv 



o- 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



130 



CHAPTER 7. ELETRODYNAMICS 



Problem 7.8 



5+a I 

(a) The field of long wire is B = ^-A, so $ - [b-cIsl = ^ [ h a ds)= ^ In ( — 

ZTTS I Z7T / S Z7T \ s 



d*& fJ-oIo- d ( s + a\ ds UoI a ( 1 ds 1 ds 

(b) £ = — — = — In , and — = v, so — - — — 

w dt 2ir dt V s J' dt 2tt \s + adt s dt 



jj,oIa 2 v 
2irs(s + a) 



The field points out of the page, so the force on a charge in the nearby side of the square is to the right. In 
the far side it's also to the right, but here the field is weaker, so the current flows counterclockwise. 



(c) This time the flux is constant, so £ = 0 



Problem 7.9 

Since V-B = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that jB-da is the same for all surfaces with a given 
boundary line. 



Problem 7.10 

$ = B • a = Bo? cos ( 
Here 0 = uit, so 



£ = 



' dt 



= — Bo?{— sm.ujt)w; 



£ = Bcoa sin ujt. 




(view from above) 



Problem 7.11 

£ = Blv = IR =3- 1 = => upward magnetic force = HB = ^w~v. This opposes the gravitational force 
downward: 



mg - 
dv 



B 2 l 2 dv dv 

— — — v = to — ; — 
R dt dt 



B 2 l 2 g mgR 

av, where a = 9 - cev t = 0 => v t = — = 



dt 



1 



ln(<7 — av) = t + const. g — av — Ae at ; at t = 0, v — 0, so A = g. 



av = g(l - e~ at ); v= ^(1 - e~ at ) = \v t (1 - e~ at ). 

a I 



At 90% of terminal velocity, v/vt — 0.9 = 1 — < 
t = 1 In 10, or 



— at v _ — at 



= 1 - 0.9 = 0.1; ln(0.1) = -at; In 10 = at; 



*90% = — In 10. 
9 



Now the numbers: m = 4r]Al, where 77 is the mass density of aluminum, A is the cross-sectional area, and 
I is the length of a side. R = Al/Aa, where a is the conductivity of aluminum. So 

p = 2.8 x 10- 8 f2m ' 

4rjAlgAl I6ng 16gr]p , lo = 9.8m/s 2 
Vt = — — „' 0 , 0 = — = — — , and ' 



AaB 2 l 2 0B 2 B 2 



77 = 2.7 x 10 3 kg/m 3 
B = IT 



So v t 



(16)(9.8)(2.7xl0 J )(2.8xl0~ 
1 



1.2 cm/s; 



i 9 o% = 1 ~^rf 1 ln(10) = I 2.8 ms. 



If the loop were cut, it would fall freely, with acceleration g. 
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Problem 7.12 



/a\ 2 ira 2 , , „ 

(2) -^£ 0 cos(u;*); £ = 



d<I> 7ra 2 „ . , . r/ . £ 
.— = —B*,*m{ U t). I(t)=x = 



4R 



-Bq sm(u)t). 



Problem 7.13 



$ = 



Btl.nlii = kt 2 I dx I y 3 dy= ^kt 2 a 5 . £ = --^ 



- \kta b . 



Problem 7.14 



pipe- 

falling 
magnet 



ring 




Suppose the current (J) in the magnet flows counterclockwise (viewed from 
above), as shown, so its field, near the ends, points upward. A ring of 
pipe below the magnet experiences an increasing upward flux, as the magnet 
approaches, and hence (by Lenz's law) a current (/i n d) will be induced in it 
such as to produce a downward flux. Thus ii n d must flow clockwise, which is 
opposite to the current in the magnet. Since opposite currents repel, the force 
on the magnet is upward. Meanwhile, a ring above the magnet experiences 
a decreasing (upward) flux, so its induced current is parallel to /, and it 
attracts the magnet upward. And the flux through rings next to the magnet 
is constant, so no current is induced in them. Conclusion: the delay is due 
to forces exerted on the magnet by induced eddy currents in the pipe. 



Problem 7.15 

In the quasistatic approximation, B = 



u 0 nlz, (s < a); 



0. 



Inside: for an "amperian loop" of radius s < a, 



(s > a). 



$ = Bits = ^lquItts , f E • dl = E2tts = — — = —fj, 0 rnrs 



Outside: for an "amperian loop" of radius s > a: 



<f> = Bna 2 = fionlna 2 ; E2its 



At 



,dl 

~dt' 



,dl 



E 



Hons dl 
2 ~dt 



4>. 



E 



[ion-a 2 dl 2 



2s dt 



0. 



Problem 7.16 

(a) The magnetic field (in the quasistatic approximation) is "circumferential" . This is analogous to the current 

* I - 



in a solenoid, and hence the field is 



longitudinal. 



(b) Use the "amperian loop" shown. 

Outside, B = 0, so here E = 0 (like B outside a solenoid). 
So § E-dl = £*=-§ = -! jB-rfa = -I /,° £^ ds> 
•••£ = -0f In (!)• But % = -I 0 u JS mu J t, 



so 



E=^sinM)ln(^|z. 
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Problem 7.17 

(a) The field inside the solenoid is B = fionl. So <f> = ■na 2 ^ 0 nl => £ = —Tra 2 ^, 0 n(dl/dt). 

ira 2 Honk 



In magnitude, then, £ = Tra 2 fj, 0 nk. Now £ — I r R, so 



/resistor 



R 



B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or 



to the right, through the resistor. 



dQ 



1 d$ 



(b) A<I> = 2-na ii 0 nl; I = , = n = ~ n , => AQ = -Af, in magnitude. So 



dt R 



R dt 



R 



AQ = 



2ira 2 fionI 
R 



Problem 7.18 



<!»= /B-da; B ""' & * >' J " 

2tts 2tt 



,+a ds[_ 



Uola s + a 

In ; 

2ir s ' 



'loop 



R 



dQ 
dt 



R 



d$ 

"dt 



Mo«, . I \ dl 
■^ Hl + a/s) df 



dQ = -^%Hl + a/s)dI 



The field of the wire, at the square loop, is out of the page, and decreasing, so the field of the induced 



current must point out of page, within the loop, and hence the induced current flows counterclockwise. 



Problem 7.19 

In the quasistatic approximation, B 



^§^4>, (inside toroid); 

(outside toroid) 



f Mo at J 



(Eq. 5.58). The flux around the toroid is therefore 
HqNI f a+w 1 , , n 0 NIh 



$ = 



ra-\-w ^ 



(^) 



w\ /j, 0 Nhw j d$ HoNhw dl fi a Nhwk 



hds — — hi . 

2tt j„ s 2tt \ a J 2ira dt 2na dt 



2-Ka 



The electric field is the same as the magnetic field of a circular current (Eq. 5.38): 



B 



2 (a 2 + z 2 ) 3 / 2 



with (Eq. 7.18) 



1 d<5> 
Ho dt 



Nhwk 
2na 



So E = 



Nhwk 



2ira J (a 2 + z 2 ) 3 / 2 



Ho Nhwka 
~4n{a 2 + z 2 ) 3 / 2 



Problem 7.20 

(a) From Eq. 5.38, the field (on the axis) is B = ^^a/i Z, so the flux through the little loop (area na 2 ) 



is 



2 1,2 



$ = 



HoTtla b 

2 ( & 2 + z 2)3/2- 
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(b) The field (Eq. 5.86) is B = ^ S(2 cos Or + sin 9 9), where m = I-kcl 2 . Integrating over the spherical "cap" 
(bounded by the big loop and centered at the little loop): 



B-r/a = — f (2 cos 6){r 2 sin 6 dO defy = ^°^2tt / <■< ... H sin ,W 



47r r 3 



where r = V& 2 + z 2 and sin# = 6/r. Evidently <f> 



2r jo 
fioTrIa 2 b 2 

2 ( 6 2 + z 2)3/2' 



the same as in (a)! 



(c) Dividing off J ($i = Mi 2 / 2 , $2 = M 2 ih) 



Mia = M 21 



Hoira b 



2 h 2 



2 ( 6 2 + z 2)3/2- 



Problem 7.21 




= -M^ = -Mfc. 
eft dt 



It's hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances, 
I'll find the flux through the little loop when a current / flows in the big loop: $ = MI. The field of one long 
wire is B = => $i = ^ f 2a ±ads = ^ In 2, so the total flux is 

2-ks 1 2-k J a s 27T ' 



$ = 2$i = 



/io/a In 2 



M = 



/iga In 2 



/Uofcaln2 



in magnitude. 



Direction: The net flux (through the big loop), due to / in the little loop, is into the page. (Why? Field 
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses 
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced 



current in the big loop is such that its field points out of the page: it flows counterclockwise. 



Problem 7.22 

B = nonl => <f>i = fiQnlnR 2 (flux through a single turn). In a length I there are nl such turns, so the 
total flux is <f> = [i 0 n 2 irR 2 H. The self-inductance is given by $ = LI, so the self-inductance per unit length is 



C = fiQTi ttR ■ 



Problem 7.23 

d-e 

The field of one wire is B x = gai so $ = 2 • ^1 • / f ^ = ^ In ( ^ ) . The e in the numerator is 

e 

negligible (compared to d). but in the denominator we cannot let c — >■ 0, else the flux is infinite. 

Evidently the size of the wire itself is critical in determining L. 



L=f^ln(d/e) 

7T 



Problem 7.24 



(a) In the quasistatic approximation B = <j>. So $1 = ^ ' ' 

2ns 2ir 



\n(b/a). 



-hds = 
s 2tt 

This is the flux through one turn; the total flux is N times <!>!: <f> = — ln(6/a)/ 0 cos(ujt). So 



£ = — - = 
dt 



d$ [i 0 Nh 



2tt 



ln(b/a)IouJsm(Lut) = 



(4tt x 1Q- 7 )(10 3 )(1Q- 2 ) 
2?r 



2tt 

ln(2)(0.5)(27r 60) sin(tji) 
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2.61 x Kr 4 sin(wf) 



5.22 x lCT 7 sin(u;t) 



(in volts), where ui = 2ir 60 = 377/s. I r = — = — — — — siu(wi) 

(amperes). 



(b) 



I — ; where (Eq. 7.27) L = ln(6/a) 



(4 7 rxl0~')(10'')(10~^) 
2tt 



ln(2) = 1.39 x 1(T 3 (henries). 



Therefore £ b = -(1.39 x 10~ 3 )(5.22 x 10~ 7 uj) cos(wi) = -2.74 x 10~ 7 cos(wt) (volts). 
Ratio of amplitudes: 



2.61 x 10" 



1.05 x 10- 



2irR 



\n(b/a). 



Problem 7.25 

With I positive clockwise, £ = = Q/C, where Q is the charge on the capacitor; I = so 



<rc\ 
dt 2 



-lu 2 Q, where ui 



ILC 



The general solution is Q(t) = Acosuit + B sin u>t. At t = 0, 



Q = CV, so A = CV; 7(i) 
7(t) = -CVwsinarf = 



\ ^ SHI 



Aw sin + Bw sin u;i. At t = 0, I = 0, so £> = 0, and 
i 



If you put in a resistor, the oscillation is "damped" . This time —L^ = ® + IR, so L'^- + R^§- + = 0. 
For an analysis of this case, see Purcell's Electricity and Magnetism (Ch. 8) or any book on oscillations and 

waves. 

Problem 7.26 

(a) W = \LI 2 . L = fi 0 n 2 TrR 2 l (Prob. 7.22) 



W = ^ 0 n 2 TTR 2 lI 2 



(b) W = \ §{A-I)dl. A = (fi Q nI/2)R4>, at the surface (Eq. 5.70 or 5.71). So W 1 = \^LRI ■ 2ttR, for one 
turn. There are nl such turns in length I, so W — ^uon 2 irR 2 H 2 . / 

(c) W — ^jB 2 dT. B = uqhI, inside, and zero outside; Jdr — irR 2 l, so W — i^n^n 2 I 2 TTR 2 l = 
\^n 2 TTR 2 U 2 / 

(d) W = ^ [JB 2 dr - /(AxB)-da] . This time JB 2 dr = uln 2 I 2 Ti{R 2 - a 2 )l. Meanwhile, 
AxB = 0 outside (at s = b). Inside, A = ^^-afy (at s = a), while B = fi 0 nl z. 



AxB = |/ipti 2 / 2 a(0Xz) 



points inward ("out" of the volume) 
/ 



S 

/(AxB) • da = J(^ 2 n 2 I 2 as) ■ [a defr dz(-s)] = -\n 2 n 2 1 2 a 2 2-Kl . 
W =Wo bW l2 <R 2 - v 2 ) 1 + u 2 n 2 I 2 Tra 2 l] = \^n 2 I 2 R 2 nl. / 



r 



4> 



Problem 7.27 



B = 



2ns 



W = 



2^o 



B 2 dr = 



1 u 2 n 2 I 2 f 1 



2/i 0 4tt 2 



i ds = — s — h2ir In 



1 

47T 



Hon 2 1 2 hln(b/ a) . 



^-n 2 hln(b/a) (same as Eq. 7.27). 
2n 



Problem 7.28 



j-R-dL = B(2ns) = u a I cnc = u Q I(s 2 /R 2 ) 

,2t2 i-R 



B 



2ttR 2 ' 



W 



1 

2/io 
Mo 



B 2 dr=^J^ 



2u 0 An 2 R 4 J 0 



s 2 {2-Ks)lds 



47ri? 4 4 ' o 



Vol 
16tt j 



-LI . 



So L = —I, and C = L/l = ^q/Stt^ independent of R\ 

07T 
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Problem 7.29 



dl 



(a) Initial current: I a = £q/R. So = IR - 

(b) P = I 2 R= (£ a /R) 2 e- 2Rt ' L R = £ l e - 2Rt ' L -- 



dt L 
dW 



I(t) = \e~ mlL . 



W 



f 2 
R 



-2Rt/L dt= £ l 
R 



R 

2R 6 J 



dt ' 

oo n 2 



R 



°-(Q + L/2R) 



\l(£ 0 /R) 2 



(c) Wo = \LI 2 = \ (£ 0 /R) 2 . / 



Problem 7.30 

(a) Bi = Ji [3(ai"£ )-£ — ai], since mi = The flux through loop 2 is then 



B r a 2 



Mo J- 

47T 1 



3 Ji[3(a r * )(a 2 -* ) - a r a 2 ] = MJi. 



M 



Mo 



g[3(ai-* )(a 2 -* ) -a r a 2 ]. 



(b) E\ = — M^-, = Sill = MIi^-. (This is the work done per unit time against the mutual emf in 



loop 1 — hence the minus sign.) So (since I\ is constant) W\ — MIiI 2 , where I 2 is the final current in loop 2: 



W = 



Mo 



:[3(mi-«i )(m 2 -<i ) - mi-m 2 ]. 



Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole 
moments were fixed, and we did not worry about the energy necessary to sustain the currents themselves — only 
the energy required to move them into position and rotate them into their final orientations. But in this 
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For 
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited 

there. 

Problem 7.31 

The displacement current density (Sect. 7.3.2) is = e 0 ^ = ^ = ^z. Drawing an "amperian loop" at 
radius s, 



B-dl — B ■ 2irs — ^ 0 ^d onc = Mo~ 



TTS = /J, 0 I^ => B = 



Hols 2 , 
2-Ksa 2 ' 



B 



Mo/s 
2na 2 



0- 



Problem 7.32 

am 



(a)E 



eo 



z; a(t) 



Q(t) 


It 


It . 






ira 2 




2 Z 

7re 0 a 






dE 2 

— - — TTS = 

dt 


4 


<j>B-d\ = ti 0 Id cnc => B2ns = Mo^ => B = 


Hoi x 
2™^ 



(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle 
of radius s. The charge density (at time t) is 



[I-I(s)]t 
a{t) = ns 2 ■ 

Since we are told this is independent of s, it must be that I — I(s) — (is 2 , for some constant (3. But 1(a) = 0, 
so (3a 2 = 1,01/3 = I/a 2 . Therefore I(s) = 1(1 - s 2 /a 2 ). 



B2lTS = Holenc = Ho[I - I(s)} = hqI'- 



B 



Vol 
2ira 2 



s (p. 
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Problem 7.33 

(a) 3d = e 0 — cos(wi) In (a/s) z. But I 0 cos(u>t) = I. So 

Z7T 



J d = — — w 7In(a/s)z. 
Ztt 



(b) Id = fjd-da= ^ l ° e ^ LL ' / ln(a/s)(27rs ds) = ^o £ o^ 2 7 / (sin a — slns)d. 
= fi 0 e 0 uJ 2 I 



(In a) %- - %■ In s + 



%4n a - %An a + ± 



„ 2 ~ 




HoeoU) 2 I a 2 


4 




4 



(c) 



I d Po^o^ a 



2„2 



2c _ 3xlO s m/s 
TOa — 5xl0- 3 m ' 



Since ^ 0 £o = 1/c 2 , Id/7 = (wa/2c) 2 . If a = 10 3 m, and If = y^, so that ^ = jq, 

10 10 Hz, or 10 4 megahertz. (This is the 



or cu = 0.6 x 10 n /s = 6xl0 lo /s; v 



2tt 



microwave region, way above radio frequencies.) 



Problem 7.34 

Physically, this is the field of a point charge —q at the origin, out to an expanding spherical shell of radius 
vt; outside this shell the field is zero. Evidently the shell carries the opposite charge, +q. Mathematically, 
using product rule #5 and Eq. 1.99: 



V E = 0(rl -r)V- ( ± f ) - ± f • V[9{vt - r)} = -^-S 3 (r)9(vt - r) - -| (f • f ) %-6{rl - / .; . 



47re 0 r 2 J Atteq r 2 

dr ^ 

p = e 0 V • E 



47reo r 2 v " dr " 



But S 3 (r)9(vt -r) = 5 3 (r)9(t), and £-9(vt - r) = -6{vt - r) (Prob. 1.45), so 



- q S 3 (r)6(t) + ^- 2 5(vt-r). 



(For t < 0 the field and the charge density are zero everywhere.) 

Clearly V • B = 0, and V x E = 0 (since E has only an r component, and it is independent of 9 and cj>). 
There remains only the Ampere/Maxwell law, VxB = 0 = (IqJ + po e odE/dt. Evidently 



<9E 



q d 
47re 0 r 2 dt 



[9{vt - r)] 



Airr 2 



vS(vt — r) f . 



(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv, 
as expected — Eq. 5.26.) 

Problem 7.35 

From V-B = p-oPm it follows that the field of a point monopole is B = ^jj^z* • The force law has the 
form F oc q m (B — ^vxE) (see Prob. 5.21 — the c 2 is needed on dimensional grounds). The proportionality 



constant must be 1 to reproduce "Coulomb's law" for point charges at rest. So 



F = </ m (B-^vxE). 



Problem 7.36 

Integrate the "generalized Faraday law" (Eq. 7.43iii), VxE = -/i 0 J m — over the surface of the loop: 



J (V x E) • da = j> E • d\ = £ = -p, 0 j J m • da - J B da = -jJLoI n 



_ M 
onc ~ ~dt' 



_ T dl dl ll 0 1 d<f> t ^0a^ 1a*! a^-t i -i 

But t = —L-, so — = —l„i CDC + y^T> or 7 = —AQ m + — A*, where AQ m is the total magnetic charge 

dt dt Lj li dt Li li 

passing through the surface, and A<1> is the change in flux through the surface. If we use the flat surface, then 
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AQ m = q m and A<& = 0 (when the monopole is far away, $ = 0; the flux builds up to p 0 q m /2 just before 
it passes through the loop; then it abruptly drops to — /ioq TO /2, and rises back up to zero as the monopole 
disappears into the distance). If we use a huge balloon-shaped surface, so that q m remains inside it on the far 
side, then AQ m = 0, but <!> rises monotonically from 0 to poq m - In cither case, 



L 



[The analysis is slightly different for a superconducting loop, but the conclusion is the same. 



Problem 7.37 

V IV dD d , s d 

The ratio of the amplitudes is therefore: 



Vq C0S(27T vt) 



-2-kv sm(2-Kvt)]. 



J c V 0 d 



Jd pd 2ni/eVo 2-Kvtp 



[2tt(4 x 10 8 )(81)(8.85 x 1CT 12 )(0.23)] 1 



2.41. 



Problem 7.38 

The potential and field in this configuration arc identical to those in the upper half of Ex. 3.8. Therefore: 



1= 3-da = a E-da 




where the integral is over the hemispherical surface just outside the sphere 



But I can with impunity close this surface: 
(because E = 0 down there 
anyway — inside a conductor) 



So / = a jEi-da = f-Q enc — f- J(J e da, where a e is the electric charge density on the surface of the hemisphere- 
to wit (Eq. 3.77) a e — 3eoEoCOs6. 

a r r /2 

I = —3e 0 E 0 / cos 0 a 2 sin 6 dO dcf> = 3aE 0 a 2 2n / sin 6» cos 6» d6» = 3aE 0 ira 2 . 
eo J Jo 



tt/2 
0 



But in this case Eq = Vo/d, so 



3o"7rVba 2 



Problem 7.39 

Begin with a different problem: two parallel 
wires carrying charges +A and —A as shown. 



Field of one wire: E : 



2^s; potential: V = -^ln(s/a). 



Potential of combination: V = m ( s -/ s +): 
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Find the locus of points of fixed V (i.e. equipotential surfaces): 
(y + b) 2 + z 2 



(y - b) 2 + z 2 



n{y z - 2yb +b z + z z ) = y z + 2yb + b z + z z ; 



y 2 (fi - 1) + b 2 {p - 1) + z 2 ( f i - 1) - 2yb(p J + 1) = 0 => y 2 + z 2 + b 2 - 2ybf3 = 0 [0 = 
(y - b(3) 2 + z 2 + b 2 - b 2 f3 2 = 0 (y - bp 2 ) + z 2 = b 2 {(3 2 - 1). 



/j+ 1 



This is a czrc/e, with center at y 0 = b(i = b(f±±) and radius = by/0 2 - 1 = b ^ (m2 + 2m ^r/fi 2 ~ 2m+ 1 ) = 
i image solution t< 
neters 6, /x, and A 



^-1/ ' v ' - y (M-l) 2 

This suggests an image solution to the problem at hand. We want y 0 = d, radius = a, and V — Vq. These 
determine the parameters b, /j, and A of the image solution: 



d ya b {j^t) M + 1 n „ d 
- = — - — = ; = . Call - = a. 
a radius 20 v^ 2^/p, a 

Aa 2 /j, = (fi + l) 2 = it 2 + 2/i + 1 =>• it 2 + (2 - 4a 2 )it + 1 = 0; 



4a 2 - 2 ± v/4(l - 2a 2 ) 2 -4 , , , r- 

H = ^ = 2a 2 - 1 ± y/l - 4a 2 + 4a 4 - 1 = 2a 2 - 1 ± 2a V / a 2 - 1; 

47reoVo _ ^ ^ _ — 47reoVo That's the line charge in the image problem. 

A P In (2a 2 - 1 ± 2aV^^l) 

I = [ J-da = a ( E-da = o — Q enc = 
J J £o eo 



A-kuVc 



o 



Ihe current per unit length is i = - — — = — — . 

I eo In (2a 2 - 1 ± 2aV^ 7 l) 
the cylinders are far apart, d ^> a, so that a>l. 



Which sign do we want? Suppose 



( ) = 2a 2 - 1 ± 2aVi - 1/a 2 = 2a 2 - 1 ± 2a 2 



1 



1 



1 



2a 2 8a 4 

[ 4a 2 - 2 - 1 /2a 2 H w 4a 2 (+ sign) , 

4a 2 ^ 1-1 /4a 2 (-sign). 

The current must surely decrease with increasing a, so evidently the + sign is correct: 



= 2a 2 (l±l)-(l±l) T -3± 



4iraV 0 , d 

— ; , , where a = -. 

In (2a 2 - 1 + 2aVa 2 - l) a 



Problem 7.40 

(a) The resistance of one disk (Ex. 7.1) is dR — — — - E 



disk. The total resistance is 



R= P 



dz= P -' 1 



—j — —^i dz, where r — (^jf) z + a is the radius of the 
-1 1 L pL 



7T \b-aj 1 [(*=»)*; + , 



7r(6 — a) 



(b — a + a) a 



PL 




= 


pL_ 


7r(6 — a) 




■nab 



(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not (Nor is it radial with respect to 
the apex of the cone, since the ends are flat. This is not an easy configuration to solve exactly.) 
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(c) This time the flow is radial, and we can add the resistances of nested spherical shells: dR = — dr, where 



A = 



/ r 2 smdd0d<i) = 27rr 2 (-cos6<)^ = 2nr 2 (l - cos 6). 
Jo 



r 


a 









R = 



2;r! 1 - < os ff) J ra r< 
p(b — a) sin 9 
2irab (1 — cos ( 



dr = 



2tt(1 — cos 9) \ r a rb 
b — a 



rb — r a \ a b 

. Now — = — = sin ( 



n 



But sin 9 = 



^JL 2 + (b - a) 2 



and cos 9 — 



L 



^L 2 + (b-a) 2 ' 



p(b-a) 2 1 


2nab 


^L 2 + (b-a) 2 -L 





[Note that if b - a <C L, then L 2 + (b - a) 2 = L 
P L 



1 (b - af 

2 L 2 



and R = 



p(6-«) 2 



1 



2vra6 {b-a) 2 /2L 



■nab 



, as in (a). 



Problem 7.41 



From Prob. 3.23, < 



Vi n {s,4>) = ^V& fe sin(fc0), 0<a); 
fc=i 

oo 

t4ut(s» = ^s~ k d k sm(k(f)), (s > a). 



k=l 



(We don't need the cosine terms, because V is clearly an odd function of <f>.) At s = a, V- ln — V ou % — Vq4>/2-k. 
Let's start with Vi n , and use Fourier's trick to determine bk'- 

V 0 



oo -,t , oo pir 

Y j a k b k s\u{k4>)= V ^^Y, ak ^ / 

k = l Zn k = l J -" 

sm(k(ft) sin(fc (ft) d<fi — n5 k k' , an d 
4>sm(k'(ft) d<j> 



sin(fc0) sixi(k'<ft) d(j) = 



2tt 



4>sm{k'4>) d(p. But 



1 

W) 



— sm(k'<ft) - — cos(k'(, 



na bk = 



2tt 



t b,, = - 



, or 0 k 



k' 
V 0 



1 



irk V a 

k 



2tt 

■— cos(fc» 



and hence VS n (s, 



_Vo " 

7T 



E 

fc=i 



sin(k<ft). 



Similarly, V out (s, (ft) = — — — f — V sin(fe0). Both sums are of the form S = T(~ x ) k sin(k(ft) (with 

fe=i fe=i 
x = s/a for r < a and ie = a/s for r > a). This series can be summed explicitly, using Euler's formula 

oo oo 

(e 10 = cos9 + ism9): S = Im^ -{-xfe 1 ^ = Im^ - i 



fc=i 

But ln(l + u;) = to w 2 H — w 3 w 4 

2 3 4 



k=i 
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Now In (Re id ) =lnR + i6, so S = -9, where 



tan# 



ism ( 



Im (1 + are 1 *) _ ± [(l + are 1 *) - (l + are" 1 *)] _ a; (e''* - e"**) 
Rc (1 + are 4 *) ~~ | [(1 + are**) + (1 + are-**)] ~~ i [2 + x (e»* + e - **)] _ 1 + ar cos <f>' 



Conclusion: 



V in (s,<f>) = — tan 1 



s sin ( 



a + s cos 0 



xr , ,n i / asin^ 

V out (s,<j>) = -^tan^ 1 — 

7T V s + a cos i 



0 < «); 



(s > a). 



(b) From Eq. 2.36, a{4>) = -e 0 



5V OI 



9s 



5V n 



ds 



dV m 



ds 



ds 



Vo 

7T 



7T 



(— asin( 



1 + 



/ a sin 0 \ 
V s+a cos 0 J 



(s + a cos ^>) 2 



7T 



asin< 



(s + acoscj)) 2 + (a sin </>) 2 



asmi 



7r V s2 + 2as cos + a 2 J 

1 [(a + s cos (/») sin 0 — s sin <j> cos 0] I Vb 



1 



/ s sin 0 \ ' 
\ a+s cos 0 y 



(a + SCOS (j)) 2 



asm< 



7r V s 2 + 2ascos0 + a 2 



9V in 



9s 



9Vo, 



9s 



sm< 



27ra V 1 + cos < 



so a(4>) 



i! ■ scos^) 2 + (ssin 0) 2 



eoVb sin 0 

7TO (l+COS</>) 



£oV 0 



7ra 



tan(0/2). 



Problem 7.42 

(a) Faraday's law says VxE=-^, so E = 0 ^ ^ = 0 ^ B(r) is independent of t. 

(b) Faraday's law in integral form (Eq. 7.18) says § E • d\ = —dQ/dt. In the wire itself E = 0, so <f> through 
the loop is constant. 

(c) Ampere-Maxwell=> VxB = ^ 0 J + Mo e o^, so E — 0, B = 0 => J = 0, and hence any current must be 
at the surface. 

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = ^ 0 acuaz. So to cancel 



such a field, we need acoa = — 



3_Bo 
2 Mo 



Now K = crv = auia sin 9 <f>, so 



K 



sin 9 (p. 

2mo 



Problem 7.43 

(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13 
and 2.14), so the image dipole points down (-z). 



(b) From Prob. 6.3 (with r -> 2z): 



F = 



3/io rn 2 



4 ' 



3^.o m 



= Mg h = 



1 / 3/xqto 2 \ 

2 V 27rM ff / 



2\ V4 
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(c) Using Eq. 5.87, and referring to the figure: 



B = ^^^tt {[3(mz • - mi] + [3(-mz • f 2 ) f 2 + mi]} 

in (ri) J 



Sfiom 
47r(ri) 3 
3/iow 



47r(ri) 3 

3/io m 
"27r(n) 3 S1 
Sfiomh 



[(i ■ fi) fi - (z ■ f 2 ) f 2 ] . But z • f i = — z • f 2 = cos i 
cos#(f i + f 2 ). But f i + f 2 = 2 sin 6* f . 



r 



2tt (r 2 + h 2 f/ 2 



! k 

= Vr 2 + h 2 . 


/r 2 


— m, 





Now B = ^ 0 (K x z) z x B = /^o z x (K x z) = [K — z(K • z)] = /i 0 K. (I used the BAC-CAB rule, 
and noted that K • i = 0, because the surface current is in the xy plane.) 

3mh r 



/io (Z>< ' 2tt (r 2 + /i 2 ) 5 / 2 



(z x f) = — - 



2tt (r 2 + /i 2 ) 5 / 2 



4>. qed 



Problem 7.44 

Say the angle between the dipole (mx) and the z axis is 9 (see diagram) 

The field of the image dipole (m 2 ) is 

B(z) = £ ( ^[3(m 2 .z)z-m 2 ] 
for points on the z axis (Eq. 5.87). The torque on mi is (Eq. 6.1) 



N = mi x B = 



Mo 



4tt(2/i) : 



[3(m 2 • z)(mi x i) - (mi x m 2 )] 





z, 








'mi 






h 




\ 




x m 2 )] . 







But mi = m(sin 8 x + cos 8i), m 2 = m(sin6*x — cos 9i), so m 2 • i — — mcosd, mi x z = — msin^y, and 
mi x m 2 = 2m 2 sin 8 cos 8y. 



N 



4tt(2/i) : 



[3m 2 sin 8 cos 8 y — 2m 2 sin 8 cos 8 y)] 



4tt(2/i) : 



■ smt'cost'y. 



Evidently the torque is zero for 9 = 0, n/2, or 7r. But 0 and n are clearly unstable, since the nearby 
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is 8 = n/2: 



parallel to the surface (contrast Prob. 4.6). 

In this orientation, B(z) = — 47r /^"^p x, and the force on mi is (Eq. 6.3): 



Mo?™ 



47r(/i + z) 3 



F = V 

At equilibrium this force upward balances the weight Mg: 

3/iQTO 2 



3/iom 2 



4ir(h + z) 4 



3[iom 2 
4tt(2/i) 4 



4:TT(2hy 



Mg=>h 



1 ( 3fiom 2 \ 

2 V 4ttM 5 / 



2\ V4 
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Incidentally, this is (1/2) 1 / 4 = 0.84 times the height it would adopt in the orientation perpendicular to the 
plane (Prob. 7.43b). 

Problem 7.45 

f = vxB; v = ua sin B <p\ f = luciBq sin 6{<pxi). £ = fi-dl, and dl = add 6. 
So £ = uja 2 B 0 J* /2 sin 9(<pxzy 0d8. But 0.(0x2) = z-(0X<£) = z-r = cos0. 

/■ir/2 „:„2 

£=uja 2 Bo / sin 6 cos 6 d6 = LLia 2 Bo 



2 r sin 0-, F /2 



1 



(same as the rotating disk in Ex. 7.4). 



Problem 7.46 

(a) In the "square" orientation (□), it falls at terminal velocity 



^square 



mgR 

m 2 



"diamond" orientation (O), the magnetic force upward is F — IBd (Prob. 5.40). 

The flux is $ = B [I 2 - (d/2) 2 ] , and d/2 = l/y/2 - y, 
so<S> = B[l 2 -(l/V2-y) 2 ]- ' 
£ = 



(Prob. 7.11). In the 



' dt 



= -2B(l/y/2-y)%. But # = -r 



dl ' 




So £ = 2Bv (l/y/2 -y) = IR=>I=2Bv - y ) ■ F = 2 ■ ^ (l/y/2 - y) = mg (at terminal velocity). 

mgR 



^diamond — 



AB 2 (l/V2-y 



2 ' 



(This works for negative y as well as positive, if you replace y by \y\.) 



m-i ^square 

Ihus — 2 



^diamond 



[m 2 ~ 



mgR 



\ 2 

V2 - 2y/l) . At first (y ~ l/y/2) the "diamond" falls faster; 



toward the halfway mark (y ~ 0), the "square" falls twice as fast; then the diamond again takes over. The 
total time it takes for the square to fall is: 



t. 



I 



square 



^square 



2/3 



BH 
mgR 



(assuming it always goes at the terminal velocity, which — as we found in Prob. 7.11 — is close to the truth, 
if the field is strong). For the diamond, t is 



dy 



^diamond 



8B 2 
mgR 



l/y/2-y) dy 



8B 2 
mgR 



10 



8B 2 1 I 3 



l/s/2 



l/y/2 mgR 3 2V2 



2V2 B 2 l 3 
3 mgR 



So tsquareAdiamond = 3/2%/2 = 1.06. The "square" falls faster, overall. If free to rotate it would start out in the 
"diamond" orientation, switch to "square" for the middle portion, and then switch back to diamond, always 
trying to present the minimum chord at the field's edge. 



(b) F = IBl; $ = 2B fi a \/a 2 - x 2 dx (a = radius of circle). 

£ = -§ = -2B^ a^y~ 2 j = 2B vy/tf=tf = IR. 

I = 2 -ttV^7; 1/2 = Va^¥- So F = ^{a 2 - y 2 ) = mg. 
mgR 



"circle 



^-circle — 



AB 2 (a 2 ~y 2 )' 
r a dy AB 2 

J+a i 



z 


// 


\}z/2 




' y ' 





mgR 



(a 2 ~y 2 )dy= ^ < ~ 2 



mgR (^~3 y3) 



AB 1 



mgR 3 



(i« 3 ) = 



16 B 2 a 3 
3 mgR 
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Problem 7.47 

(a) In magnetostatics 



V • B = 0, VxB = w J => B(r) = ^ / 

47T J 

For Faraday electric fields (with p = 0), therefore, 

V • E = 0. V < E = => E(r,t) 



/* J(r') x * 



<9B 

'at" 



dr'. 



i a r B(r',t) x * 



4tt dt 



I 



(with the substitution J — > — ^^jf •) 



(b) From Prob. 5.50a, 



A , . 1 /" B(r',t) x 4 , . 
A(v,t)=-J -LJ-^ dr', soE 



•2- 



sa 

' at"' 



dr' 



[Check: VxE = -|(Vx A) = -^, and we recover Faraday's law.] 



(c) The Coulomb field is zero inside and -A— Q f 



• - a— f=^f outside. The Faraday field is - - . 

47reo ^ 47reo H eor J •* at ' 

where A is given (in the quasistatic approximation) by Eq. 5.67, with ut a function of time. Letting ui = dw/dt, 



OA 



HqRioct 



r sin 9 <fi 



tjR 2 llqR a ujg sin 9 

r 

e 0 r 2 3 r 2 



(r < R), 



4> (r > R). 



Problem 7.48 

qBR = mv (Eq. 5.3). If R is to stay fixed, then qR—- = m— = ma = F = qE, or E = R— — . But 

dt dt ' dt 

^ „ d$ „ d$ 1 d$ n dB „ 1 / 1 , . 

E-cM = — — , so E2nR = — , so — = R— , or _B = -- -$ + constant. If at time t = 0 

dt dt 2?ri? dt dt 2 V ?ri? 2 



the field is off, then the constant is zero, and B(R) = 



1 / 1 



2 \irR 2 

must be half the average field over the cross-section of the orbit, qed 



$ I (in magnitude). Evidently the field at R 



Problem 7.49 

Initially, ,JJ f- = j^-pr => T = \mv 2 = After the magnetic field is on, the electron circles in a 

new orbit, of radius n and velocity v\\ 



1 qQ 



1 1 qQ 1 



, l qv 1 B^T 1 = -mv 2 1 = ^-^— + ^qv 1 r 1 B. 
r\ 47re 0 rj 2 2 47re 0 ri 2 

But n = r + dr, so (r^- 1 = r" 1 (l + ^ r" 1 (l - while v 1 = v + dv, B = dB. To first order, then, 

Tl = lJ-rt(l-*) + Uvr) dB, and hence dT = T, T = dB - I J- dr. 
247re 0 r V r / 2 2 2 47re 0 r 2 



Now, the induced electric field is £ = (Ex. 7.7), so = qE = f^-, or mdv = fdB. The increase in 



kinetic energy is therefore dT = d(^mv 2 ) = mv dv — ^fdB. Comparing the two expressions, I conclude that 



= 0. qed 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



144 



CHAPTER 7. ELETRODYNAMICS 



Problem 7.50 

d<f> a 

£ = — = —a. So the current in R\ and R2 is I = 

dt Ri+R 2 



the voltage across R\ (which voltmeter #1 measures) is V\ = IR\ 

(Vb is lower). 



; by Lenz's law, it flows counterclockwise. Now 
aRi 



R\ + i?2 



(Vb is the higher potential), 



and V 2 = -IR2 



-aR 2 



R1 + R2 



Problem 7.51 

£ = vBh = - 



T dl „ „„ dv d 2 v hBdl hB fhB 

L-; F = IhB = to — ; = = 

at at dt z m dt to 



dt 2 



-L0 2 V, 





hB 


with 


UJ = . 




y/mL 



Problem 7.52 

A point on the upper loop: r 2 = (a cos 0 2 , a sin 0 2 , z); a point 



on the lower loop: ri = (bcoscj)i, 6sin0i,O). 
— 6cos 4>i) 2 + (asm 0 2 — bs'm 0i) 2 + z 2 

1 , l2 2 1 , 2 • 2 1 n t • 1 ■ 1 , 1.2 • 2 1 1 

- + 0 sin cpi + z 



1 2 = (r 2 - ri) 2 = (acos(f> 2 >,*~K, ri , , ,~ 

.2 w> — 2o6cos 4>2 cos 0i + b 2 cos 2 0i + a 2 sin 2 0 2 — 2a6sin 0i sin 0 2 + & 2 sin 2 

)S 0i + sin 0 2 sin 0i ) = a 2 + fe 2 + z 2 — 2ab cos(0 2 — 0i ) 



= a COS 0 2 — ZBUCUS <^ 2 cos (pi T u cos ipi -f 

= a 2 + b 2 + z 2 — 2ab(cos 0 2 cos 0i + sin 0 2 sin 0i) = a 2 + b 2 + z 2 - 
= (a 2 + b 2 + z 2 ) [1 - 2/3cos(0 2 - 4>i)] = j [1 - 2/3cos(0 2 - 0i)] . 

dli = bdepi 4>i = bd(pi[— sin 0i x + cos 0i y]; rfZ 2 = &d0 2 </> 2 = aci0 2 [— sin 0 2 x + cos0 2 
dli-dl 2 — abd(j>i <i0 2 [sin 0i sin 0 2 + cos 0i cos 0 2 ] = a6cos(0 2 — 0i) <i0i c?0 2 . 



9], so 



M = 



Mo 

47T 



dli-dh Mo 
1 



4^y/ab/0jJ ^l-2/3cos(0 2 -0i) ~ 



Both integrals run from 0 to 2tt. Do the 0 2 integral first, letting u = 02 — 0i: 

/" cosu , f cosu , 

/ . du = - du 



(since the integral runs over 
0i integral is just 27r, and 



/cosu 
VI - 2/3 cos u " _ 7 VI ~ 2/3 cos u 

-0i 0 

a complete cycle of cos u, we may as well change the limits to 0 — > 27r) . Then the 



Mo r-rr; „ f 2rr cos u 
M=^Jab(32-K =du 
4tt v 7 0 VI ~ 2/3 cos it 



cosw 



VI — 2/3 cos u 

(a) If a is small, then /3 <C 1, so (using the binomial theorem) 

1 / 27r cosu f 27T f 2lT , 

-^^=^^= = 1 + p cos u, and / ^^^^^^^= du= cos udu + (3 \ cos' 
VI -2/3 cos u Jo VI -2/3 cos u J 0 J 0 



du. 



and 



hence M = (^ Q Tt /2)^fabfP . Moreover, 0 = ab/(b 2 + z 2 ), soM~ 



[iQ-Ka 2 b 2 

2 ( & 2 + z 2)3/2 



s 2 udw = 0 + /3-7T, 
(same as in Prob. 7.20). 
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(b) More generally, 



1 3 5 

. = 1 + (3 cos u H — /3 2 cos 2 u H — /3 3 cos 3 u - 

V 1 - 2/3 cos u 2 2 



so 



M = — abf3 < / cosudu + /3 / cos 2 u du +- f3 2 / cos 3 u du + -/3 3 / cos 4 u du + -- 
2 LJo Jo 2 Jo 2 J 0 



} 



Mo 



0 + /3W + ^ 2 (0) + ^ 3 (^) + 



Mo 71- 
2 



y^(l + f/3 2 + ()/? 4 + ---). 



qed 



Problem 7.53 

Let <& be the flux of B through a single loop of either coil, so that <&i = N\<fr and <I> 2 = iV 2 <I>. Then 



d<f> 

5l = -M^, ^2 

at 



_ r d$ £ 2 ^2 

- N 2-J7, SO — = — . 



qed 



Problem 7.54 

(a) Suppose current I\ flows in coil 1, and I 2 in coil 2. Then (if $ is the flux through one turn): 

Li M L 2 M 

§ 1 =hL 1 + Mh = N 1 §- $ 2 = I 2 L 2 + Mh=N 2 $, or$ = / 1 — + / 2 — = / 2 — +/! — . 

1\\ ivj iv 2 jv 2 



In case 1\ = 0, we have J|J 



^f; if J 2 = 0, we have ^ 
d *i = L^ + M<£ = V 1 cosM); -£ 2 = 



(b) -f 1 - dt 

(c) Multiply the first equation by i 2 : P1P2 (J . 



^ Dividing: ^ 



or L 1 L 2 = M 2 . qed 



d$2 
dt 



-I 2 R. qed 



P 2 ^M = L 2 V 1 cosuot. Plug in = -7 2 P - M^. 



M 2 ^ _ Mi?7 2 - M 2 ^l = £, 2 y| C0SClrf ^ 


I 2 (t) = MR cosut. 




— — = — coswr cosmiot 

dt L 1 \ R J 


y / \ V x ( 1 . L 2 \ 
ii(t) = — — sinwt + — cos uot 1 . 
L\ \io R J 



(d) 



^P -^cosLotR L 2 N 2 , „ , , , iV 2 

= — Mil = = . The ratio of the amplitudes is — . qed 

Vi cos Lut Vi cos Lot M Ni N ± 



(c) Pin = Vi n Ii = (Vi cos cut) (^-) ( — sin tot + ^-costot 

L\ \ iu R 



(31 

Li 



1 . L 2 2 

— sin ivt cos uot + — cos uot 

LU R 



Pout — V out I 2 — {h) 2 R - 



(L 2 Vi) 2 2 . 

COS LOt. 

M 2 R 



SO (P in ) = ^l) 2 (^) 5 (Pout) - ^l) 2 



Average of cos 2 tot is 1/2; average of sinwt cos cot is zero. 



M 2 P 



^ 2^ 



(i 2 ) 



2 1 (Vi) 2 £ 2 



L\L 2 R 



i (-Rn) — (Pout) — 



2PiP 



Problem 7.55 

(a) The continuity equation says ^ = — V-J. Here the right side is independent of t, so we can integrate: 
p(t) = (— V-J)t+ constant. The "constant" may be a function of r — it's only constant with respect to t. So, 
putting in the r dependence explicitly, and noting that V-J = — p(r, 0), p(r, t) — p(r, 0)t + p(r, 0). qed 
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(b) Suppose E= = ^f^^dr. We want to show that VB = 0, VxB = 



[aqJ + /ioeo^; V-E = j-p, and VxE = — provided that J is independent of t. 

We know from Ch. 2 that Coulomb's law = ^ / ^ dr^j satisfies V-E = ip and VxE = 0. Since 

B is constant (in time), the V-E and VxE equations are satisfied. From Chapter 5 (specifically, Eqs. 5.45- 
5.48) we know that the Biot-Savart law satisfies V-B = 0. It remains only to check VxB. The argument in 
Sect. 5.3.2 carries through until the equation following Eq. 5.52, where I invoked V'-J = 0. In its place we 
now put V'-J = — p: 

P0 f , s * 



V X B = p 0 3 - 



4tt 




, dr (Eqs. 5.49-5.51) 



(-J-V')#r ( E q- 5-52) 



Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is 



r V'-J 



A-p). So: 



VxB = p 0 J - 



Mo 
4tt 



4 , . u T d r i 

—^{-pjdT = p Q J + p Q e a — > — 



dt \^t 0 J 1 



pi J T dE 

3- dr 'f = paJ + p 0 tQ — . qed 



dt 



Problem 7.56 

(a) dE. 



1 (-X)dz . 

sin 0 



47T£o 



sm v = 



& = V z 2 + s 2 



E z = 


" / 


r zdz 


A 


-1 


ut 


47T£ 0 J 


( z 2 + s 2)3/2 


47T60 


\Jz 2 + s 2 


ft 


E z = 


A 






1 1 




47re 0 




- s 2 v / ( w *) 2 + s2 






(b) 



A 



1 



A 



4^eoio 1 v/(^-e) 2 + s 2 ^{vt) 2 + s 2 J 2e 0 



V / (^-e) 2 + s 2 - v/(^) 2 + s 2 



A 

2^ 



^J(vt-e) 2 + a 2 - \J{vt) 2 + a 2 - (e - vt) + (vt) 



(c) I d = e 0 



v(vt — e) 



v(vt) 



^(vt - e) 2 + a 2 



2v 



As e — > 0, < e also — > 0, so — > f (2u) = Xv = I. With an infinitesimal gap we attribute the magnetic field 
to displacement current, instead of real current, but we get the same answer, qed 



= 0 



df 



Problem 7.57 

_ ld_ ( c d(zf) \ + d 2 (zf) _ z_d_ (df\ _ Q ^ d_ f df 
s ds \ ds J dz 2 s ds \ ds ) ds 
ds 

A — = df => / = ^41n(s/so) (so another constant). But (ii) f{b) — 0, so ln(6/so) = 0, so sq = 6, and 
s 



s — = A (a constant) 
ds 
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V(s,z) = Az]n(s/b). But (i) => Az\n(a/b) = -{I pz) /(ttc 2 ), so A = - 



Ip 1 
7ra 2 ln(a/6) ' 



/pz ln(s/6) 
7ra 2 ln(a/6) 



-W 



(b) E 

(c) a(z) = e 0 [E s (a+) - E.(aT)] = e 0 



dV „ dV „ _ Ipz 1 „ Ip ln(s/6) „ 
9s 9z 7ra 2 sln(a/6) 7ra 2 ln(a/6) 



7ra 2 hi( a /&) C § + ln (J 2 y 



7ra 2 ln(a/6) 



a/6) (a) 



e 0 Ipz 



7ra 3 ln(a/6) 



Problem 7.58 



t 




7 



(a) Parallel-plate capacitor: E — —a; V — Eh — — —h C = — = 

€q 6q wl V h 



e 0 w 



(b) B = p Q K = u 0 -; <5> = Bhl = ^-hl = LI=>L= 

WW w 



C = 



p a h 



(c) CC = p 0 e 0 = (4?r x 10" 7 )(8.85 x 1CT 12 ) = 1.112 x l(T 17 s 2 /m 2 



(Propagation speed 1/vCC = l/y/p Q e 0 — 2.999 x 10 8 m/s 

(d) D = a, E = D/e = a/e, so just replace e 0 by e; 
H = K, B = pH = pK, so just replace po by p. 



CC = ep; v — 1/^/ep 



Problem 7.59 

(a) J = cr(E + vxB); J finite, a = oc E + (vxB) = 0. Take the curl: VxE + Vx(vxB) = 0. But 
Faraday's law says V X E 



dB „ <9B _ 

- — . So — = Vx vxB . qed 

dt dt 



(b) V-B = 0 => § B-da = 0 for any closed surface. Apply this at time (t + dt) to the surface consisting of 
S, S', and 1Z: 

/ B(t + dt)-da + / B(t + dt)-dn- / B(t + dt)-dn= 0 
(the sign change in the third term comes from switching outward da to inward da). 

d$ = J B(t + dt)-da- J B(t)-da.= J \ B(t + dt) - B(t)J -da - J B(t + dt)-da 

^M/ff (for infinitesimal dt) 
at 

d<S>=^J ^-da^dt- J B(t + dt)-[(dlxv)dt] (Figure 7.13). 

Since the second term is already first order in dt, we can replace B(t + dt) by B(t) (the distinction would be 
second order): 

d$ = dt J ^-da- dt j> B-(dlXv) = dt I^J f^J ' da - J Vx(vxB)-cfc 

(vxB)-dZ 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



148 



CHAPTER 7. ELETRODYNAMICS 



■It .is 



dB 

~dt 



Vx(vxB) 



•da = 0. qed 



Problem 7.60 

(a) 



V • E' = (V • E) cos a + c( V • B) sin a = — p e cos a + cp 0 p m sin a 

eo 

1 / • ^ 1 / 1 • ^ 1 / , 

= — [Pe cos a + cpoeoPm sma) = — (p e cos a H — p m sma) = — p e . / 

V • B' = (V • B) cos a — -(V • E) sin a = pap m cos a — p e sin a 

C C6q 

= Mo(Pm cos a — p e sin a) = p 0 (p m cos a - cp e sin a) = p Q p' m . / 



0B\ / OTT. . 

— I cos a + c I ^ 0 J e + Moeo-^r ) sma 



V x E' = (V x E) cos a + c( V x B) sin a = ^-^ 0 J, 

= — ^o(JmCosa — cJ e sina) — ^Bcosa — -Esina^ = — ^ 0 Jr 

1 / <9E \ 1 / OB \ 

V x B' = (V x B) cos a (V x E) sin a = ( poJ e + po^o-g^J cos a — - ( —poJ rn — — J sin a 



dB' 



. / 



1 9 <9E' 

/i 0 (J e cosa + -J m sina) + A*o£o^ (Ecosa + cBsina) = /i 0 J' e + poe 0 -^-. / 



(b) 



F' = q' e (E' + v x B') + q' m (B' - v x E') 



= [ q e cos a H — g r „ sin a 



+ (q m cos a — cq e sin a) 

2 



(E cos a + cB sin a) + v x ^B cos a E sin a 

Bcosa — -E sin a J — x (Ecosa + cBsina) 



= q, 



(E cos 2 a + cB sin a cos a — cB sin a cos a + E sin 2 a) 

2 



+v x ( B cos^ a — -E sin a cos a + -E sin a cos a + B sin 2 a 
c c 



+q n 



-E sin a cos a + B sin 2 a + B cos 2 a — -E sin a cos a 

c c 



,1 1 2 1 o 1 

+v x -B sma cos a rEsm a -Ecos a B sma cos a 



= q e (E + v x B) + q m B - -^v x E = F. qed 
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Chapter 8 

Conservation Laws 



Problem 8.1 

Example 7.13. 



A 1 . 1 

E = § 



2?reo s 
2it s ^ 



1 ,„ „, A/ 1. 

} S = — E x B = — . z; 

Vo 47r 2 e 0 s 2 



0 



S ■ ./a = / S2tts(Is = [ -ds= J^-ln(b/a). 



2ireo J s 



2-ire 0 



But V = / E • 71 



J 2ire 0 J s 



7s 



A 



27reo 7 s 27reo 



ln(6/a), so 



P = 7V. 



Problem 7.58. 



E=^z 



„ „ . Vol „ 
B = uo-K x = x 

cr7h 



^ S =-(ExB) = — y; 

Mo e 0 w 



P = I S • da. = Swh = — , but V = (e • dl = —h, so P = 7V. 

£o 7 eo 



Problem 8.2 

(a) E = - z; a = Q(t) = It => E(t) - 



7r 



7reoft z 



2 7tts 2 
P 27rs = noeo ^ttTts = /i 0 £o n 



B(*,t) 



Mo^s j 
W 0 ' 



(b) u, 
1 



(■in - g I e o-P 



1 

Mo 



-P< 



/ 7t 



S=-(ExB) = i(-?U 

Mo Mo \Tve 0 a 2 J \2ira 1 ) 



\7reoa 2 
(-§) = 



J_ / Mojs Y 
/x 0 \2ira 2 ) 



Vol 2 

27T 2 0 4 



[(ct) 2 + ( S /2) 2 



7 2 r 



27r 2 e 0 a 4 



s s. 
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du c 



7r 2 e 0 a 4 : 



IH IH 



du c 



27r 2 e 0 a 4 

2 rb 



8t 2ir 2 a 4 

(c) U cm = J u ciri w2nsds = 2™^^ [(ct) 2 + (s/2) 2 ]s ds 
Over a surface at radius b: P; 



7r 2 e 0 a 4 



dt 



-. / 



/Jowl b 



2l2 



27ra 4 



(ay 



Howl 2 
ira 4 



Is 4 
4 4 



J 2 * 



27r 2 e 0 a z 



[6 s • (2irbws)] = 



I 2 wtb 2 
7re 0 a 4 



d£/ em _ , QW I 2 b 2 = = ^ / ft = fl for 



dt 



2ira 4 



Problem 8.3 



F = <j> ¥ ■ da - Mo£o^ j S dr. 
The fields are constant, so the second term is zero. The force is clearly in the z direction, so we need 



(f ■ da) z = T zx da x + T zy da y + T zz da z = — ( B Z B X da x + B z B y da y + B Z B Z da z - \b 2 da. 

Mo V 2 



1 

Mo 



B Z (B ■ da) - l -B 2 da z 



Now B = -^iqctRuiz (inside) and B = (2 cos 0 f + sin 9 6) (outside), where m = - 7r R 3 (auj R). (From 

3 vnr 6 3 

Eq. 5.68, Prob. 5.36, and Eq. 5.86.) We want a surface that encloses the entire upper hemisphere — say a 

hemispherical cap just outside r — R plus the equatorial circular disk. 



Hemisphere: 

B z 



Cf ■ da) z 



Mora 
4irR 3 

?2 



2cos0(f) z + sin 6>(0), 



Mora 
4ttR 3 



[2 cos 2 9 -sin 2 9] 



da = R 2 sin 9 d9 d4>v; B • da = £^(2 cos 9)R 2 sin 9 d9 d(f>; da z = R 2 sin 6 d9 d<f> cos 9; 



Mo™ 
4irR 3 

?2 



(3 cos 2 9 - 1) . 



1_ / Mom \ 2 

^0 V47Ti? 3 / 

IT 



(3 cos 2 6» - 1) 2 cos 0i? 2 sin 6<ffld<f>--(3 cos 2 0 + l) R 2 sin 0 cos 9 d9 < 



Mo 



-i? 2 sin0cos0<i0< 



(l2cos 2 0-4-3cos 2 0- l) 



2 V 3 



(9 cos 2 0- 5) sin 0 cos 0 d0 c?0. 

tt/2 



(F homi ) z = ^ (^y-J 2?r y (9cos 3 0-5cos0)sin0rf0 = ^tt 



aujR' 



-^cos 4 0+|cos 2 0 
4 2 



tt/2 



= MoT 



jLto7r / awR 2 x 
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Disk: 



B z = -/iqctRuj; da. = r dr d(j) 4> = —r dr d(f> z; 



2 2 (2 

B • da = — hq<7 Rur dr d<fi; B = -^qctRlu 

3 \ 3 



Cf • da) z 

(-Fdisk)j 

Total: 



da z = —r dr i 



1 2 V 
— ^^ocrR^J 



-r dr d(f> + -rdr< 



1 (2 



,'oujRW f , „ faujR 1 
-2/iQ — - — 2tt I r dr — — Z7r/io 



! \ 
-fioaRui I t* dr t 



'aujR z Y / 1 
-TMo I — : — I I 2 + - | z = 



(agrees with Prob. 5.42). 



Problem 8.4 

(^f • da) z = T zx da x + T zy da y + T zz da z . 

But for the xy plane da x = da y = 0, and da z = 
—r dr dip (I'll calculate the force on the upper charge). 

Cf-da) z = e 0 \E Z E Z - ^E 2 ^j {-rdrd<j>). 

1 q r 

Now E = 2 — k cos 0 f , and cos 0 — — , so E z = 

47re 0 4- 2 * ' 

/ \ 2 2 

0, £ 2 = ( ) r ~ . Therefore 

V27re 0 / (r 2 + a 2 ) 3 




F z = U f q 



r 3 dr 



2 \2Tre 0 

= jLl 

47T60 2 

(b) In this case E 



E 2 =E 2 f ga 



2?r 



q 2 1 



dit 



(r 2 + a 2 ) 3 47re 0 2y (u + a 2 ) 3 
o o 



(letting u = r 2 ) 



(u + a 2 ) 2(u + a 2 Y 





°° 2 

r 


1 


r 1 a 2 ~ 

° + ^-2^_ 




g 2 1 




o 47r£o 


2 




47re 0 (2a) 2 ' 



2— ^-ft sin 8 z, and sin ( 

47re 0 -2- 2 

2 



so 



F z = 



(ja\ 



V 27re o/ (r 2 + a 2 ) 
r dr 



and hence (T* ■ da) z = — - ( — — | ^—s. Therefore 

-a 2 ) 3 2 \2^e 0 ) ( r 2 + a 2) 3 



2tt 



2 V27re o y J (r 2 + a 2 ) 

o 



2 2 

q a 


1 1 


OO 

2 2 


0+ i 




a 2 1 


47re 0 


4 (r 2 + a 2 ) 2 


o ~ 47r£o 




47re 0 (2a) 2 ' 
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Problem 8.5 

(a) E x = E y = 0, E z = — er/e 0 . Therefore 



T — T — T 

± xy J -xz J -yz 



0; 



L vv 



2e 0 



5 J- ZZ 



^E 2 =—. 
2 2e 0 





1^ 

1 — 1 


0 0 \ 


2e 0 | 


0 


-10 . 


v o 


0 +1 / 



(b) F = f? ■ da (S = 0, since B = 0); integrate over the X y plane: d a = -dvdyl (negative because 
outward with respect to a surface enclosing the upper plate). Therefore 



/ 



a 1 F 

A, and the force per unit area is f = — 

2e 0 ^4 



a 

z. 

2e 0 



(c) -T zz 



a 2 /2e 0 is the momentum in the z direction crossing a surface perpendicular to z, per unit 



area, per unit time (Eq. 8.31). 

(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is 



2e 0 



(same as (b)). 



Problem 8.6 

[Warning: This problem, and the solution given, are misleading, at best, and the solution to part (c) is 
incorrect. See Babson ct al., Am. J. Phys. 77, 826 (2009).] 
( a ) Pcm = e o(E xB) = e Q EBy; p cr 



e 0 EBAdy. 

(b) I = / Fdt= 7(lxB)(lt= IBd{z xx)dt= (Bdy) 

Jo Jo Jo Jo 



dQ 
dt 



dt 



= —(Bdy)[Q(oo) — Q(0)] = BQdy. But the original field was E = a/eo = Q/cqA, so Q = cqEA, and hence 



e 0 EBAdy; as expected, the momentum originally stored in the fields (a) is delivered as a kick to the 

dB. 



capacitor. 

(c) I E • dl = 



d<$> 
~dl 



dB 

—j-ld (for a length I in the y direction). —lE(d) + IE(Q) = —Id— 



dB 



dH f°° 

E{d) - E(0) = <rp. F = —crAE(d) y + aAE(0) y = —aA[E(d) - E(0)] y = -a Ad—- y. 1=1 F dt = 
dt cit Jq 

POO ^JZ) 

-(aAdy) / ~rdt= -(aAdy)[B(oo) - B(0)] = oAdBy. But E= — , so I = I e 0 EBAdy, I as before. 

Jo dt eo — 1 

Problem 8.7 

B = fi 0 nlz (for s < R; outside the solenoid B = 0). The force on a segment ds of spoke is 



dF = I'dl x B = I' fj, 0 nl ds{s x i) = -I'fi 0 nlds4>. 



The torque on the spoke is 



N = J r x dF = I'nonl J sds(-s x <j>) = I'fj, 0 nl^ (R 2 - a 2 ) (-z). 
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Therefore the angular momentum of the cylinders is L = J N dt = — ^HQnI(R 2 — a 2 ) z J I'dt. But J I'dt = Q, 

so 



L= --fi 0 nIQ(R 2 -a 2 )i 



(in agreement with Eq. 8.35). 



Problem 8.8 

(a) 

E 



1 



4tte 0 r 2 



f , (r > R) 



§MoMz, 



(r < i2) ") 



^ ; B 



Mo rn 
An r 3 



2 cos 9 f + sin 0 9 



(r > J2) 



> (Ex. 6.1) 



(where m = -itR 3 M); p = e 0 (E x B) = 



(An) 2 r 5 



(f x 6) sin 0, and (f x 0) = 0, so 



I = r x p 



Ho mi 



sin0(r x 0). 



(4tt) 2 r 4 

But (f x 4>) = 0, and only the z component will survive integration, so (since (6) z = — sin9): 

2 



oo 



3' J 



1 



L = 



W z(2?r) V3M /? 



H 0 MQR 2 z. 



(b) Apply Faraday's law to the ring shown: 

E • dl = E(2irrsm6) = = -^(rsintf) 2 f -^^-] 

dt \6 dt J 



E 



dM 

Y~dT 



(rsin#) 4>. 




Q 



The force on a patch of surface (da) is dF = aEda = — ^^'^-(rsmd) da<$> ( a — _ , - 

The torque on the patch is dN = r x dF = ( r 2 sm $) da(r x 4>). But (f x 0) = 0, and we want 

only the z component (8 Z = — sin 6*): 



N = - 



Hqcf dM 
~Z~~dT 



z j r 2 sin 2 6 (r 2 sin 6 d6 d<j>) . 



Here r — R; J sin 
o 



J sin 3 0 d6 =\;j 
o 

■/ 



\1qO dM 

^T~dF 



d<)>= 2tt, so N = -q^^fzi? 4 ( ^ I (2tt) 



-/'0 , , ,-,2 



Qi? 2 z dM = 



M 



2^o 



MQR 2 i 



(same as (a)). 
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(c) Let the charge on the sphere at time t be q(t); the charge density is a = -p^L ■ The charge below 



( "south of ) the ring in the figure is 

7T 

q s = o{2vR 2 ) j sine'de' = | {-cos 6% = |(l + cos6>). 



So the total current crossing the ring (flowing "north") is I(t) = — ^^r(l +cosd), and hence 

A (XL 

K(t) = J , (-6) = — *— ^ - + c ° b6> ) g. The force on a patch of area da is dF = (K x B) da. 



27ri?sin6» 



B avG — 



47ri? dt sin 0 

2 w . Mo |7Ti? 3 M 

3^ MZ+ 47^ 



(2cos6>f + sin 6*0) 



1 Mo M 



[2z + 2cos6»f + sin 610]; 



dN = R v x dF = 



1 do itnM (1 + COS6 1 ) . . - n .~ 

KxB= — ^ 2(0 x z) + 2cos0(0 x f) . 

AirRdt 6 sin^ 1 v ; ^— v— ' 

^M(dq\ (l + cos0) 2[ fx( g xS) _ cos ^ ( rx0)]i? 2 sin^^0 



247r V dt I sin 



0(f -z)-z(f -0) 



1 1 (1+ cos 0)i? 2 [cos 6» 0 + cos 60]d6d<p= p 



12tt Vdi 



(1 +cos 0) cos0d0d</>0. 



6ir \ dt 

The a; and y components integrate to zero; (0) z = — sin0, so (using J dcfi = 2tt): 

o 

HqMR 2 fdq\ . ,7,, m „ . n in fi a MR 2 fdq\ ( sin 2 0 cos 3 0 



Therefore 



H 0 MR 2 ( dq\ /2\ 2fi 0 2 dq 
3 IrftJ UJ dt" 



L = J Ndt=-^MR 2 z J dq = 

Q 

(I used the average field at the discontinuity — which is the correct thing to do — but in this case you'd get the 
same answer using either the inside field or the outside field.) 

Problem 8.9 



N = - 2 ^MR 2 ^z. 
9 dt 



' 2 I'" IJT>2 



MR Qz (same as (a)). 



(a) £ = $ = ira 2 B; B = fianl s ; £ = I r R. So 



dt 

(b) </> E • dl = => E(2Tra) = -/i 0 7ra 2 n^ 

(XL (XL 



T 1 I 2 \ dig 

I r = -- ( Mo7 ra n) — 



V 1 dIs 1 T3 6 

2 P ° dt V 2 ( b 2 + z 2f/2 



z (Eq. 5.38). 



S = —(E xB) = - ( V° andI A ( Mo^r b 2 

/V 1 Vo\ 2 dt J y 2 ( b 2 + z 2f/^ 



(0 X z) = 



1 d/ s ao 2 n 

^dT (6 2 + z2) 3/ 2 ^ 
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Power: 

P = I S ■ ,/H 



{S){2na) dz 



1 2,2 T dI * 

-iru^a o nl r —- , ., , 

2 ^ dt J (ft2 + z 2)3/2 



The integral is 



dh 



b 2 Vz 2 + b 2 



1 



-co 

JA 2 
6 2 / b 2 



iT[i 0 a 2 n—jj- ) 7 r = (RI r )I r = I r 2 R. qed 



Problem 8.10 

According to Eqs. 3.104, 4.14, 5.87, and 6.16, the fields are 



E= ^ 



3e 0 

1 1 

, 47re 0 r 3 



(r < R), 
[3(p-f)f-p], (r>R), 



(r < R), 



> B 



Mo m 
An r 



[3(m • f) f - m] , (r > R), 



where p = (4/3)7ri? 3 P, and m = (4/3)7ri? 3 M. Now p = eo /(ExB) dr, and there are two contributions, one 
from inside the sphere and one from outside. 
Inside: 



Pin = eo 
Outside: 



Pout — £o 



| M o(P xM)Jdr= -^o(P x M)^7r_R 3 = ^ 0 7ri? 3 (M x P). 

1 Jj f 1 

/ ~6 {P(P • f ) f — p] x [3(m • f ) f — m]} dr. 



47T60 47T 



Now fx (pxm) = p(f m) m(f p), so fx [fx (pxm)] = (f -m)(f xp)- (f -p)(f xm), whereas using the BAC- 
CAB rule directly gives f x [f x (p x m)] = f [f • (p x m)] — (p x m)(f -f ). So {[3(p • f ) f — p] x [3(m • f ) r — m]} = 
— 3(p-f)(f xm)+3(m-f)(f xp) + (pxm) = 3{f[f • (p x m)] — (p x m)} + (pxm) = -2(pxm)+3r[f -(pxm)]. 



Pout 



Mo 
16tt 2 



J {-2(p x m) + 3 f [f • (p x m)]} r 2 sin 9 dr dd dep. 



To evaluate the integral, set the z axis along (p x m); then f • (p x m) = |p x m|cos#. Meanwhile, f = 
sin 9 cos 4> x + sin 9 sin <fi y + cos 9 i. But sin 4> and cos <j) integrate to zero, so the x and y terms drop out, leaving 



Pout 



Mo 
16tt 2 

Mo ( \_ 

16tt 2 ^ 3r 3 

Mo /4 



J ^ dr ^j |-2(P x m) J sm9d9d<j) + 3\p x m|z J cos 2 9 sin 9 d9 d<t^ 



-2(p x m)47r + 3(p x m) 



47T 



Mo 



127Ti? 3 



(p x m) 



, -7ri? 3 P x -irR 3 M 
UirR 3 V3 / U 



|fi 3 (M x P). 



Ptot 



2? + Yl ) Moi? 3 (M x P) 



Mo# 3 (M x P). 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



156 



CHAPTER 8. CONSERVATION LAWS 



Problem 8.11 

(a) From Eq. 5.68 and Prob. 5.36, 



2 e 
r < R : E = 0, B = -/j, Q aR(dz, with a = - ^ 2 ; 

r> R : E = — — 4?, B = ^ ^(2 cos 0r + sin 0 0), with m = ^Trcrwi? 4 . 
47re 0 r 2 47T r 3 3 



The energy stored in the electric field is (Ex. 2.8): 

W E 



The energy density of the internal magnetic field is: 
i i / < 

u B 



1 , 1 /2 e 

5 = -uo-Rw - 

2/xo 2/i 0 V3 47ri? 2 



1 e 2 
8?reo i? ' 



Ai 0 ^ 2 e 2 „, /i 0 w 2 e 2 4 3 ^ 0 e 2 oj 2 R 



72tt 2 .R 2 : 



72it 2 R 2 3 



547T 



The energy density in the external magnetic field is: 

1 [I 2 , m 2 



ub 



i a i n, e 2 uj 2 R 4 no 1 



2/x 0 16tt 2 r 6 



(4 cos 2 0 + sin 2 0) 



18(16tt 2 ) r 6 



(3cos 2 6»+ l) , so 



27T 



W^R = 



R 0 

"out 



/z 0 e 2 w 2 i? 4 7 1 2 , /" . ,„ , N . „ '/"' fi 0 e 2 uj 2 R 4 / 1 \ , 

_/ -, 2 dr y (3 cos 2 9 + l)s*6 #>]*!>= J (4 , ( 2. , = 



Hoe u R 

1087T 



I I = VF Bin + W 6out = w iQg7r (2 + 1) = w 367r ; TF = T4^ + T^ B 



1 e 2 fi Q e 2 uj 2 R 
Sireo R 36ir 



(b) Same as Prob. 8.8(a), with Q — > e and m — > -euR 2 : 



/j, 0 e 2 ojR „ 

L = — — z. 

18tt 



/ \ Moe 2 ; , p _ ^ /;P _ 9wh (9)(tt)(1.05 x IP' 34 ) 

( ' 18tt 2 ,i 0 e 2 (4tt x 10" 7 )(1.60 x 1Q- 19 ) 2 



9.23 x 10 iU m/s 



1 e 2 
87re 0 R 

R 



2 /w.R 



= mc 2 ; 



2 /wi? 



= 1 



2 /9.23 x 10 10 
9 V 3 x 10 8 



(2.10 x 10 4 )(1.6 x 1(T 19 ) 2 



8tt(8.85 x 10- 12 )(9.11 x 1Q- 31 )(3 x 10 8 ) s 



2.95 x Kr n m; lu = 



= 2.10 x 10 4 ; 

9.23 x 10~ 10 
2.95 x 10- 11 = 



3.13 x 10 21 rad/s 



Since luR, the speed of a point on the equator, is 300 times the speed of light, this "classical" model is clearly 

unrealistic. 

Problem 8.12 



E 



B = 



4ire 0 r 3 ' 
Mo q m r' 



(r-dz) 



4tt r ' 3 4tt (r 2 + d 2 -2rdcos6») 3 / 2 ' 
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Momentum density (Eq. 8.33): 



P = fo(ExB) 

Angular momentum density (Eq. 8.34): 

Hoq e q m d r x (r x z) 



A*0<7e<?n 



(-d)(r x z) 



(4tt) 2 r 3 (r 2 + d 2 -2rdcos0) 3/2 ' 



«=(rxp) = -! 



r 3 ( r 2 + ( f2_2rdcos6») 3/2 

1 oo ^ 

dw dr. 

(r 2 + d 2 -2rduf /2 



2 sin 9 dr d8 dd>. Let u = cos 0 : 



(4tt) 2 r 3 (r 2 + d 2 -2rd cos (9) 3/2 
The x and y components will integrate to zero; using (r) 2 = cos 6, we have: 
T /J-oq e q m d _ /* r 2 (cos 2 0-1) 

Hoq e q m d „ . . 
= l4^ z(27r) 

Do the r integral first: 



. But r x (r x z) = r(r • z) — r 2 z = r 2 cos 0 f — r 2 z. 



o 

Then 



r dr (ru — d) 

(r 2 + d 2 - 2rduf' 2 ~ d(l - w 2 )\/V 2 + d 2 - 2rdu 



u d u + 1 1 

d(l-w 2 ) + d(l -?i 2 )d = d(l -u 2 ) = d(l - u) ' 



voq e q m d .1 f (l - u 2 ) _ ii 0 q e q m . 



8tt d 



7 (i-« 



du = ' z 
) 8tt 



1 

y (i+u)d- 



^ Z 

4-7T 



Problem 8.13 

(a) The rotating shell at radius b produces a solenoidal magnetic field: 

B = (IqK z, where K = a^uj^b, and 05 = — ® . So B = b ^ z (a < s < b). 

ZTTOl ZTTL 

(Note that if angular velocity is defined with respect to the z axis, then loi, is a negative number.) The shell at 
a also produces a magnetic field (/j,oU) a Q/2irl) z, in the region s < a, so the total field inside the inner shell is 

B = -r-^ (Lu a - uj b ) z, (s < a). 



Meanwhile, the electric field is 



2nl 



1 A 
E = s 



Q 



2-K6Q S 2tT€qIs 



s, (a < s < b). 



p = e 0 (E x B) = e 0 



Q 



v 27re 0 Zs y V 2ttZ / v ~" ' 4tt 2 Z 2 s 
Now rx</> = (ss + zz)x0 = sz — zs, and the s term integrates to zero, so 



4tt 2 / 2 s 



I. ""i^ z / r/r 



4tt 2 / 2 



/" HQUJbQ 2 /,2 2n,~ 



Hom b Q 2 (b 2 - a 2 ) „ 
4ttZ Z 
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by 

d$ 1 d$ ; , . , 

E 2ns = — => E = — — d>, and in the region a < s < 0 

at 2ns at 



M0<5 , \ 2 MoQ^fc , 

(uj a -uj b )na z -' ~ 



2nl 

In particular 



2nl 



' I 2 2\ 
-7T (s — a J 



2/ ^ 5 E(S) = 2™ 21 



dt 



dt J 



4>- 



E(o) 



.^(^•-^U, andE(6) = -^fa 2 ^-& 2 ^) 0. 



The torque on a shell is N = r x qE = qsEz, so 



N a = Qa 



HoQa\ ( 


duj a 


Anl ) \ 


dt 




2 du a 

a ■ r~ 
dt 


Anlb ) \ 


VoQ 2 
Jb - Anl 


(a 2 u a 



I z; L a = y N a dt = (w a -u} b )z. 



,du) b 
lit 



z; L 

z; L h = 



£°N h a^^(a 2 c, a -& 2 c, h ) z. 



Anl 



(b 2 -a 2 )i. 



Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum 
in the fields (a). / 

Problem 8.14 

q ?l 

B = nonli, (s < R); E=- w, where = (x — a, y, z) . 



Ane 0 1 3 ' 
p = e 0 (E x B) = e 0 {^ 0 nl) 



q 

Aneo ) 1 



K(* x 2 ) = Sf^[ yX_ (x-a)y}. 



Linear Momentum. 



/ Hoqnl f p- (x — a)y , , . 
par = / 7- — ■ — — , dxdydz. Ihe x term is odd my; it integrates to zero. 

An J [(x - a) 2 + y 2 + z 2 ] 6 ' 2 

(x — a) 



An 



[{x - a) 2 + y 2 + z 2 fl 2 



[{x -a) 2 + y 2 } y/(x - a) 2 + y 2 + z 2 



dxdydz. Do the z integral first : 



[{ x -a) 2 +y 2 ]' 



(x — a) 



dx dy. Switch to polar coordinates : 



2n y J [{x - a) 2 + y 2 } 
x = scoscj), y = ssin<f), dxdy => sdsd<f>; [(x — a) 2 + y 2 ] = s 2 + a 2 — 2sacos <j>. 
Hoqnl „ 



r Qcos0-q) sdsd ^ 
2n J (s 2 + a 2 — 2sa cos </>) 



Now 



cos ( 



2n 



1 



A 



dS 



2n 



/„ (A + B cos <fi) y/A 2 -B 2 ) ' J Q (A + Bcoscj)) A 2 - B 2 ' 

Here A 2 - B 2 = (s 2 + a 2 ) 2 - As 2 a 2 = s 4 + 2s 2 a 2 + a 4 - 4s 2 a 2 = (s 2 - a 2 ) 2 ; V 'A 2 - B 2 = a 2 - s 2 . 



2a y 



/ 



1 - 



a 2 + s 2 



+ 



2a l 



(a 2 - s 2 ) 



f ds 



s ds - 



fioqnlR . 



2a 



y- 
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Angular Momentum. 



r x P= ^ 3 r x b x -(^- a )y] = —-^{z{x-a)x:+zyy-[x{x-a) + y ] z) . 



The x and y terms are odd in z, and integrate to zero, so 

k-2 I „,2 



Uoqnl „ f x + y — xa , , , . . 

L = z / — , dxdydz. Ihc z integral is the same as before. 

4-7T J l(x — a) z + y + z z \ A / z 

Uoqnl „ /" .t 2 + y 2 — xa , , Uoqnl . /" s — acosd> 2 , ,, 
z / 77 T? ^rdxdy = z / -r- » „ —s dsdcp 



2ir J [{x-a) 2 + y 2 } y 2i j (s 2 + a 2 - 2sa cos 

T- r\ s2 J^ fl2 + g2 M a r- f R s2 -* 2 A i 

= -/j, 0 qnlz / -= -+ 1 sds = -fj, 0 qnl z / — -sds= zero. 

7 La — s V a s / J Jo a s 

Problem 8.15 

(a) If we're only interested in the work done on free charges and currents, Eq. 8.6 becomes 



/ (E • Jf) dr. But J f = V x H - — (Eq. 7.55), so E • J f = E • (V x H) - E • — . From product 
jv ^t at 



dW 
~dt 

rule #6, V • (E x H) = H(V x E) - E • (V x H), while V x E = - — , so 

E • (V x H) = — H • — V • (E x H). Therefore E J f = H — E — V • (E x H), and hence 

y ' dt x ' 1 dt dt K ' 



dW f / dB dB\ , , r , 



This is Poynting's theorem for the fields in matter. Evidently the Poynting vector, representing the power per 
unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density 
. du cm dB dB 

For linear media, D — eE and H = — B, with e and fi constant (in time); then 

M 

du cm „ <9E 1 dB 1 d _ 1 3 m n . 1 9 _ ^ „ TTN 
= eE • — — | — B • — — = -e— (E • E + — — (B • B = - — (E • D + B • H , 

dt dt [i dt 2 dV ' 2/z dV ' 2 dt y 

so u cm — |(E ■ D + B • H). qed 

(b) If we're only interested in the force on free charges and currents, Eq. 8.15 becomes f = p/E + Jf x B. 

dB „ „, ,_ „ N „ /dB' 



But p f = V • D, and J/ = V x H - — , so f = E(V • D) + (V x H) x B - ^— J x B. Now 

9 ^ „* dB n n fdB\ dB „ „ OB „ d , n „, „ .„ „, 

— (D x B) = — x B + D x ( —J, and — = -V x E, so — x B = — (D x B) + D x (V x E), and 

d 

hence f = E(V • D) - D x (V x E) - B x (V x H) - — (D x B). As before, we can with impunity add the 
term H(V • B), so 

f = {[E(V • D) - D x (V x E)] + [H(V • B) - B x (V x H)]} - j^(D x B). 

The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.21), and the last 
term is (minus) the rate of change of the momentum density, p ~ B x B. 
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Chapter 9 

Electromagnetic Waves 



Problem 9 

dA _ 

dz 
dfi 
dt 

dh 

dz 

dh 
dt 

dh 

dz 

dh 
dt 

dh 
dz 
dh 
dt 

dh 
dz 

d^h 
dt 2 



-2Ab{z - vt)e- hi - z - v V ■ 
2Abv(z - vt)e-^ z - vt ^ 



d 2 h 

' dz 2 



d 2 h 



d 2 f: 



' dt 2 

- i r- 



: -2Ab 

2Abv 



e -b(z-vtf _ 2h ( z _ vt ^ e -b(z-vt) 
_ ve -b(z-vtf + 2by ( z _ v ^2 e -b{z-vt) 



dz 2 



= Ab cos[6(z - vt)] ; = -Ab 2 sm[b(z - vt)] ; 



-Abv cos[6(z — vt)}; 



d 2 h 
dt 2 



-2Ab(z - vt) d 2 f 3 



-Ab 2 v 2 sm[b{z - vt)] = v 2 
-2Ab 



d 2 h 



+ 



dz 2 

8Ab 2 (z - vt) 2 



[b(z-vt) 2 + 1] 2 ' dz 2 [b(z - vt) 2 + I} 2 [b{z-vt) 2 + lf 
2Abv(z - vt) d 2 h _ 



-2Abv 2 



8Ab 2 v 2 (z - vt) 2 

[b(z-vt) 2 + l} 2 ' dt 2 _ [b(z - vt) 2 + l} 2 + [b{z - vt) 2 + l} 3 



dz 2 



. / 



-2Ab 2 ze- b( - bz2+ ^; 



d 2 h 
dz 2 



-2Ab 2 



-Abve- h ^ 2+ ^; ^fy 
dt 2 

d 2 f 

Abcos(bz)cos(bvt) 3 ; ' 



e -b(bz 2 +vt) _ 2 b 2 z 2 e -b(bz 2 +vt) 
^h 

dz 2 

df; 



Ab 2 v 2 e -b(bz*+vt) ^ v 2d 2 h 



= -Ab 2 sin(fez) cos(bvty; = -3Ab 6 v 6 t 2 sm(bz) sm(bvty; 



dz 2 v -~,~~~ v ~~~, , gt 

d 2 f 

6Ab 3 v 3 t sin(fe) sin(6^) 3 - 9Ab 6 v 6 t 4 sin(6z) cos(bvt) 3 ^ v 2 ' ' 



d^h_ 
dz 2 



Problem 9.2 

df 



d 2 f 



= Akcos(kz) cos( kvt); '^-4- = — Ak 2 sm( kz) cos( kvt); 
dz dz 2 



dj 
dt 



-Akv sin(fcz) sin(kvt) ; 



a 2 / 

dt 2 



d 2 f 

-Ak 2 v 2 sin(kz) cos(kvt) = v 2 ^^. / 



dz 2 



Use the trig identity sin a cos (3 = |[sin(a + fi) + sin(a — /?)] to write 



{sin[fc(z + vt)] + sin[fc(z — vt)]} , 
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which is of the form 9.6, with g = (A/2) sin[fc(z — vt)] and h = [A/2) sin[fc(z + vt)}. 
Problem 9.3 



(A 3 e iS >) (A 3 e 



-i$3 



(A-° iSl 



ie -+A 2 e lS *) (A 1 e- lSl +A 2 e 

Si „ — ?<5 2 1 „ — iS-\ „iS 2 \ / a \2 



-162 



= (A,) 2 + (A 2 ) 2 + A,A 2 (e^e"^ + e^V* 2 ) = (A 1 ) 2 + (A 2 ) 2 + A 1 A 2 2cos(5 1 - S 2 ); 



A 3 
A 3 e^ 



y^,) 2 + (A 2 y + 2A X A 2 008(5! - 6 2 ). 



A 3 (cosS 3 + ismS 3 ) = Ai (cos£i + isin<5i) + ^4 2 (cos<5 2 + isinS 2 ) 

A 3 sin S 3 



= (A\ cos<5i + A 2 cos<5 2 ) + i(Ai sin<5i + A 2 sin<5 2 ). tan<5 3 = 



A\ sin 61 + A 2 sin S 2 



A 3 cos S 3 Ai cos Si + A 2 cos S 2 ' 



S 3 = 



tan 



A\ sin <5i + A 2 sin S 2 
Ay cos <5i + A 2 cos S 2 



Problem 9.4 

d 2 f 1 d 2 f 

The wave equation (Eq. 9.2) says — = —^^ttt- Look for solutions of the form f(z,t) = Z(z)T(t). Plug 

oz 2 v 2 at 2 
1 d 2 T , , 1 d 2 Z 1 d 2 T 

-,Z^^. Divide by ZT : 



this in: T- 



J 2 Z 
dz 2 



dt 2 



Z dz 2 



v 2 T dt 2 



The left side depends only on z, and the 



right side only on t, so both must be constant. Call the constant —k . 

f A2>y 

— = -k 2 Z => Z(z) = Ae lkz + Ber lkz , 
dz 2 



d 2 T 
I dt 2 



-{kv) 2 T => T{t) = Ce lkvt + De 



ikvt 



(Note that k must be real, else Z and T blow up; with no loss of generality we can assume k is positive.) 

f(z,t) = (Ae lkz + Be- ikz ) (Ce lkvt + De~ ikvt ) = A ie l(kz+kvt) + A 2 e l( - kz ~ kvt) + A 3 e l{ - kz+kvt) + A 4 e l( -~ kz ~ kvt) . 
The general linear combination of separable solutions is therefore 



nz,t)= r 

Jo 



A 1 (k)e i V" +wt '> + A 2 (k)e' 



{kz—ujt) 



+ A 3 {k)e t{ - kz+UJt ^ + A 4 (k)e^- k 



z—ut) 



dk, 



where ui = kv. But we can combine the third term with the first, by allowing k to run negative (u> = \k\v 
remains positive); likewise the second and the fourth: 



/(*,*) = f 

J — c 



Ai(fc)e 



i(kz-\-u>t) 



A 2 {k)e 



i(kz-Lot) 



dk. 



Because (in the end) we shall only want the the real part of /, it suffices to keep only one of these terms (since 
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either 
would do). Specifically, 

/oo 
[Re(.Ai) cos(fcz + u>t) — \m(A\) sin(fcz + Lut) + Re(^4 2 ) cos(kz — cut) — lm(A 2 ) sin(fcz — ujt)] dk. 
-00 

The first term, cos(fcz + cot) = cos(— kz — cut), combines with the third, cos(fcz — cut), since the negative k is 
picked up in the other half of the range of integration, and the second, sin(kz+Lut) = — s'm(—kz — Lut), combines 
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form 

/oo 
A(k)e^ kz ^ UJt ^ > dk qed (the tilde's remind us that we want the real part). 
-00 
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Problem 9.5 

Equation 9.26 

Equation 9.27 



gi{-v\t) + h R (vit) = gr(-v 2 t). Now 



1 dg^-vit) 1 dh R {vit) 



dgi _ ^dg^ dh R 

dz v\ dt ' dz 
1 dg T {-v 2 t) 



1 dh R dgx 
vi dt ' dz 

Vl 



1 dgr 

V 2 lH 



Vl 



dt 



V2 



dt 



gi{-v\t) - h R (vit) = —gT{-v 2 t) + k 
v 2 



v\ dt 
(where k is a constant). 

Adding these equations, we get 2gj(— Vit) = ( 1 + — | gT{—v 2 t) + n, or q T {—v 2 t) = ( — < —^- 

V v 2 J \vi + v 2/ 

(where k' = —n — — — ). Now gj(z,t), gT(z,t), and h R (z,t) are each functions of a single variable u (in the 
Vi + v 2 

first case u = z — v\t, in the second u — z — v 2 t, and in the third u — z + v\t). Thus 



9l{-Vlt) + K' 



9t(u) = 



2v 2 



gi(viu/v 2 ) + k 1 . 



K Vl + v 2 

Multiplying the first equation by Vi/v 2 and subtracting 
'v 2 -v 1 \ , A ( v 2 

h R (u) 



Vl 

v 2 



gi(-vit) - 1 



Vl 

v 2 



h R {vit) = K 



«2_ 
Vl 



Vl 

• v 2 



gi(-u) + k. 



h R {vit) = ( gi(-vit) - k 

\Vl+V 2 ) \Vl + V 2/ 

[The notation is tricky, so here's an example: for a sinusoidal wave, 

gi — Ai cos(fciz — uit) = Aj cos[ki(z — vit)] => gi{u) = Aj cos(fcitt). 
gx = At cos(k 2 z — lot) = At cos[k 2 (z — v 2 t)] =>■ 9t{ u ) — ATCOs(k 2 u). 
h R = A R cos(— kiz — uit) = A R cos[— ki(z + vit)] h R (u) = A R cos(— kiu). 



Here k! = 0, and the boundary conditions say 
(consistent with Eq. 9.24).] 



Ai 



2v 2 A R 
vi + v 2 ' At 



v 2 - Vl 
vi + v 2 



Vl 



(same as Eq. 9.32), and — g fci 



Problem 9.6 

(a) T sin 6 + — T sin 6- = ma 







_dj_ 




\ d 2 .f 




0+ 


dz 


o-s 


0 



(b) Ai + A R = A T ; T[ik 2 A T - ifa^ - A R )] = m{-u> 2 A T ), or - A R )=[k 2 - 

.muj 2 



T 
2ki 



A T - 



Multiply first equation by ki and add: 2k\Ai — [ ki + k 2 — i — At, or At = , , . ... 

\ T J \ki + K 2 — imu> J /T 

~ ~ ~ 2k x - (k x + k 2 - imuj 2 /T) ~ ( k x - k 2 + imuj 2 /T\ ~ 
A R = A T — Ai = — — ^— Aj = - — — ; ^— Ai. 



A R = 
A 



ki + k 2 — imuj 2 /T \ki + k 2 — imuJ 2 /T 

If the second string is massless, so v 2 = \/T '/ '[i 2 = oo, then k 2 /ki = 0, and we have At 
1 + i(3 



A,. 



A, 



l-i(3 
, , l + i/3\ (1-0 



~ , - muo 2 m(kivi) 2 mki T 
Aj, where p = , — = — — = — — , or 



tan i 



1-0 J \l + if3 

2(5 



kiT kiT 
= 1 => A = 1, and e** = 



T Hi 

(1 + 1(3) 



h f l + i(3 
(1 = m — . INow 

Mi V 1 - l P 



1-0, 
= Ae'+, with 



1 + 20- (3 2 



{l-0){l + 0) l + (3 2 



1-/3 
Similarly. 



2 . Thus A R e tSR = e^A^ 1 



A. j , S R = Sj + tan 1 



2(3 
l-(3 2 



1-0 



Ae l 



1-0 J \1 + 0J l + (3 : 



Vi + W' 
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2(1 + ip) = 2(1 + t/9) 
+ ~ (1 + /3 2 ) 



tan< 



/?. So A T e ,iT 



<5 T = (5/ +tan~ 1 /3. 



Problem 9.7 

a 2 f a f d 2 f 

(a) F = T—Az - 7 — Az = uAz — , or 

w az 2 7 at M at 2 ' 



av = a 2 / a/ 
az 2 M at 2 7 at ' 



(b) Let /(z,t) = F(z)e- Mt ; then Te - *"*^ - ^(-w 2 )^"^ + 7(-iw)#e- <art 



.d 2 F 



d 2 F 



+ i 7 )F, ^ = -fc 2 F, where fc 2 = -(/xw + 17). Solution : F(z) = ie ifcz + B e - jfcz . 
Resolve k into its real and imaginary parts: fc = k + in =>■ fc 2 = fc 2 — k 2 + 2ifc« = ^(fJU + ij). 



dz 2 



,2 



k z 



1 



(/^ 2 /r) ± V(^ 2 /T) 2 + 4(^7/2r) 2 



fiOJ 

~2T 



1 ± \/l + (7/^w) 2 . But fc is real, so fc 2 is positive, so 

1/2 



we 



i + v / i + (tH 



need the plus sign: fc = uyj^yjl + + (7/V>) 2 - « = ^ = ^= 

Plugging this in, F = Ae i(k+iK)z + Be~ i(k+lK)z = Ae" KZ e lkz + Be KZ eT ikz . But the B term gives an expo- 
nentially increasing function, which we don't want (I assume the waves are propagating in the +z direction), 

so B = 0, and the solution is f(z, t) = Ae~ KZ e i ^ kz ~ ult K (The actual displacement of the string is the real part 
of this, of course.) 

(c) The wave is attenuated by the factor e~ KZ , which becomes 1/e when 
1 



\/27> 



7 



^1 + v/l + ( 7 //^F; 



this is the characteristic penetration depth. 



(d) This is the same as before, except that k 2 — > fc + in. From Eq. 9.29, Ar = ( - — — — — ^- ) Aj\ 



fci + fc + in 



Ar 



fci — fc — in\ (k\ — k + in\ (fci — fc) 2 + k 2 
k 1 + k + in) yki + k-in) ~ (fci + fc) 2 + n 2 



An = 



'(fci -k) 2 + K 2 

i^ + ky + n 2 ' 



(where fci = w/v\ — ui^f '^i/T, while fc and k are defined in part b). Meanwhile 
fci — fc — in\ (fci — fc — in)(ki + fc + in) (fci) 2 — fc 2 — k 2 — 2inki 



fci + fc + in 



(fcl + fc) 2 + K 2 



(fci + fc) 2 + K 2 



Sr = tan 1 



-2fci« 



(fci) 2 - fc 2 - k 2 J ' 



Problem 9.8 

(a) f v (z, t) — Acos{kz — u)t) x; fh{z, t) = Acos{kz — cot + 90°) y = 

— Asin(fcz— cut) y. Since / 2 +/| = A 2 , the vector sum f = f v +ih lies at t = lr /2 w . 

on a circle of radius A. At time t = 0, f = ^lcos(fcz) x— ^4sin(fcz) y. 

At time t = tt/2w, f = Acos(fcz - 90°) x - Asin(fcz - 90°) y = » " 



.,at t=0 



Asin(fcz)x + Acos(fcz)y. Evidently it circles | counterclockwise 
To make a wave circling the other way, use 5h = —90°. 
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(b) 




(c) Shake it around in a circle, instead of up and down. 



Problem 9.9 

(a) 



k = x; n = z. 



E 



k • r = I x '(ix + j/y + zz = x; kxn 

V c / c 

(x, t) — E 0 cos ^— x + ujt^j z; B(x, t) = — cos ^— x + ui^ y. 



-x x z = y. 





(a) 



(b) 



k= o, f x + y + z y fl= x z 



V3 



V2 • 



(b) 



(Since n is parallel to the x z plane, it must have the form ax + /3z; 



since n • k = 0, (3 = —a; and since it is a unit vector, a = l/y/2.) 



k r = -^(x + y + z)-(xx + j/y + zz) = —^{x + y + z); kxn= T 
V3c V3c V6 



x y z 
1 1 1 

1 0 -1 



= ^(-x + 2y-z). 



E(x, y, z, t) = £q cos 



B(x, y, z, t) = — cos 

c 



V3< 



(x + y + z) - cjt 



x — z 



=-(x + y + z) -wi 
V3c 



v/2 

-x + 2y - z 
V6 
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Problem 9.10 

/_1.3x 10 3 

~ c ~ 3.0 x 10 8 



4.3 x 10 6 N/m 2 . For a perfect reflector the pressure is twice as great: 
8.6 x 10~ 6 N/m 2 . Atmospheric pressure is 1.03 x 10 5 N/m 2 , so the pressure of light on a reflector is 



(8.6 x 10- 6 )/(1.03 x 10 5 ) = 8.3 x 10" 11 atmospheres 



Problem 9.11 



i r 1 



acos(k • r — cut + S a )bcos(k ■ r — ut + 5b) dt 



ab 
2T 



J [cos(2k • r - 2tut + 5 a + 5 b ) + cos(5 a - 6 b )] dt = |^ cos(5 a - 5 b )T = ^abcos(5 a - 5 b ). 



Meanwhile, in the complex notation: / = ae lkr ut> , g = be tkr wt) , where a = ae l5a , b = be t5b . So 

l -nhp^ s "- s ^ . Re/ , , 

.2" 2 



\~fT = hae^-^e- 1 ^-^ = hb* = late**-"*), Re (±f~g*) = *a&ms( ( >„ 5 h ) -- (/,,}. cjod 
Problem 9.12 



T i:i - e 0 ^EiEj - ^hjE 2 ^ + — (b i B j - ^ijB 2 ^ . 



With the fields in Eq. 9.48, E has only an x component, and B only a y component. So all the "off-diagonal" 
(i ^ j) terms are zero. As for the "diagonal" elements: 



T xx — e 0 [ E X E X — -E 2 ) H 



Tyy — £ 0 



1 



Mo 

5 E2 ) + 1 

2 J Mo 



B y B y ~ 



' ( e 0 E 2 • ' I'r \ 
2 V Mo 



1 



B- 



-u. 



So 



T, 



-£oEq cos 2 (kz — ojt + 5) (all other elements zero). 



The momentum of these fields is in the z direction, and it is 
being transported in the z direction, so yes, it does make sense 
that T zz should be the only nonzero element in T^- . According 
to Sect. 8.2.3, — 5* • da is the rate at which momentum crosses 
an area da. Here we have no momentum crossing areas ori- 
ented in the x or y direction; the momentum per unit time per 
unit area flowing across a surface oriented in the z direction 
is — T zz = u = pc (Eq. 9.59), so Ap — pcAAt, and hence 
Ap/At = pcA = momentum per unit time crossing area A. 
Evidently momentum flux density = energy density. / 



cAt 



Problem 9.13 

'E, 



R = 



_^0r 

,E 0 j 



(Eq. 9.86) 



R = 



1-/3 
1 + 0 



(Eq. 9.82), where /3 = 

M2«2 



T = 



£2^2 

eiui 



(Eq. 9.87) 
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1 + /3 



T+R = 



(Eq. 9.82). [Note that 
1 



e 2 v 2 (J,i e 2 ^ 2 v 2 Mi / Vi \ v 2 (J,iV± 



[4/3 +(1-/3) 



eivi [i 2 ei/ii vi [i 2 \v 2 ) vi 
1 



(4/3 + 1 - 2/3 + (3 2 ) 



(l + /3) : 



(1 + 2/3 + /3 2 ) = 1. / 



Problem 9.14 

Equation 9.78 is replaced by E 0i xl + Eo r Ar = E 0T hT, and Eq. 9.80 becomes E 0l y — E 0r (z x n#) = 
(3E 0t (z x At). The y component of the first equation is E OR sin0R = E 0t sin 0t; the x component of the 
second is E 0r sin#^ = —/3E 0t sin 6t- Comparing these two, we conclude that sin^^ = sin 9t = 0, and hence 
$ R = e T = 0. qed 

Problem 9.15 

Ae iax + Be lhx = Ce tcx for all x, so (using x = 0), A + B = C. 

Differentiate: iaAe lax + ibBe lbx = icCe icx , so (using x = 0), a A + bB = cC. 

Differentiate again: -a 2 Ae lax - b 2 Be ibx = -c 2 Ce icx , so (using x = 0), a 2 A + b 2 B = c 2 C. 
a 2 A + b 2 B = c(cC) = c(aA + bB); (A + B)(a 2 A + b 2 B) = (A + B)c(aA + bB) = cC(aA + bB); 
a 2 A 2 + b 2 AB + a 2 AB + b 2 B 2 = (aA + bB) 2 = a 2 A 2 + 2abAB + b 2 B 2 , or (a 2 + b 2 - 2ab)AB = 0, or 
(a - b) 2 AB = 0. But A and B are nonzero, so a = b. Therefore (A + B)e iax = Ce icx . 
a(A + B) = cC, or aC = cC, so (since C ^ 0) a = c. Conclusion: a = b = c. qed 

Problem 9.16 

E, = E Ol e i 0"-'- ut ')y, 

Bj = — E^e^'^V-cosflix + sin^z); 
vi 

E R = E 0l} e^- r -^y, 
B fl = — J Bo K e i(kfl ' r - wt) (cos6'ix + sin6'iz); 



vi 



E T = E 0T e^-^y, 

B T = — E^e^-'-^i- cosmic + sin 0iz); 

V2 




Boundary conditions: 



(i) e 1 Ej r = e 2 E 2 L , (iii) ~e\ = E|, 
(Z)Bt = B£, (iv) j-Bl = ^Bf 



Law of refraction: S | n 2 = — . [Note: k/ ■ r — cjt = kjj • r — u>t = kx ■ r — wt, at z = 0, so we can drop all 
sin 0\ vi 

exponential factors in applying the boundary conditions.] 



Eqj + E{ 



Oh 



E 0t . 



Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii): 

Boundary condition (ii): —E 0r sin#i + —E 0n sin#i = — Eq t sin 6 2 => E 0 , + E 0 „ = { Vl Sm ^ I E aT . 

V\ vi v 2 ' ' ' \v 2 sm0i/ 

But the term in parentheses is 1, by the law of refraction, so this is the same as (ii). 



Boundary condition (iv): 



Mi 



— -Eor(-cos0i) + — E 0 COS6*! 
Vi vi 



E 0l — E tlB — ( — .." ) £'()-,-• Lei 



\[i 2 V 2 COs6>! 



COSf 2 _ filVi 

a = — ; 13 = . 

COS Vi jJL 2 V 2 



Solving for E 0a and E 0t : 2E 0l = (1 + a/3)E 0T => E Qt = I - 



Then 
2 



i?o T (-cos 9 2 ) 



E, 



Oj 



E, 



On 



a(3E t 



0 T • 



a/3 
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Eq r — En^ — En, — 



^0 T 



0/ 



1 + a/3 



E, 



l + a0 l + af3j~' ai ' ~" R \l + a(3 y 
Since a and (3 are positive, it follows that 2/(1 + a/3) is positive, and hence the transmitted wave is in phase 



E o R - 



1 - a/3 



E, 



Of 



with the incident wave, and the (real) amplitudes are related by 



l + a(3 



En j . The reflected wave is 



in phase if a/3 < 1 and 180° out of phase if a/3 > 1; the (real) amplitudes are related by 



E 0 r 



1 - a/3 



l + a/3 



E t 



Or- 



These are the Fresnel equations for polarization perpendicular to the plane of incidence. 



To construct the graphs, note that a/3 = /3 
^2.25 - sin 2 9 



l-sin 2 0//32 v /^2_ sin 2 ( 



-, where 9 is the angle of incidence, 



so, for (3 = 1.5, a(3 = 
points.] 



cos 9 



cos 9 cos 0 

. [In the figure, the minus signs on the vertical axis should be decimal 




a = 



O - 10 20 30 40 50 60 70 80 90 8, 

Is there a Brewster's angle? Well, E 0n = 0 would mean that a/3 = 1, and hence that 
\jl - (jfr/tj 1) 2 sin 2 9 _ ! ^ 1 
" /3 



cos 0 



, or l 



sin 2 (9 



M2U2 \ 2 fl 
cos 9, so 



[sin 2 0 + (/^2/Mi) 2 cos 2 #] . Since /Ui w fi 2 , this means 1 w (v 2 /vi) 2 , which is only true for optically 

indistinguishable media, in which case there is of course no reflection — but that would be true at any angle, 
not just at a special "Brewster's angle". [If \ii were substantially different from /ii, and the relative velocities 
were just right, it would be possible to get a Brewster's angle for this case, at 



1 - cos 2 9 



cos 2 9 cos 2 9 - 



(V1/V2) 2 - 
O2/M1) 2 



1_ _ (^ 2 e 2 /A<iei) - 1 
1 ~ (/Vmi) 2 - 1 



(ga/ei) - (M1/M2) 
(M2/M1) - (M1/M2)" 



But the media would be very peculiar.] 

By the same token, is cither always 0, or always 7r, for a given interface — it does not switch over as you 
change 9, the way it does for polarization in the plane of incidence. In particular, if /3 = 3/2, then a/3 > 1, for 



\/l 25 — sin 2 0 

a/3 = ^— > 1 if 2.25 - sin 2 9 > cos 2 9, or 2.25 > sin 2 9 + cos 2 0 = 1./ 

cos 9 



In general, for /3 > 1, a/3 > 1, and hence #r = ir. For /3 < 1, a/3 < 1, and Sr = 0. 

2 

ylt normal incidence, a — 1, so Fresnel's equations reduce to E 0t 
consistent with Eq. 9.82. 



1 + /3 



Eq,; E 0r 



1-/3 



1 + /3 



E, 



On 
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Reflection and Transmission coefficients: R 



eiui 



1 = a 



E, 



Oi 



a/3 



l + a/3 



E 0r 



a/3 



l + a/3 



Referring to Eq. 9.116, 



R + T : 



(1 - a/3) 2 + 4a/3 1 - 2a/3 + a 2 /3 2 + 4a/3 (1 + a/3) 



(l + a/3) 2 



(l + a/3) 2 



(l + a/3) 2 



1. / 



Problem 9.17 

Equati on 9.106 => [3 = 2.42; Eq. 9.110 

Jl - (sin<9/2.42) 2 

a = . 

cos 0 

(a) 6 = 0 a = 1. Eq. 9.109 

1 - 2.42 _ 1.42 
1 + 2.42 ~~ ^3^42 



a-/3 
a + /3 



0.415; 



0.585. 



0 B = tan-^ 2 - 42 ) = 67.5 



a + /3 3.42 

(b) Equation 9.112 => 

(c) E 0r = E 0t => a - /3 = 2 => a = (i + 2 = 4.42; 
(4.42) 2 cos 2 6> = 1 - sin 2 6>/(2.42) 2 ; 

(4.42) 2 (1 - sin 2 6>) = (4.42) 2 - (4.42) 2 sin 2 9 
= 1 - 0.171 sin 2 9; 19.5 - 1 = (19.5 - 0.17) sin 2 9; 
18.5 = 19.3 sin 2 0; sin 2 9 = 18.5/19.3 = 0.959; 
sin6» = 0.979; 



9 = 78.3° 




Problem 9.18 

(a) Equation 9.120 =>■ r = e/cr. Now e = e 0 e r (Eq. 4.34), e r = n 2 (Eq. 9.70), and for glass the index 
of refraction is typically around 1.5, so e w (1.5) 2 x 8.85 x 10~ 12 = 2 x 10~ n C 2 /Nm 2 , while a = l/p ss 
10" 12 (Sim)- 1 (Table 7.1). Then r = (2 x 10- 11 )/1Q- 12 



20 s. (But the resistivity of glass varies enormously 



from one type to another, so this answer could be off by a factor of 100 in cither direction.) 

(b) For silver, p = 1.59 x 10~ 8 (Table 7.1), and e w e 0 , so we = 2tt x 10 10 x 8.85 x 10" 12 = 0.56. 
Since a = l/p = 6.25 x 10 7 > ue, the skin depth (Eq. 9.128) is 



2tt x 10 10 x 6.25 x 10 7 x 4tt x 10" 7 



= 6.4 x 10~ 7 m = 6.4 x 10 -4 mm. 



I'd plate silver to a depth of about 0.001 mm; there's no point in making it any thicker, since the fields don't 
penetrate much beyond this anyway. 

(c) For copper, Table 7.1 gives a = 1/(1.68 x 10~ 8 ) = 6 x 10 7 , we 0 = (2tt x 10 6 ) x (8.85 x 10~ 12 ) = 6 x 10~ 5 . 



Since u > we, Eq. 9.126 => k 



ujop 



so (Eq. 9.129) 



A = 2tt 



= 2tt 



2ir x 10 6 x 6 x 10 7 x 4tt x 10~ 7 



4 x 10 _4 m 



0.4mm. 
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From Eq. 9.129, the propagation speed is v = — = ^-X = \v = (4 x 10 4 ) x 10 B = 400 m/s. 

k zir 

c 3 x 10 8 



In vacuum, 



10 6 



300 m; v = c - 



3 x 10 s m/s. (But really, in a good conductor the skin depth is so small, 



A = 

v 

compared to the wavelength, that the notions of "wavelength" and "propagation speed" lose their meaning. 
Problem 9.19 

(a) Use the binomial expansion for the square root in Eq. 9.126: 



1 / a \ 2 

1 + 2 b) - 1 



1/2 



fejJL 1 a a [Ji 



2 ^2 eu 2 V e 



So (Eq. 9.128) d=- = -.[^. qed 
k a y [i 

{e = e r e 0 = 80.1 e 0 (Table 4.2), 
/i = ^ 0 (1 + Xm) = Mo(l — 9.0 x 10~ 6 ) = [i 0 (Table 6.1), 
a= 1/(2.5 x 10 5 ) (Table 7.1). 

c , ,„ B x /(80.1)(8.85 x 10- 12 ) 

Sod=(2)(2.5xl0°) ^ l xlQ _ 7 



1.19 x 10 4 m. 



(b) In this case (cr/ew) 2 dominates, so (Eq. 9.126) k = k, and hence (Eqs. 9.128 and 9.129) 



2?r 2tt „ , A 
A = — = — = 2nd, or a — — . qed 
k k 2tt 



Meanwhile k 



left a_ 
2 V eu; 



co/ia /(10 15 )(47r x 10- 7 )(10 7 ) 



8 x 10 7 : d 



k 8 x 10 7 



1.3 x 10 8 = 13 nm. So the fields do not penetrate far into a metal — which is what accounts for their opacity. 



(c) Since k = k, as we found in (b), Eq. 9.134 says <j> = tan = 45°. qed 

Bo , 



Meanwhile, Eq. 9.137 says 



En 



For a typical metal, then, 



B 0 _ /(10 7 )(4tt x 10- 7 ) 



En 



10 15 



10 7 s/m. (In vacuum, the ratio is 1/c = 1/(3 x 10 8 ) = 3 x 10 9 s/m, so the magnetic field is comparatively 



about 100 times larger in a metal.) 



Problem 9.20 

(a)«=i(etf + I*)=ie-»~ 
over a full cycle, using (cos 2 ) = \ and Eq. 9.137: 



sEq cos 2 (kz -Lut + S E ) + -Bq cos 2 (fcz - wt + 6 E + <t>) 

A* 



. Averaging 



(u) 



-El + — Bl 
2 0 2/i 0 



-Ikz 



-2Kz eE 2 



1 + A 1 



V 



But Eq. 9.126 => 1 + \jl + 



2k' , , 1 
e/x ' ' 4 

magnetic contribution to the electric contribution is 



2 < so W = i e " 2K ^o 2 --, 



2„-2kz 



So the ratio of the 



(•»mag) = Bllll = 1_ 
(Uelec) Efie fie 
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(b) S = — (ExB) = -E 0 B 0 e- 2KZ cos(k z ~ tut + 8 E ) cos(kz-uut+8 E + <t>) z; (S) = ^-E 0 B 0 e~ 2KZ cos <f>z. [The 
average of the product of the cosines is (l/27r) cos 9 cos{6+4>) d6 = (1/2) cos (/).] So I = ^-E 0 B a e~ 2KZ cos 0 = 



1 /if 

— E%e~ 2KZ — cos (/> ) , while, from Eqs. 9.133 and 9.134, K cos 4> = k, so 
2/1 y 



2/mjj' 



1= ^—E 2 e~ 2KZ . 



qed 



Problem 9.21 

According to Eq. 9.147, R = 

fllVi 



E 0r 


2 


1-0 






1 + 0 



, where p = fc 2 



K 2 =k 2 =LO 



\1 + 0 J \1 + 0* J M2^ 
(k 2 + in 2 ) (Eqs. 9.125 and 9.146). Since silver is a good conductor (a » ecu), Eq. 9.126 reduces to 



£2^2 / CT 



e 2 uj 



~2~> S ° " = 7^ V ^ ( + Z) = V 2A^ ( + 



, cr /ota7 ,„ lnS , /(6 x 10 7 (4tt x 10- 7 mi 

Let 7 = Uiv u = UocJ- = c A /-P = (3 x 10 8 M- , ' v — = 29. Then 

' w 2^ 2 u> P V 2 Mo^ V 2w V (2 (4xl0 15 ) 



R = 



1 — 7 — ij\ (1 — 7 + «7\ (1 — 7) 2 + 7 



1 + 7 + 17/ \ 1 + 7 - ij J (l + 7) 2 + 7 



= 0.93. I Evidently 93% of the light is reflected. 



Problem 9.22 

(a) We are told that v = a\/A, where a is a constant. But A = 2-K/k and v — w/k, so 

duj 



uo = aky / 2n/k = ay/2iTk. From Eq. 9.150, v g = = u\[2^-^-= = \a\ = ^ctV\ = ^-v, or 

(XK 2 V k ^ V n< ^ ^ 



2\/fc 

i(px-Et) p E p 2 hk 2 

(b) = i(fca; — wi) =>• « = - , w = — = - — - = - — 

w h x ' h h 2mh 2m 



V = 2Vg. 



. Therefore 



V= k = 


E 


P 


hk 


P 


2m 


2m' 



du 2hk hk 
9 dk 2m m 


P_ 
m' 


So 


v=\v g - 


Since p — mv c (where v c is the classical speed of the particle) , it 


follows that 


v g (not v) corresponds to the classical veloctity. 





Problem 9.23 

E 1 qd 



-qE 



47T£o <2 E 



47T60 a 3 

_u^_l_ I (1.6 xlO- 19 ) 2 

~ 2n ~ 2n\j 4tt(8.85 x 10- 12 )(9.11 x 10- 31 )(0.5 x 10- 10 ) 3 

From Eqs. 9.173 and 9.174, 



fcspring^ = — mui 2 x (Eq. 9.151). So 



U! 0 = 



7.16 x 10 15 Hz. 



This is ultraviolet. 



A = 



ng 2 f (N = #of molecules per unit volume = Av 2 ffZ^* ~ "■" 2xl "" 
2me 0 to 2 ' \ / = # of electrons per molecule — 2 (for H 2 ). 



22.4 liters 22.4X10- 3 



2.69 x 10 25 , 



(2.69 x 10 25 )(1.6 x 10- 19 ) 2 



(9.11 x 10- 31 )(8.85 x 10- 12 )(4.5 x 10 16 ) 2 

2 / „ ..„.., „R \ 2 



4.2 x 10 5 (which is about 1/3 the actual value); 



/27rcV _ /2tt x 3 x 10 8 
~\ 4.5 x 10 16 



1.8 x 10~ 15 m 2 



(which is about 1/4 the actual value). 



So even this extremely crude model is in the right ball park. 
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Problem 9.24 

Equation 9.170 => n = 1 



Nq 2 



dn Nq 2 



2me 0 [(wg - w 2 ) 2 + 7V 2 ] ' 



Let the denominator = £>. Then 



-2w (wq - ur) 



,,, ( p D o [2(«g - a; 2 )(-2u;) + 7 2 2u,] J = 0 =>- 2a;£> = (u>g - a; 2 ) [2(u>g - J 2 ) - t 2 ] 2a;; 

/ 2 2\2 1 2 2 nl 2 2\2 2/ 2 2\ / 2 2\2 2/ 2,2 2\ 2 2 . / 2 2\ i 

(w 0 - lo ) + 7 w = 2(w 0 -a; ) -7 (a> 0 - lo ) , or (w 0 - lo ) =7 (w + lo 0 - lo ) = 7 w 0 (w 0 - lo ) = ±a> 0 7; 
cj 2 = lo 2 =F w 0 7, w = lo 0 \A T 7/^0 — w 0 (1 T 7/2wo) = w 0 T 7/2. So w 2 = w 0 + 7/2, lo\ = lo 0 - 7/2, and the 



width of the anomalous region is Alo — uj 2 — Wi = 7. 

iVg 2 ^ 2 



From Eq. 9.171, a 



A t c; 1 and LO2, w = ~F w o7, so a 
,2 , ,2 



7 

me 0 c (cj 2 — cj 2 ) 2 + 7 2 a> 2 
Nq 2 L0 2 



so at the maximum (lo — lo 0 ), a max = 



Nq 2 
meoc-f 



7 



meoc 7 2 Wg + 7 2 cj 2 



= T ^o7 = 1 (1 T t/wq) ^ 1 A 



w 2 +^ 2wg=Fw 0 7 2 (l=F7/ 2 ^o) 2 
So a = ha max at Wi and 002- qed 



J7_ 
w 0 



1± 



2u>r 



..But 

W 2 + 

2l 2w 0 



Problem 9.25 



fc = 

c 

rffc _ 1 

c?w c 



1 + 



1 + 



2me 0 ^ (w 2 - lo 2 ) 
Nq 2 fj 



1 



(ko 



dk (dk/duo) 



2me 0 ^ (lo 2 - lo 2 ) 



+ LO 



-(-2w) 



J (w 2 - a, 2 ) 



2^2 



1 + 



Nq 2 
2me 0 



3 (LO 2 - LO 2 ) 2 



v 0 = c 



1 + 



Nq 2 
2me 0 



J K-^ 2 ) 2 



< C, 



whereas w = — = c 
fc 



^ 2me 0 ^ (w 2 - lo 2 ) 



Since the second term in square brackets is positive, it follows that 

fj 



is greater than c or less than c, depending on w. 



Problem 9.26 

(a) From Eqs. 9.176 and 9.177, V x E = -— = iuoB 0 e^ kz -^ ; VxB=^- 

dt c 2 dt 



In the terminology of Eq. 9.178: 
(V x E) x 

(V x E)„ : 

(V x E) 2 : 

(V x B) x 

(V x B)„ 

(VxB) z 



dE z 


dEy 


( dE 0z 


dy 


dz 


\ dy 


dE x 
Oz 


dE z _ 
dx 


ikE Qx 


dE y 


dE x _ 




dx 


dy 


1 dx 


dB z 


dBy _ 


(dB 0z 


dy 


dz 


\ dy 


dB x 
dz 


dB z _ 
dx 


I ik B o x 


dBy 


dB x 




dx 


dy 


\ dx 



ikE 0 ) e****-"*). So (ii) ^ - ikE v = iLoB x . 
J dy 

^y^-"*). So(m)ikE x - d ^=iu J By. 

i)E <> \^-*). So(i) 9 ^- d ^= l LoB z . 



dy 

ikB % \ e l{kz -" t] . So(v) 



dx dy 
dB 



dy 



dB^ 
dx 



dy 



e Hkz-ut) m So ( vi ) ikBx 



ikB v 



dB z 
dx 



ILO 



c 

iuo 



:E X . 



2 E v 



e «J»-«\ S0 (iv)^-^ = -^. 

ox oy c z 
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dE OB 

This confirms Eq. 9.179. Now multiply (iii) by fc, (v) by uj, and subtract: ik 2 E x — k—^- — uj^-^ + iujkB v = 

dx dy 

iuj 2 /,, uj 2 \ ,8E Z dB z i f,dE z dB z 

l kujB y+ - f E x ^ l [k - - j = fc— + „ — , or (i) E x = {lu/c)2 fc2 (k— + uj — 

9_B zw 2 /w 2 \ 

Multiply (ii) by fc, (vi) by uj, and add: k—^—ik 2 E y +iujkB x —uj-—^ = iuokB x ^E y i I — — k 2 I E., 

(yy (jx c v c / 

- fc ^7 + W ^T> or ( n ) E v = T~n^2 Z5 k ^7 - UJ - 



dy^^dx'™ ^' ~» - (uj/c) 2 k 2 V dy " dx 

„ , . , , , n / .x , w d-E z wfc t, , ? „ , dB z uj 2 „ wfc „ 

Multiply (n) by w/c 2 , (vi) by fc, and add: — — i— £ y + ik z B x - k—— = i—B x - i—E y 

C &y C (yX C C 



u 2 \ „ , <9i? z w <9.E Z „ i ( ', dB z uj dE z 



' (?) x dx c 2 dy ' ^"^ 21 (w/c) 2 — fc 2 \ <9x c 2 9y 

Multiply (iii) by uj/c 2 , (v) by fc, and subtract: i°^-E x — — fc^rr^ + ik 2 B v = i%rB v + ^^-E x 

c 2 c 2 ax ay c 2 c 2 

. . 2 to 2 \ uj dE z dB z i f,9B z uj dE z 



c 2 ) 11 c 2 dx dy 1 y ' v (uj/c) 2 - fc 2 V 3y c 2 dx 
This completes the confirmation of Eq. 9.180. 

(b)v.S-^ + ^ + ^-f^ + ^ + «S, , )^»->-o*^ + ^ + «a-a 

ax ay az \ dx dy I dx dy 

d 2 E z . d 2 5 z \ i ffc^' ,/ 2 M 



Using Eq. 9.180, fc lTT~ + w 7nT~ + i I ^2 72 k ^2 ^TT^T + ikE * = °> 

(uj/c) 2 — k 2 \ dx 2 dxdy J (uj/c) 2 — k 2 \ d 2 y dxdy J 

or + w + [(w/c)2 - fc2] ^ = °- 

Likewise, V • B = 0 => — - + — ^ + ikB z = 0 => 
dx dy 

i {, d 2 B z uj d 2 E z \ i ( k d2Bz + w dEz \ 



(uj/c) 2 — k 2 \ dx 2 c 2 dxdy ) (uj/c) 2 — k 2 \ dy 2 c 2 dxdy ) ^ z ^ ^ 

This confirms Eqs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).] 
Problem 9.27 

Here E z = 0 (TE) and uj/c=k (n = m = 0), so Eq. 9.179(h) E y = -cB x , Eq. 9.179(iii) => E x = cB y , 

Eq. 9.179(v) =► ^ = i (kB v - ^E x ^j = i (kB y - ^B y ^j = 0, Eq. 9.179(vi) ^^ = l {kB x + ^E y ^j = 

/ to \ dB dB 

i [kB x B x ) = 0. So — — = — — = 0, and since B z is a function only of x and y, this says B z is in fact 

c / dx dy 



a constant (as Eq. 9.186 also suggests). Now Faraday's law (in integral form) says <j) E ■ dl = — J ■ da, 
and Eq. 9.176 = — iwB, so § E • dl = iuj J B • da. Applied to a cross-section of the waveguide this gives 

<j>~E, ■ dl = iuje 1 ^ 7 -^^ j B z da = iujB z e^ kz ~ ut) (ab) (since B z is constant, it comes outside the integral). But 



if the boundary is just inside the metal, where E = 0, it follows that 
which we already know cannot exist for this guide. 



B z = 0. 



So this would be a TEM mode, 



Problem 9.28 

Here a = 2.28 cm and b = 1.01cm, so u 10 = —lo w = — = 0.66 x 10 10 Hz; v 20 = 2— = 1.32 x 10 10 Hz; 

2tt 2a 2a 
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C . „_ -^10tj„. ,, _ c _ 1 /in ^ mlOxj„. ,, _o C _on 7 v mlOr C ' ' ! 



^30 = 3— = 1.97 x 10 iu Hz; v m = - = 1.49 x 10 iu Hz; v m = 2- = 2.97 x 10 lu Hz; */ n = -\ ^ + ^ = 
2a 2b 2b 2 V a b z 



1.62 x 10 lu Hz. Evidently just four modes occur: 10, 20, 01, and 11 



To get only one mode you must drive the waveguide at a frequency between v w and ^ 2 o : 

c i 

A = -, so Aio = 2a; A 20 = a. 2.28cm < A < 4.56cm. 
v 1 



0.66 x 10 U) < v < 1.32 x 10 1() Hz. 



Problem 9.29 

From Prob. 9.11, (S) = -^Rc(E x B*). Here (Eq. 9.176) E = E 0 e^ kz -^\ B* = B*e-^ kz - wt \ and, for 



2/j, 0 

the TE m „ mode (Eqs. 9.180 and 9.186) 



B* 



En 



So 



-ik 



(lo/c) 2 - k 2 
—ik 



(lo/c) 2 - k 2 
h 

ILO 

(lo/c) 2 - k 2 
—iuj 



f rrnrx 

B y = B n cos 

V a 



E x 



(lo/c) 2 - k 2 



-mir 



a 

-nir 



rrnrx \ / rnry \ 
I h ) 5 



. / rrnrx \ 
hSm {—) 

/mirx\ . fniry\ 
S 0COS (_j sin (_j ; 



cos 



-UTT \ (m r KX\ . (WKy\ 

B 0 cos I ] sin I I : 

-IIITi \ . / IIIZ-.r \ I 11771/ \ 



sin ^ J cos ( — - } 



E z = 0. 



/ 



(S) 
(S) • da 



Lokir 2 B 2 
[{lo/c) 2 - k 2 }' 



(- 

Kb 



2 rrmrx\ . 2 (mry\ 
cos ( — jsm [—) 



1 Lokn 2 B 2 
Wo [{u/c) 2 -k 2 } 



7 ab 



© 2 +( 



(m\ 2 , 9 /rrnrx \ , /mry\ 
(a) Sm I" ) C ° S (-T) 

[In the last step I used 



fg sin 2 (rrnrx /a) dx — j Q a cos 2 (rrnrx /a) dx = a/2; s'm 2 (rnry / b) dy — cos 2 (niry / b) dy = 6/2.] 
Similarly, 



(u) = \ ( e 0 E . E* + — B • B* 

4 V Mo 

._ eo ^ 2 tt 2 B 2 



[(lo/c) 2 - k 2 Y 



(n\ 2 2 (mirx\ . 2 f nn y\ . ( m \ 2 ■ 2 (mirx\ 2 (mry\ 

Kb) cos (— J sm (— ) + {a) sm (— J cos 1-rJ 



+ 



4/io 



B£ cos 2 



k 2 T7 2 B 2 



[(lo/c) 2 - k 2 



fn\ 2 , /rmrx\ 

Kb) cos (— ) 



• 2 /«7TJ/\ 



9 (rmxx\ 9 (m\y\ 

sin 2 cos 2 — 

a/ V a / \ b J 



I 



(u) da 



ab J e 0 w 2 7r 2 B 2 

"4 1 T [( w / c )2 _ fc 2] 2 



/n\ 2 /m\' 

u) + y 



+ 



i?n 2 



+ 



fc 2 7T 2 S 2 



4mo 4 Mo [(w/c) 2 - fc 2 ] z 



(?r+( 
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These results can be simplified, using Eq. 9.190 to write [(u/c) 2 — fc 2 ] = (u mn /c) 2 , e 0 /io = l/ c2 to eliminate eo, 
and Eq. 9.188 to write [(m/a) 2 + (n/b) 2 ] = (uw/vrc) 2 : 



,„. , ukabc 2 „ 0 
(S) • da = - — B? 



8^qU 



2 Ol 
mn 



(u) da ■ 



u 2 ab 



8uqu 



— b q- 

mn 



Evidently 



energy per unit time J(S) • da kc 2 



energy per unit length J (u) da u u 



y/u 2 -u 2 mn = v g (Eq. 9.192). qed 



Problem 9.30 

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E z ^ 0,B Z = 0, subject to the boundary 
conditions 9.175. Let E z (x,y) — X(x)Y(y); as before, we obtain X(x) = Asin(k x x) + B cos(k x x). But the 
boundary condition requires E z = 0 (and hence X = 0) when x = 0 and x = a, so B = 0 and k x — rrnr/a. 
But this time m = 1, 2, 3, ... , but not zero, since m = 0 would kill X entirely. The same goes for Y(y). Thus 



^ ^ . /"mirx\ . fmty\ 



with n, m = 1, 2, 3, 



The rest is the same as for TE waves: 



is the cutoff frequency, the wave 



nn = cir^(m/a) 2 + (n/b) 2 

velocity is v = c/ \]\ — (u mn /u) 2 , and the group velocity is v g = c^l — (uj mn /uj) 2 . The lowest TM mode is 
11, with cutoff frequency u n = cTTy/(l/a) 2 + (l/b) 2 . So the ratio of the lowest TM frequency to the lowest 
cir^l/aT 2 " 



TE frequency is 



(1/bf 



(en /a) 



Vl + (a/b) 2 . 



Problem 9.31 

19 19 
(a) V-E = ~{sE.) = 0 /; V B = ~ 
s as s o<p 

dB 



0/;VxE= — ±4--— s -i 
oz s am 



Eoksin(kz — ut) ^ ? 



E 0 u sm(fcz — ut) i . , . , , \ „ „ 

— — — q> / (since k = u/c); V x B 

at c s 



OBa, „ 19. „ . . E 0 k sin(fcz — tot) „ ? 
■s + - — (sB^z = s = 



dz 



s ds 



1 9E iJnw sin(kz — ujt) „ , „ , ,. . „ „ „ „, „ „ , 

— = -4 ^ '- s /. Boundary conditions: = E z = 0 /; 5- 1 = B s = 0 /. 

<r at <r s 

(b) To determine A, use Gauss's law for a cylinder of radius s and length dz: 

1 „ 1 



E • da = i? 0 (27rs) <iz = — Q C nc = —\dz => A = 2tv6oE 0 cos(/cz — ut). 

s e 0 e 0 



To determine J, use Ampere's law for a circle of radius s (note that the displacement current through this 



, • 7i E 0 cos(kz — ut) .„ . 

loop is zero, since E is m the s direction): <t> B-dl = (2tts) = uq1 c 

c s 



1 = cos(/cz — ut). 

Hoc 



The charge and current on the outer conductor are precisely the opposite of these, since E = B = 0 inside 
the metal, and hence the total enclosed charge and current must be zero. 



Problem 9.32 



f(z,0) 



A(k)e lkz dk=> f(z,0)* = / A(k)*e~ tkz dk. Let 1 = ~k; then f(z, 0)* = 



n — CO 

/ A(-l)*e Uz (-dl) 

J OO 

f(z,0) = Re \f(z,0) 



A(-l) 



*e ilz dl 



f(z,0) + f(z,0y 



/CO 
A(— k)*e lkz dk (renaming the dummy variable / — > k). 
-co 

'CO -j^ 



A(k) + A(-k)* 



e lkz dk. Therefore 
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A(k) + A(-ky 



1 

2n 



f(z,0)e~ lkz dz. 

) 

/CO 
[-iuoA{k)]e ikz dk. 
-CO 

(Note that to = |fc|v, here, so it does no£ come outside the integral.) 

roo POO p — oc 

/(2,0)*=/ [icoA(k)*}e- lkz dk = [i\k\vA(k)*}e~ lkz dk = [i\l\vA(-l)*]e ilz {-dl) 

J — co «7 — co «7 co 



/CO 
-co 



A(-fc)*]e lfez dfc = / [zw J 4(-fc)*]e ifez dfc. 



/(*, 0) = Rc [f(z, 0)J = - [/(z, 0) + /(z, 0)* 



; HuM(fc) + itM(-fc)*]e' fcz dft. 



-IUJ 

~2~ 



A(k)-A(-k)* 



1 

2tt 



f(z,0)e- lkz dz, or - - A(-k)* 



1 

2tt 



-MO) 



dz. 



Adding these two results, we get 



A(k) 



if 



/(*,0) + -/(*, 0) 



e * fcz <fc. qed 



Problem 9.33 

(a) (i) Gauss's law: V E = — = 0. / 



rsm( 



(ii) Faraday's law: 

-— = V x E= — 
ot r sin 



i a i a 

) ( S m6E 4 ,)r---(rE 4> )0 



1 d 
r sin 9 89 



sin^ / 1 . 

Eq cos u — — sin u 

r \ kr 



- _ ii 
r dr 



Eq sin 6* ( cos u — — sin u 



e. 



„ ° , . d . 

But — cosu — — ksmu; — smu = kcosu. 
Or or 

— ^—r — 2 sin 9 cos 9 ( cosu — -i sinu ) f — -E 0 sin 9 ( — ksinu + — i sinu — - cos w I 0. 
rsmt) r \ kr J r \ kr 2 r 



[nl \-,.\\ a I Li 1*0, will) rohjxx'l lo /. and noting tlial / ( osudt = — — sinu and J sin udt = — cos ;/ \\r obtain 



T , 2g 0 cos g / . 1 \ E Q sin9 / 1 1 . 

B = s — I sin u + — cos u r H — fc cos u + —7 cos uH — sin u ) &. 



Lor^ 



kr 



Lor 



kr 2 



(iii) Divergence o/B: 
„ „ 1 d , o N 1 9 



(sin 6*59) 



r 2 <9r 



2E 0 cos9 ( . 1 
sin u + — cos u 



+ 



1 d 
r sin 6* 96* 



E 0 sin 2 6 ( , 1 1 . 
—A; cos m + — r cos uH — sin w 



1 2E 0 cos9 / 1 1 

/c cos w — - — ^ cos u sin u 



fcr 2 



1 2£ 0 sin(9cos6> / , 1 1 . 

H —A; cos u + — — cos u H — sin u 

rsmt* ujr \ kr 2 r 
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2E 0 cos6 / 1 1 . 1 1 . 

fc cos u — — r cos u sin u — fc cos u + — r cos uH — sin u 

kr z r kr z r 



= 0. / 



(iv) Ampere/Maxwell: 
V x B 



1 <9E 

<? ~dt 



d fn . dB r 



1 

r 

1 JJ^ 
r \ dr 
E 0 sin 0 

k E 0 sin 6* 
w r 
1 ^osin^ 



En sin t 



.2 , 



0 

1 1 • N 

-fc cos w + — r cos uH — sin u 
fcr 2 r 



): 


d 


~2E 0 cos9 1 




~ d0 


LOT 2 \ 



sin u + — cos u 
kr 



4> 



2 1 . 1 . 

fc sin u — ~ n cos u ~ sin w ^ sin u 



fc 2 . 2 

COS U H g Sln w + 1 — 5" cos u ) 0 



fcr 3 



1 \ 3 1 E o sin0 / . 1 

k sin u H — cos u <p = k sin u H — cos u <p. 

r I c r \ r 



(uj sin u + ^- cos ii \ (\> — 
\ kr J 



1 uj E o sin0 /, . 1 • - 

— k sin u H — cos u 0 

c z k r \ r 



c r 
(b) Poynting Vector: 



1 E o sin0 / . 1 . „ T , 

fc sin w H — cosu ] <p = V x B. / 



S = — (E x B) = 
E 0 sin 0 



E 0 sin 0 



cos u — - — sin u 
kr 



2E o cos0 ( . 

sin it 



kr 



cosu 



0 



+ 



ojr 



1 1 • \ , ^ 

— fc cos u + — - cos m H — sin u (— r) 

kr z r 



El sin 0 f 2 cos 0 



li 0 Lor^ 
— sin( 



sin m cos u + (cos 2 u — sin 2 u) — ^ sin u cos u 
fcr k z r z 



, 2 1 2 1 • 1 • 

-fccos u+-—r cos u-\ — sinucosuH — sin u cos u 
kr z r r 



, 0 » sin u cos u — — r sin « ] r 

k z r 6 kr z 




1 — , } „ | sin w, cos (cos 2 u — sin 2 u) 

/rH / kr 



sin m cos w + k cos 2 u + — ^ (sin 2 w — cos 2 u) 
kr z 



Averaging over a full cycle, using (sin u cos u) = 0, (sin 2 u) = (cos 2 u) = |, we get the intensity: 



I=(S) = -° 



£; 2 sin0 /fc 



sin # r 



Eq sin 2 0 
2/iocr 2 



It points in the f direction, and falls off as 1/r 2 , as we would expect for a spherical wave. 

, , „ , En f Sin 2 0 En 







/ sin 3 0d0 = 


/o 


3 ^ 0 c 
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Problem 9.34 




z < 0 : 



E/0, t) = E ie ^ klZ -^ x, B/(z, t) = ±Eie i ( klZ -" t '> y 
E R {z,t) = E R e l< -- k ^^ B R {z,t) = -^E R e^- k ^-^ y. 



0 < z < d : 



E r (z, t) = E r e l( - k2Z ^ x, B r (z, t) = ± E r e i( - k2Z ~ ut ) y 



Ei(z, t) = Eie i( -- k2Z -^ x, Bi(z, t) = --L£, e 4 (- fe ^-<"*) y. 
z>d: {ti T (z,t) = E T e^ k3Z -^x, B T (z, t) = ^-E T e i(k3Z ~^ y. 

Boundary conditions: e\ = e|, b| = b|, at each boundary (assuming \x\ = [i 2 = M3 = A*o) : 



z = 0 



-E/ + -E'i? = E r + Ei ; 

— £j - — £ fi = — £ r - — Ei ^Ej-E R = (3{E r - Ei), where /? = Wl /«2. 

Ul Vl V 2 V 2 

E r e ik2d + Eie- lk2d = E T e ik * d \ 

—E r e ik2d - —E ie - tk2d = —E T e ik3d => E r e lk2<i - Eie~ ik2d = aE T e tk3d , where a = v 2 /v 3 . 
v 2 v 2 v 3 



We have here four equations; the problem is to eliminate E R , E r , and Ei, to obtain a single equation for 
Et in terms of Ej. 

Add the first two to eliminate E R : 2Ei = (1 + (3)E r + (1 - /3)Ei; 
Add the last two to eliminate E t : 2E r e ik2d = (1 + a)Ere ik3d ; 
Subtract the last two to eliminate E r : 2Eie~ ik2d = (1 - a)E T e tk3d . 

Plug the last two of these into the first: 



2Ei = (I + p)^e- lk2d (l + a)E T e tk3d + (I - f3)^e lk2d (l - a)E T e lk3d 
4£ 7 = [(1 + a)(l + f3)e- lk2d + (1 - a)(l - f3)e lk2d ] E T e lk3d 



k ?i d 



[(1 + ap) {e- lk2d + e lk2d ) + (a + f3) (e- tk2d - e lk2d )] E T e lK3 
2 [(1 + a[3) cos(fc 2 d) - i(a + 0) sm(k 2 d)] E T e ik3d . 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



178 



CHAPTER 9. ELECTROMAGNETIC WAVES 



Now the transmission coefficient is T = 



v 3 e 3 E 2 a _ v 3 ( n 0 e 3 \ \E T \ 2 _ V! \E T \ 2 



T -i 



\ [(1 + aB) cos(k 2 d) - i(a + B) sm{k 2 d)] e lk3d 



1 |£/| 2 = 1 
aB \E T \ 2 a(i 
1 

Aaf3 
1 

Aa~j3 
1 

Aa~j3 

„ . c c c n 3 n 2 

But ni = — , n 2 = — , n 3 = — , so a — — , B = — . 

V\ v 2 v 3 n 2 n x 



- v 3 \Ej\ 2 
2 



aB— , so 



[{I + aBf cos 2 {k 2 d) + (a + Bfsm 2 (k 2 d)]. But cos 2 (fc 2 d) = 1 - sin 2 {k 2 d). 
[(1 + aB) 2 + {a 2 + 2af3 + B 2 - 1 - 2aB - a 2 /3 2 ) sin 2 (fc 2 d)] 
[(1 + aB) 2 - (1 - a 2 )(l - B 2 ) sin 2 (fc 2 d)] . 



1 



4niri3 



(n 1+ n 3 ) 2 + ^i- 



nl)(n%-nl) 



i)-, 



sin 2 (fc 2 d) 



Problem 9.35 

T = 1 => sin/crf = 0 =^> kd = 0, 7r, 27r . . .. The minimum (nonzero) thickness is d = n/k. But k — u>/v — 
2ttv/v = 2-Kvn/c, and n = ^/e^/e 0 /io (Eq. 9.69), where (presumably) fi~fiQ. So n — ^/e/e 0 = \/e^, and hence 
c 3 x 10 8 



7TC 



27r^e r 2^^ 2(10 x 10 9 )V2J5 



= 9.49x10 J m, or 9.5 mm 



Problem 9.36 

From Eq. 9.199, 

- - H + + 1(19/9) -%z- mi ****** 



3 

16 



49 , (-17/36) (-5/4) . 2 



(9/4) 



sin (3wd/2c) 



85 



49 



48 (48) (36) 



sin 2 (3wd/2c). 



48 



49+ (85/36) sin 2 (3wd/2c) 



48 



0.935: 



T„ 



48 
49 



0.980. Not much 



Since sin 2 (3wd/2c) ranees from 0 to 1, T m ; n = ■ 

v ' ; 6 49 +(85/36) 

variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you 
switch 1 and 3, the transmission is the same either direction, and the fish sees you just as well as you see it. 



Problem 9.37 

(a) Equation 9.91 E T (r,i) = E 0T e l{kT ' r ^ t] ': 

/,•/ !.!• sin (I i 1 " ! : - " 



+ z cos 6t) — xkx sin 9t + izkr\] 'sin 2 6t — 1 = + inz, where 

k = kx sin #t = — sin 0/ = sin 0j, 

V c / n 2 c 

k = &t\/ sin 2 9t — 1 = \/ (ni/n 2 ) 2 sin 2 0/ — 1 = —\Jn\ sin 2 0/ 

E r (r,t) = E 0T e- KZ e l ( fe:l; -^. qed 



; • r = fcT(sin0TX + cos^tz) -(xx + yy + zz) = 



■ n 2 .. So 
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(b)R 



E 0r 


2 


a — 


ft 






a + 


P 


R = 


/ ia - 
\ia- 


VP) 


( 



Here (3 is real (Eq. 9.106) and a is purely imaginary (Eq. 9.108); write a 

r.1 I «2 



1. 



(c) From Prob. 9.16, Eq r 



1 - af3 



l + a(3 



En , , SO R — 



1 - a(i 



1 + a/3 



1 — iafi 



1 + ia(3 



(d) From the solution to Prob. 9.16, the transmitted wave is 

1 ^ 



(1 - ia(3)(l + ia(3) 
{l + ia(3){\ - ia/3) 



1. 



E(r,t) =E 0T e i ^ T - T -^y, B(r,i) = — E 0T e l< - kT - r -^(- cos0 T x + sin6» T z). 

V 2 

Using the results in (a): • r = kx + inz — ut, siuOt ~ —— , cos 9t ~ i— — ■ 

un 2 w«2 



E(r, t) = E QT e- KZ e l{kx -^ y, B(r, t) = —E 0T e' KZ e 



1 ~ 



kz i(kx— uit) 



CK 



V 2 

We may as well choose the phase constant so that En T is real. Then 

E(r,i) = E a e~ KZ cos(fcx - ut) y; 
1 _ c 

B(r,t) = —E 0 e KZ Re {[cos(fcr - ut) + ismtkx - ut)] \-inx + kz]} 

v 2 un 2 

= —E 0 e~ KZ [k sin(kx — ut) x + k cos(kx — ut) z] . qed 
u 

(I used v 2 — c/n 2 to simplfy B.) 

d 



(e) (i)V-E 
(ii) V • B 

(iii) V x E 



<9B 

'~dt 



(iv) V x B = 



dy 
d_ 
dx 
E, 



[E 0 e~ KZ cos(fcx - ut)] = 0. / 



Eo 



e KZ KS\n(kx — ut) 



+ 



d_ 

dz 



Eq 



e KZ kcos(kx - ut) 



— [e KZ nkcos(kx - ut) - ne KZ k cos{kx - ut)] = 0. / 
u 



x y z 

d/dx d/dy d/dz 
0 E y 0 



dE v „ dE v , 
ox 



K,E 0 e KZ cos(kx — ut) x — Ene KZ ksm(kx — ut) z. 

e~ KZ {—ku cos(kx — ut) x + ku sin(kx — wi) z] 

K,E 0 e~ KZ cos(fcx - wi) x - kE 0 e~ KZ sin(kx - ut) i = V x E. / 

9B Z 



x y z 

d/dx d/dy d/dz 
B x 0 B z 



dz dx 



ck 



-i x H z 

un 2 un 2 



— K 2 e- KZ sintkx - ut) + —e- KZ k 2 sm(kx - ut) 
u u 



y = (fc 2 - K 2 )^e- KZ sin(fcx - ut 



Eq. 9.202 =>• k 2 - k 2 = (^) 2 [n 2 sin 2 0, - (m sin 0 7 ) 2 + (n 2 ) 2 ] = (^) * = co 2 e 2M2 . 
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62HiuE 0 e KZ sin(kx — ut) y. 



<9E 



^262—— = M2£2-Eoe KZ usin(kx — ut) y = V x B /. 



(f) 



S = — (ExB) = — ^l e - 2KZ 

A*2 M2 w 



x y z 

0 cos(fcx — ut) 0 

ns\n{kx — ut) 0 kcos(kx — ut) 



E 2 

— o_ e -2ftz [kcos 2 (kx — ut) x — nsm(kx — ut) cos(kx — ut) z] . 

fl2U 



Averaging over a complete cycle, using (cos 2 ) = 1/2 and (sin cos) = 0, (S) = 



E 2 0 k_ e _ 2h c 



2[iiu 



x. On average, 



then, no energy is transmitted in the z direction, only in the x direction (parallel to the interface), qed 
Problem 9.38 

Look for solutions of the form E = E 0 (a;, y, z)e~ tbJt , B = B n (x, y, z)e~ %UJt , subject to the boundary condi- 
tions E" = 0, B ± = 0 at all surfaces. Maxwell's equations, in the form of Eq. 9.177, give 
V'E = 04V'E o = 0; VxE=-f => V x F, Q = iuB 0 ; 



V-B = 0^V-B o = 0;VxB = 4^ =► V x B 0 



rlL, 



o- 



From now on I'll leave off the subscript (0) . The problem is to solve the (time independent) equations 

V • E = 0; VxE = iuB; 

V • B = 0; VxB = -^E. 
From V x E = iu~B it follows that I can get B once I know E, so I'll concentrate on the latter for the moment . 



u 



V x (V x E) = V(V • E) - V 2 E = -V 2 E = V x (iuB) = iu (^-^-Ej = ^-E. So 

E x ; V 2 E y = — ^ — ^ E y ; V 2 E Z = — ^ — ^ E z . Solve each of these by separation of variables: 

C d 2 X d 2 Y °d 2 7 

E x (x,y,z) = X(x)Y(y)Z(z) ^YZ a " 



V 2 E X 



dx 2 



+ZX — +XY 
dy z 



dz 2 



d X 

(u/c) . Each term must be a constant, so 



^-Q 2 XYZ,o r l d ^ + ^ + 1 " 2Z 

klx, ^ = -fc 2 y, 0 = -k 2 z z, with 



X dx 2 Y dy 2 Z dz 2 



k 2 + k 2 + k 2 = (u/c) 2 . The solution is 

E x (x,y,z) — {Asin(k x x) + B cos(k x x)][C sm(k y y) + D cos(k y y)][E sin(fc z z) + F cos(k z z)]. 

But EH = 0 at the boundaries => E x = 0 at y = 0 and z = 0, so D = F = 0, and E x — 0 at y — b and z — d, so 
k y = rnr/b and k z = lir/d, where n and I are integers. A similar argument applies to E y and E z . Conclusion: 

E x (x,y,z) — [Asin(k x x) + Bcos(k x x)]sm(k y y)sm(k z z), 
E y (x,y,z) = sin(k x x)[C sin(k v y) + Dcos(k y y)} sin(fc z z), 
E z (x,y 7 z) = sm(k x x)sm(k y y)[Esm(k z z) + F cos(k z z)], 

where k x = rrnr/a. (Actually, there is no reason at this stage to assume that k x , k y , and k z are the same for 
all three components, and I should really affix a second subscript (x for E x , y for E y , and z for E z ), but in a 
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I'll assume 
they arc from the start.) 

Now V E = 0 => k x [Acos(k x x)—B sin(k x x)] sin(k y y) sin(k z z)+k y sin(k x x)[C cos(k y y)—D sin(k y y)] sin(fc z 2)+ 
k z sin(k x x) sin(k y y)[E cos(k z z) — Fsin(fc z 2:)] = 0. In particular, putting in x = 0, k x Asm(k y y) sin(fc z z) = 0, 
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and hence A = 0. Likewise y = 0 => C — 0 and z = 0 => E = 0. (Moreover, if the k's were not equal for different 
components, then by Fourier analysis this equation could not be satisfied (for all x, y, and z) unless the other 
three constants were also zero, and we'd be left with no field at all.) It follows that — (Bk x + Dk y + Fk z ) = 0 
(in order that V • E = 0), and we are left with 



E = Bcos(k x x) sin(k y y) sin(k z z) x + Dsin(k x x) cos(k y y) sin(k z z) y + Fsin(k x x) sin(k y y) cos(fc z z) z, 
with k x — (mir/a), k y — (mr/b) 7 k z = (lir/d) (I, to, n all integers), and Bk x + Dk y + Fk z = 0. 



The corresponding magnetic field is given by B = — («/w)V x E: 

(k x x) cos(k y y) cos(k z z) — Dk z sin(k x x) cos(k y y) cos(k z z)] , 
i{k x x) sm(k y y) cos(k z z) — Fk x cos(k x x) sin(k y y) cos(k z z)] , 
i(k x x) cos(k y y) sin(fc z z) — Bk y cos(k x x) cos(k y y) sin(fc z z)] . 



B, 

Or: 





(dE z 


dEy 




K dy 


dz 


'- 


(dE x 


8E Z 


UJ 


V dz 


dx 


l - 


(dEy 


dE x 




V dx 


dy 



UJ 
1 

-— [Bk z cos( 



% % 
B = — — (Fky — Dk z ) s\i\(k x x) cos(k y y) cos(k z z) x (Bk z — Fk x ) cos(k x x) sin(k y y) cos(k z z) y 

UJ UJ 
1 

(Dk x — Bk y ) cos(k x x) cos(k y y) sin(fc z z) z. 

UJ 



These automatically satisfy the boundary condition B^- = 0 (B x = 0 at x = 0 and x = a, B y = 0 at y = 0 and 
y = b, and B z = 0 at z — 0 and z = d). 
As a check, let's see if V • B = 0 : 

% % 

V • B — (Fky — Dk z )k x <zos(k x x) cos(k y y) cos(k z z) (Bk z — Fk x )k y cos(k x x) cos(k y y) cos(k z z) 

UJ UJ 
1 

(Dk x — Bk y )k z cos(k x x) cos(k y y) cos(k z z) 

to 

= (Fk x k y — Dk x k z + Bk z k y — Fk x k y + Dk x k z — Bk y k z ) cos(k x x) cos(k y y) cos(fc z z) = 0. / 

UJ 

The boxed equations satisfy all of Maxwell's equations, and they meet the boundary conditions. For TE 
modes, we pick E z = 0, so F — 0 (and hence Bk x + Dk y — 0, leaving only the overall amplitude undetermined, 
for given /, to, and n); for TM modes we want B z = 0 (so Dk x — Bk y = 0, again leaving only one amplitude 
undetermined, since Bk x + Dk y + Fk z = 0). In cither case (TE; m „ or TM; mn ), the frequency is given by 

uj 2 = c 2 {k 2 x + k 2 y + k 2 z ) = c 2 [(mir/a) 2 + (nir/b) 2 + (lir/d) 2 ] , or uj = cir^n~]a) 2 + (n/b) 2 -fJl/cCj*. 
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Chapter 10 

Potentials and Fields 



Problem 10.1 



2t , dL ~ r d 2 V d ,„ . . d 2 V „ 2 „ d ,„ A . 1 

DV+ m= v v - "^7* + oi iv ' A) + "°*7* = v y + — (v • a) = --p. / 



<9 2 A / <9V 
□ 2 A - VL = V 2 A - - V f V ■ A + ^oeo^r 



-/j, 0 3. / 



Problem 10.2 

At T 2 = (d+ h) /c, ct 2 = d+ h: 



(a) W = - I \^e 0 E 2 + — B 2 ) dr. At t x = d/c, x>d = ct u so E = 0, B = 0, and hence W(h) = 0. 



E = -^(d+h-x)z, B= 1 -^(d+h-x)y, 



so B = -^E z , and 
c z 



Therefore 



W(t 2 ) =l(2e 0 )^f 



e 0 E 2 + ^-B 2 )=e 0 (W J-I 



E 2 = 2e 0 E 2 . 



(d+h) 



I 



(d+h — x) 2 dx (Iw) = 



eo[iQa 2 lw 



(d+h-xf 



d+h 



e 0 ^a 2 lwh 3 
12 



(b) S(x) = — (B x E) = — E 2 [-i x (±y)l = ± — E 2 ± 



(plus sign for x > 0, as here). For |ar| > ct, S = 0. 

So the energy per unit time entering the box in this time interval is 

^ = P = [ 8(d) • rfa = 



-'-I 



4c 



(c£-d) 2 . 



Note that no energy flows out the top, since S(d + h) =0. 
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(c) W 



12 

-! 



Pdt = 



poa 2 lw 
Ac 



(d+h)/c 



J (ct - df dt = 



4c 



(ct - df 
3c 



ti d/x 

Since 1/c 2 = /ioeoj this agrees with the answer to (a). 



(d+h)/c 



d/c 



12c 2 ' 



Problem 10.3 



E= -W 



OA 

~dt 



1 q . 
r. 



47re 0 r 2 



B = VxA= 0. 



This is a funny set of potentials for a stationary point charge q at the origin. (V = , A = 0 would, of 

1 J 47T£o r 



1 q 



course, be the customary choice.) Evidently p = qS 3 (r); J = 0 



Problem 10.4 



dA 



E = — W — = —A 0 cos(fcx — cut) y(—io) = A 0 cu cos(kx — cut) y , 



B = V X A = z — [Aq s'm(kx — cut)] = A 0 kcos(kx — cut) z. 

ox I 



Hence VE = 0 /, VB = 0 /. 



V X E = z — [A a cu cos(kx — cut)] = —A 0 cuk sm(kx — cut) z, 



-A 0 cuksm(kx — cut) z, 



„ ^ dB , 

so VxE = -— /. 

at 



d $E 

V X B = — y — [A 0 k cos(kx — cut)] = A 0 k 2 sm(kx — cut) y, — = A 0 cu 2 sin(kx — cut) y . 

<9E 



So VxB = Uo e o^r~ provided k 2 — ri 0 e 0 cu 2 , or, since c 2 = l/ri 0 e 0 , cu = ck. 

at ' 



Problem 10.5 



V' = V-^ = 0 
dt 



1 q 



4iteq r 



1 q 



47reo r 



A' = A + VA= f 



47T6, 



qt] (-if ] 



0. 



This gauge function transforms the "funny" potentials of Prob. 10.3 into the "ordinary" potentials of a sta- 
tionary point charge. 



Problem 10.6 



dV 



Ex. 10.1: V-A = 0: — = 0. Both Coulomb and Lorcntz. 

at ' 



Prob. 10.3: V-A = 



qt 

47re 0 
dV 



v-(^]=--^ 3 W; 



dV 



= 0. Neither. 



Prob. 10.4: V-A = 0; ^f- = 0. 

at 



Both. 
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Problem 10.7 

dV dV 

Suppose V'A^ — A*o £ 0"t^- (Let V-A + p 0 e 0 = ^ — some known function.) We want to pick A such 

dV 

that A' and V (Eq. 10.7) do obey V-A' = -Mo^o-^- 



V-A' + fi a e 0 



dV 

~dt 



, dV d 2 X o 

V-A + V 2 A + Moeo^ - W)£o ^ = $ + □ A. 



This will be zero provided we pick for A the solution to D 2 A = — <&, which by hypothesis (and in fact) we know 
how to solve. 

We could always find a gauge in which V' = 0, simply by picking A = J Q V dt'. We cannot in general pick 
A = 0 — this would make B = 0. [Finding such a gauge function would amount to expressing A as — VA, and 
we know that vector functions cannot in general be written as gradients — only if they happen to have curl 
zero, which A (ordinarily) does not.] 

Problem 10.8 

From the product rule: 



But V— = 



*-(f)-f<™>+ J -(*f 

-V' — , since n, = r — r'. So 
1 



— (V-J)-J- (V — 



— (V-J) + — (V'-J) - V- 



But 



and 



so 



Similarly, 



VJ 



dJ x dJ y dJ z dJ x dt r dJ y dt r dJ z dt r 
dx dy dz dt r dx dt r dy dt r dz 



dt r 
dx 



l dn, dt r 

c dx dy 



1 dt 

c dy 



dt r 
dz 



dJ x dt dJ y dt d,J z dt 



dt r dx dt r dy dt r dz 



1 dt 

c dz 



V'-J = 



dp 1 dJ 

dt c dt r 



(V* )• 



[The first term arises when we differentiate with respect to the explicit r', and use the continuity equat 
thus 



ion. 



1 
t 



ldJ_ 

C dtr 



(V*) 



1 
t 



dt cdU 1 j 



t dt \t 



(the other two terms cancel, since 'Vt = — V'^2- ). Therefore: 



V-A 



Mo 

47T 



a_ 

"at 



/f*-Mf)* 



at 



47re 0 J t T \ 4tt / 



^ — • da. 
4tt r * 

av 



ay 

The last term is over the sufacc at "infinity", where J = 0, so it's zero. Therefore V-A = — Uoe 0 -—. / 

at 
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Problem 10.9 

(a) As in Ex. 10.2, for t < s/c, A = 0; for t > s/c, 



A{s,t) 



kit — \/s 2 + z 2 /c) , u 0 k „ 
dz — 



z 

2tt 



2tt 



z < 



I 



dz 



tin 



Ct+ y^cT) 



2 _ c 2 



2 _ a 2 



. Accordingly, 



V( c *) 2 -* 2 

I / * 



1 

+ y/(ct) 2 -S 2 ) \S 

{ ( ct+^f{ct) 2 -s 2 

"sr" r — s — 



' 1 2c 2 i 

c+ - 



1 2c 2 t 



2 ^/(ct) 2 - .s 2 



2C ^(rf) 2 _ s 2 

ci 1 



' 2tt n I s 



yV) 2 - s 2 ^(ct) 2 - s 2 
(or zero, for t < s/c). 



B{s,t) 



d_A^ 
' ds 

' 2ir 



Hok 



4> 



2 ^/(ct)^ 



1 (-2a) 



ct + v/(ct) 2 - s 2 



2c ^(rf) 2 - s 2 



>0 



-ci 2 



+ 



d»A(«./) = ga/_ 



2tt [ - s 2 c^(ci) 2 - s 2 

Mo . Z" 00 ?o<$(* - * /c) 



0 : 



Hok {-c 2 t 2 + s 2 ) 



Cf>- 



Hok 
2nsc 



1 



2tt sc ^/{ct) 2 - s 2 
dz. But 1 = \/s 2 + z 2 , so the integrand is even in z 
5(t - 1 /c) 



^(ct) 2 - s 2 4>. 



1 



dz. 



Now z = \J 1 2 - s 2 => dz = 



1 2^ dt 



1 dt 



2 2 - s 2 2 - 



-, and z = 0 => 1 = s, z = oo => & = oo. So: 



2 _ c 2 
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Now S (t - 1 /c) = c5{l - ct) (Ex. 1.15); therefore A = z c 



2n 



6(4- -ct) 
V* 2 - s 2 



dl , so 



A{s,t) 



PoQoc 



2tt ypy 



2 _ „2 



z (or zero, if ct < s); 



2c 2 t 



1 ' J ^ 2^ ^ 2 J [(ct) 2 - S 2]3/2 



Mo<7oc 3 i 



27r[(ct) 2 - s 2 ] 3 / 2 



B(M) = -^« 



Mogoc / l 



-2s 



2tt V 2/ i(ct) 2 - s 2 ] 3 / 2 



0 : 



2n[(ct) 2 - s 2 ] 3 / 2 



(or zero, for t < s/c); 
(or zero, for t < s/c). 



0 



Problem 10.10 



An J 1 An J 1 



An 



V c 



kt J 1 F 1 f /* c^i'c I 

But for the complete loop, f dl — 0, so A = < - dl+ - dl+ 2x — >. Here f. g?1 = 2ax (inner 

i*i 2 J a X J 



circle), / 2 cfl = — 26 x (outer circle), so 



Pokt 
An 



^(2a)+ J(-26) + 21n(6/a) 



A=^ln(6/a)x, 



E 



<9A 

7^ 



Pok 
' 2tt 



ln(6/a) x. 



The changing magnetic field induces the electric field. Since we only know A at one point (the center), we 
can't compute V x A to get B. 

Problem 10.11 

In this case p(r,t) = p(r,0) and 3(r,t) = 0, so Eq. 10.29 => 



E(r,t) 



1 



AlTEo 



/9 (r',0)+p(r',0)t r , p(r',0) 



1 



+ 



cl 



n, dr', but t r = t (Eq. 10.18), so 



= — / 

47Te 0 J 



p(r',0)+p(r',0)t _ p(r',0)(* M , P(r',0) 



* d/ = J- dr'. qed 

47Te 0 J * 2 



Problem 10.12 

In this approximation we're dropping the higher derivatives of J, so 3(t r ) — 3(t), and Eq. 10.31 



B(r,t) 



Mo 



47T ' 2 

t*o f 3(r',t) x n. 
An 



J(r', t) + (t r - t)3(r', t) + ^3{r', t) 



x d dr', but t r - t 



1 



(Eq. 10.18), so 



dr' . qed 



Problem 10.13 

At time t the charge is at r(t) = a[cos(uit) x + sin(aji) y], so v(t) = wa[- sin(wt) x + cos(wt) y]. Therefore 
-4. = zz — a[cos(ujt r ) x + sm(uit r ) y], and hence 1 2 = z 2 + a 2 (of course), and 1 = \J z 2 + a 2 . 

n, -v=— (•* • v) = — {— uoa 2 [— sm(bjtr) cos(u}t r ) + sin(wt r ) cos(wt r )]} = 0, so [ 1 — — — — J = 1. 
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Therefore 



V(z,t) 



47re 0 y/z 2 + a 2 



5 A(z,t) 



qui a 



47reo c 2 V z 2 + a 2 



- sin(wi r ) x + cos(ivt r ) y), 



where t r = t 



Problem 10.14 

Term under square root in (Eq. 10.42) is: 

I = cH 2 - 2c 2 t{v • v) + (r • v) 2 + cV - cH 2 - v 2 r 2 + v 2 c 2 t 2 
= (r • v) 2 + (c 2 - v 2 )r 2 + c 2 (vt) 2 - 2c 2 (r • vt). put in vt = r - R 2 . 
= (r • v) 2 + (c 2 - v 2 )r 2 + c 2 (r 2 + R 2 - 2r • R) - 2c 2 (r 2 - r • R) = (r • v) 2 - r 2 v 2 + c 2 R 2 . 

but 

(r • v) 2 - rV = ((R + vt) • v) 2 - (R + vt) 2 w 2 

= (R • v) 2 + vH 2 + 2(R • v)v 2 t - R 2 v 2 - 2(R • v)tv 2 - v 2 t 2 v 2 
= (R • v) 2 - R 2 v 2 = R 2 v 2 cos 2 6 - R 2 v 2 = -R 2 v 2 (l - cos 2 6) 
= ~R 2 v 2 sm 2 e. 



Therefore 



Hence 



/ = ~R 2 v 2 sin 2 9 + c 2 R 2 = c 2 R 2 | I - ^ si"" 



V(T,t) = 



4 ^ Ry/l-% sm 2 9' 



qed. 



Problem 10.15 

Once seen, from a given point x, the particle will forever remain in view — to disappear it would have to 
travel faster than light. 

|Light rays in + x directionl 



A person at point 
x first sees the 
particle when this point is reached 
i.e. at x = -ct. or 
t = -x/c 



Graph of w(t) 




Region below wavy line represents space-time 
points from which the particle is invisible 
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Problem 10.16 

First calculate t r : t r = t — |r — w(t r )\/c => 
-c(t r -t)=x- ^Jb 2 + c 2 t 2 c(t r -t) + x= ^/b 2 + c 2 t 2 ; 
c 2 t 2 r - 2c 2 t r t + c 2 t 2 + 2xct r - 2xct + x 2 = b 2 + c 2 t 2 r ; 
2ct r (x - ct) + (x 2 - 2xct + c 2 t 2 ) = b 2 ; 

2ct r (x — ct) = b 2 — (x — ct) 2 , or t r 
I qc 



01 ■ ■ 




w(t r ) 


V 



Now V(x, t) 
1 1 



47T£o C — •* • v) 



b 2 - (X - Ct) 2 

2c(x — ct) 

and 1 c — * ■ v = 'Z- (c — u); -2- = c(f — t r ). 



c 2 t r 



2 ^fe 2 + c 2 t 2 ~ c(t r -t)+x ct r + (x- ct) 
c(t — t r )c(x — ct) c 2 (t — t r )(x — ct) 



(c-v) = 



c 2 t r + c(x — ct) — c 2 t r c(x — ct) 



ct r + (x — ct) 



1 c— * • V = 



. b 2 - (x — ct) 2 
; ct r + (x — ct) = — — r \-{x — ct) — 



ct r + (x — ct) ' 
b 2 + (x - ct) 2 



1 



ct r + (x — ct) ct r + (x — ct) 2 (x — ct) 

2ct(x - ct) - b 2 + (x - ct) 2 _ (x - ct)(x + ct) - b 2 _ (x 2 - c 2 t 2 - b 2 ) 
2c(x - ct) 2c(x - ct) 2c(x - ct) 

b 2 + (x-ctf] 1 2c(x-ct) 



1 c — *i> v 



2(x - ct) 



2{x - ct) 

. Therefore 

b 2 + (x - ct) 2 



c 2 (x - ct) [2ct(x - ct) -b 2 + (x- ct) 2 } c(x - ct) [2ct(x - ct) - b 2 + (x - ctf 



The term in square brackets simplifies to (2ct + x — ct)(x — ct) — b 2 = (x + ct)(x — ct) — b 2 = x 2 — c 2 t 2 — b 2 . 
So 

Meanwhile 



V(x,t) = 



q b 2 + (x - ct) 2 

4ire 0 (x - ct)(x 2 - c 2 t 2 - b 2 ) ' 



A=lv = 



V 



r fc 2 - (x - ctf 
2c(x — ct) 



c 2 ct r + (x — ct) c 2 



2(x - ct) q b 2 + (x- ct) 2 

b 2 + (x- ct) 2 (x - ct){x 2 - c 2 t 2 - b 2 ) 



b 2 - (x - ctf 



4ire 0 c (x - ct)(x 2 - c 2 t 2 - b 2 ) 



Problem 10.17 



2c 2 (t-t r ) 1 - 



dt r 
l)t 



= 21 



d& dw dw dt r 

~dt " ~~dt " ~~dT r ~dt 

dt dt 
r -(* -u) (Eq. 10.64), and hence 



= 1 => c 2 (t- 


trf 


= 


2 = ^ 


dn, 

— , or c«, 


(- 


dt r ~ 


)- 


dt r 


Cl 




dt r \ 


= - v w 


~dt) 



d* 

~dt 



. Now n, = r w(i r ), so 



dt r 

dt 



cl 



dt r 

~di 



(c1> — •* • v) 



el 



dt y / v n /. dt ^ u 

Now Eq. 10.40 says A(r,i) = ^V(r,t), so 



qed 
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OA 

~dt 



1 fdw^ r dV 
-V + v 



at 

8t r 1 



dt 



1 fdv dt rTr dV 
— -V + v — 

c 2 \dt r dt at 



a — : h v -t, c — *i • v 

dt 4ire 0 * -u 4^e 0 (* • u) 2 j 



1 qc 



a <9t r 



C 2 47TC0 

But ^ = c(t - t r ) 



* • u dt (* • u) 2 

<9^ 



at 



= c 1 



gc 9 
^u) 2 <9t 

"at aT 

dt 



■ v — * 



5v 

dt 



* = r — w(t r ) 



= — v^r- (as above), and 



at 



dt 



dv <9v <9t r <9t r 
~di = dU~dt ~ a ~dt' 

q \ , ,dt r 



c 2 [l 



9t r 
at 



4«oc(l.u)^ {-^ + ^-" + ' c2 -» 2 + "-'Ht} 

4 ^ I " c2v + [(* • u ) a + (c 2 - v 2 + * • a)vl 1 

47re 0 c(-4. • u) 2 [ LV J -4. • u J 



9 



47re 0 c('fc • u) 3 

oc 1 

47T60 C — * • v) 5 



[-c 2 v(* -u)+c^ (* -uja+cZ- (c 2 -v 2 + * -a)v] 

c - <* ■ v) ( -v + — a j + — (c 2 - w 2 + * ■ a)v 



qed 



Problem 10.18 

q 1 



E = — — -. — : — \(c 2 - v 2 )u + 1 x (u x a)l . Here 
47re 0 (* • u) 3 L 1 

v = v x, a = ax, and, for points to the right, •* = x. 

Sou=(c-u) x, u x a = 0, and ■ u = 'Z- (c — w). 



Kg 



E 



•2- 



47re 0 * 3 (c — w) 3 



(c 2 — w 2 )(c — y) x 



1 (c + v)(c — v) 2 „ q 1 /c + u 



47TC0 



(c — u) £ 



47re 0 



c — w 



B = -4 xE = 0. qed 



For field points to the left, -fc = — x and u = — (c + w) x, so n, -\i= (c + v), and 

1 



E = - 



9 



47re 0 ^ 3 (c+ u) 3 



(c 2 - y 2 )(c + v) x 



-9 1 



47re 0 4- 2 \ c + v 



x; B = 0. 



R 



dx 



Problem 10.19 

(a) E= -^(l-« 2 /c 2 ) , rr , 

W J R [l-(y/ c ) 2 sin 2 #] 3/2 

The horizontal components cancel; the vertical com- 
ponent of R is sin# (see diagram). Here d = Rsin9, so 
1 sin 2 Ox . ,. 2 

R 2 d 2 



R. 



dq=K(h 



; ——= cot 0, so da; = — d(— esc 2 0) d# = — 
d sin 0 



d<9: 
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R 2 



dx 



E 



d sin 2 9 ,„ dO 

d0=—. Thus 
d 



sin 2 6 d 2 



A(i-„Vc 2 )y fl 



P 7T 

•A) [1 



sm( 



d#. Let z = cos 6, so sin 



l-z z . 



[1 - (v/c) 2 sin 2 0] 



r 1 

4ire 0 d J_! [i _ ( w / c )2 + ( u/c )2 z 2]3/2 



A(l- W 2 /c 2 )y 



1 



47re 0 rf 
A(l - v 2 /c 2 ) c 1 



(v/c) 3 (c 2 /v 2 - \)^{c/v) 2 -l + z 2 
2 



+i 
-l 



47re 0 rf v (1 - c 2 /« 2 ) ^(c/v) 2 - 1 + 1 



1 


2A . 


47re 0 





(same as for a line charge at rest). 



1 



(b) B — — (v x E) for each segment dq~\dx. Since v is constant, it comes outside the integral, and the 
c z 

same formula holds for the total field: 



B= ^(vxE) 



1 1 2A 



(x x y) = y, 0 e 0 v 



1 2A. no 2Aw 



But Xv = I, so 



B = -. — r <P 

47T d 



c 2 4ire 0 d x " J ' r ~ v ^'~ Aireo d At: d 
(the same as we got in magnetostatics, Eq. 5.36 and Ex. 5.7). 




Problem 10.20 

w(£) = R[cos(u)t) x + sin(ut) y]; 
v(t) = Ru>[— sin(wi) x + cos(wi) y]; 
a(t) = -Ruj 2 [cos{u)t) x + sin(wi) y] = -uj 2 w(t); 
1 = -w(t r ); 
V = R; 
t r = t — R/c; 

-fc = — [cos(wi r ) x + sin(wi r ) y]; 

u = c<£ — v(t r ) = — c[cos(wi r ) x + s\n(ivt r ) y] — uiR[— sin(wt r ) x + cos(a;t T .) y] 
= — {[ccos(a>t r ) — ujRsm(uit r )] x + [csin(wi r ) + u) R cos(wi r )] y} ; 
-4. x (u x a) = (•* • a)u — (■* • u)a; n, a = — w • (— w 2 w) = u 2 R 2 ; 

*■ ■ u = R [ccos (wi r ) — wi?sin(wt r ) cos(wi r ) + csin 2 (wi r ) + wi?sin(wi r ) cos(wi r )] = Rc; 

v 2 = (ujR) 2 . So (Eq. 10.65): 



E 



jot [■ < c2 - " 2 " 2 ) + - = W 

- { — [c 2 cos(o>i r ) — wi?csin(wt r )] x — [c 2 sin(wt r ) + ujRccos(uit r )] y 

47reo (itc)^ 

+ R 2 lu 2 cos(ujt r ) x + i? 2 w 2 sin(u;i r ) y} 



_Q J_ 

47Te 0 (i?c) 2 



{ [(o; 2 i? 2 — c 2 ) cos(u;£ r ) + cji?csin(u;i r )] x 4- [(u; 2 i? 2 — c 2 ) sin(u;£ r ) — ujRccos(tot r )] y} 
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B = ^-i x E = ^ (* x E y - 4. y E x ) z 



{cos(wt r ) [(u> 2 R 2 — c 2 ) sin(wi r ) — w_Rccos(wi r )] 



c 47re 0 (i?c) 2 

- sin(wi r ) [(w 2 i? 2 — c 2 ) cos(wt r ) + wi?c sin(wt r )] } i 

1 1 r n 2 / j. \ n • 2/ i \1 « <7 1 



47re 0 i? 2 c 3 



[— wi?c cos 2 (wt r ) — loRc sin 2 (wi r )] z : 



47re 0 i? 2 c 3 



loRcz, 



47re 0 i?c 2 



Notice that B is constant in time. 

To obtain the field at the center of a circular ring of charge, let q — > X(2irR); for this ring to carry current 
I, we need I = Xv = XuR, so A = I/uR, and hence q — » (I /u)R)(2nR) — 2-jtI/w. Thus B = — ^ z, or, 



47re 0 i?c 2 



since 1/c 2 = eo/J-o, 



B = ^z, 
2i? ' 



the same as Eq. 5.38, in the case z = 0. 



Problem 10.21 

A(<M) = A o |sin(0/2)|, where 6 



tot. So the (retarded) scalar potential at the center is (Eq. 10.19) 

v 



V(t) = 



1 



4ire 0 
Ap 

47TC0 

Ap 
47re 0 



47T£ 



1 

/ sin(6»/2)d6» 
Jo 



Aq |sin[(0 — Lot r )/2]\ 



ad(j) 



o Jo 



4^[- 2c ° s ^ir 




[2 -(-2)] 



7T€q' 



(Note: at fixed t r , d(j> = d9, and it goes through one full cycle of <fi or 6.) 

Meanwhile l(<j>,t) = Av = X 0 ua |sin[(</> — cot)/2]\ 4>. From Eq. 10.19 (again) 

A(t) = ^[^dl'=^r Ao " fl|sin[(0 '^ )/2]l ^ q#. 

4tt 7 * 4tt 7 0 a 

But t r — t — a/c is again constant, for the 4> integration, and 4> = — sin</>x + cos^y. 
^° 0 — f \sm[((j) — u)t r )/2] | (— sin <f>St + cos (fry) d<j>. Again, switch variables to 6 — (j) — u>t r , 
and integrate from 6 = 0 to 6 — 2ir (so we don't have to worry about the absolute value). 
t '" Xt)U -" I s in(0/2) [- sin(0 + wi r ) x + cos(0 + wi r ) y] dJd. Now 



47T 
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/ sin (0/2) sin(0 + ut r ) d6 = - / [cos (0/2 + wt r ) - cos (30/2 + wt r )] d9 



2 sin (0/2 + wt r ) - - sin (30/2 + ut r ) 



2tt 



sin(7r + uot r ) — sm(wt r ) — — sin(37r + uit r ) + — sin(wi r ) 

2 4 
— 2sm(ujt r ) + -sin(wi r ) = — -sm(wt r ). 

O O 

c2tt 



/ sin (0/2) cos(0 + wt r ) dO = - [- sin (0/2 + wt r ) + sin (30/2 + wt r )] d9 
Jo 2 J 0 



2 cos (0/2 + ut r ) - - cos (30/2 + wt r ) 



cos(7r + ojt r ) — cos(wi r ) — ^ cos(37r + ujt r ) + \ cos(ujt r ) 

2 4 
— 2cos(o;t r ) + - cos(wi r ) = — -cos(wi r ). So 



A(i) = M °^° a;fl ) [sin(wt r ) x - cos(wt r ) y] 



^°^ oa; {sin[w(t — a/c)] x — cos[w(t — a/c)] y} . 

37T 



Problem 10.22 



POTENTIALS 



V A = 




B = -VV- §f ;B = VxA 
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Problem 10.23 

Using Product Rule #5, Eq. 10.43 



Mo 

47T 

li 0 qc 



V A = Igqcv • V [(c 2 t - r ■ v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )] 



-1/2 



^ v . |_I [( c 2 ; - r • v) 2 + (c 2 - « 2 )(r 2 - c 2 t 2 )} ~ 3/2 V [(c 2 t - r • v) 2 + (c 2 - « 2 )(r 2 - c 2 t 2 )} 
= [(c 2 t - r • v) 2 + (c 2 - « 2 )(r 2 - c 2 t 2 )] " 3/2 v • {-2(c 2 t - r • v)V(r • v) + (c 2 - « 2 )V(r 2 )} 

Product Rule #4 

V(r • v) = v x (V x r) + (v V)r, but V x r = 0, 

, / d 8 d \ , . 

(v V)r = I u^ — +Vz ~dz J ( xx + yy + zz > = v x x + v y y + v z z = v, and 

V(r 2 ) = V(r • r) = 2r x (V x r) + 2(r • V)r = 2r. So 



V A 



[(c 2 t - r • v) 2 + (c 2 - « 2 )(r 2 - c 2 t 2 )] ~ 3/2 v • [-2(c 2 t - r • v)v + (c 2 - « 2 )2r] 



[(c 2 t - r • v) 2 + (c 2 - « 2 )(r 2 - c 2 t 2 )] ~ 3/2 {{c 2 t - r • v)« 2 - (c 2 - v 2 ){v ■ v)} . 



8tt 

47T 

But the term in curly brackets is : c 2 tv 2 — v 2 (r ■ v) — c 2 (r • v) + v 2 (r ■ v) = c 2 (v 2 t — r • v) 



(w 2 t — r • v) 



4tt [(c2 t - r . v) 2 + (c 2 - v 2 )(r 2 - c 2 i 2 )] 3/2 ' 
Meanwhile, from Eq. 10.42, 



dV 
dt 



-Moeo-. — qc 

4ne 0 



2w„2 „2.2M~ 3 / 2 



[( C 2 t-r-v) 2 + ( C 2 - W 2 )(r 2 - C 2 t 



^[( C 2 i-r.v) 2 + (c 2 -« 2 )(r 2 - C 2 t 2 )] 



' 8tt 
fi 0 qc 3 



[(c 2 t - r • v) 2 + (c 2 - « 2 )(r 2 - c 2 t 2 )] ~ 3/2 [2(c 2 i - r • v)c 2 + (c 2 - v 2 )(-2c 2 t)] 



(c 2 t - r • v - c 2 t + v 2 t) 



47T [( c 2i_ r . v )2 + ( c 2_ u 2)( r 2_ c 2^2)] 



3/2 



= V-A. / 



Problem 10.24 

(a) 



9l92 



47TC0 (6 2 + c 2 * 2 ) 



? 2 



(This is just Coulomb's law, since qi is at rest.) 



(b)/ 2 



4vre 0 J_ x (6 2 + c 2 t 2 ) 



9l92 

47re n 



^-tan^ 1 (ct/6) 



9l92 

47re 0 6c 



[tan 1 (oo) — tan 1 (— oo)] 



9i 92 


"7T / 7T\" 




91 92 7T 


4:ire 0 bc 


_2 ~ l~2/. 




47reo fee' 
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(c) From Prob. 10.18, E = 

and v are to be evaluated i 
given by c(t — t r ) = x(t r ) 



g2 1 

47T60 X 2 \ C + 



x. Here x 



and v are to be evaluated at the retarded time t r , which is 



b 2 + c 2 ti 



c 2 t 2 



sjb 2 + c 2 t 2 
b 2 

2c 2 1 



c 2 t 2 



2ctt r + 
Note: As we found 



in Prob. 10.15, q 2 first "comes into view" (for q-\) at time 
t = 0. Before that it can exert no force on q\, and there is 
no retarded time. From the graph of t r versus t we see that 
t r ranges all the way from — oo to oo while t > 0. 




x(t r ) = c(t — t r ) = 
, , (c 2 t 2 -b 2 

c-v _ (c 2 t 2 + b 2 ) 



2c 2 t 2 - c 2 t 



2+2 



2ct 
2ct 



b 2 + c 2 t 2 
(c 2 t 2 - b 2 ) 



.2+2 



cH 



2ct 

c 2 t 2 - b 2 

s 2 t 2 + b 2 

2b 2 b 2 



(for t > 0). v(t) = 



1 



2c 2 t 



2 V6 2 + c 2 t 2 
(for t > 0). Therefore 

4c 2 t 2 



X 



so 



c + v (c 2 t 2 + b 2 ) + (c 2 t 2 - b 2 ) 2c 2 t 2 c 2 t 2 



(for t > 0). E 



92 



47re 0 (b 2 + c 2 t 2 ) 2 c 2 t 2 



0, 



Fi = 



5i 92 



Ab 2 



4ire 0 (b 2 + c 2 t 2 )- 



t < 0; 
x, t > 0. 



(d)/i 
1 



47T60 JO 



— — --- dt. The integral is 

[b 2 + c z t 2 ) 2 



1 



c 4 7o [(Vc) 2 + i 2 ] 2 
So 



c 

262 



(6/c) 2 + t 2 



o [(V C ) 2 + ^ 2 )] 



dt 



1 


(I) 


7T 


2c 2 6 2 




4c6 3 



It = - 



gl92 

47re 0 be ' 



(e) Fi 7^ — F 2 , so Newton's third law is not obeyed. On the other hand, I\ = —I2 in this instance, which 
suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered 
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general the fields might carry 
off some momentum, leaving the mechanical momentum altered; but that doesn't happen in the present case.) 

Problem 10.25 



S = — (E x B); B = 4(v x E) (Eq. 10.69). 

Mo c 2 



So S 



[E x (v x E)] = e 0 [£ 2 v - (v • E)E] 













— -X 


q a 







The power crossing the plane is P = / S • da, 
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and da — 2nr dr x (see diagram) . So 



P = e 0 J (E 2 v - E 2 v)2irr dr; E x = E cos 9, so E 2 - E 2 X = E 2 sin 2 9. 

9 1 



2tt€ 0 v I E 2 sin 2 9 r dr. From Eq. 10.68, E 



R 



47T60 7 2 R 2 [! _ ( w / c )2 sin 2 g 



^2^3/2 



where 7 



= 2ireQV 



rsin 9 



47re 0 J 7 2 Jo i? 4 [1 - (v/c) 2 sin 2 0] 
v q 2 1 r /2 sin 3 6» cos 



. l,.l cos( 
dr. Nowr = fltanf/^dr = a dfe 1 ; 



cos^ 



i? a 



2 7 4 47re 0 a 2 7o [l - (v/c) 2 sin 2 0] ' 



cZ0. Let m = sin 0, so du — 2 sin 9 cos 9 d9. 



vq'' 



16^e 0 a 2 7 4 7o [1 - (v/cf 



du = 



vq 



167re 0 a 2 7 4 V 2 



7 



327reoa 2 



Problem 10.26 



(a) 



Fi 2 (i) 



1 9i 92 



47re 0 (vt) 2 
(b) From Eq. 10.68, with 



180°, R = vt, and R 



F 2 i(t) 



1 9X92(1 - « 2 /c 2 ) . 

47re 0 (wi) 2 




No, Newton's third law does not hold: F12 7^ F 2 i, 
because of the extra factor (1 — v 2 /c 2 ). 

(c) FromEq. 8.29, p = e 0 J(ExB) dr. Here E = Ei+E 2 , whereas B = B 2 , soExB = (EixB 2 ) + (E 2 xB 2 ). 
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part: 

/l 1 
(Ei x B 2 )dr. Now Ei = while, from Eq. 10.69, B 2 = -^(v x E 2 ), and (Eq. 10.68) 



E 2 



E9 



92 



Aiteq r 2 

(l-v 2 /c 2 ) R^„ „9 999„ . „, rsin9 _ 

. But R = r - vt: i? 2 = r 2 + v 2 i 2 - 2™icos(9; sin<9' = — — . So 



B, = 



47re 0 (l-w 2 sin 2 6>'/c 2 ) 3 / 2 i? 2 

92 (l-i; 2 /c 2 ) (r-vt) 

47re 0 [1 _ ( V rsm9/Rc) 2 f /2 R 3 
92(1 — v 2 /c 2 ) vrsinO 



R 

. Finally, noting that v x (r — vt) = v x r = vr sin 6 <f>, we get 



0. So p(t) = e 0 - 



9i 92(1 — v /cr)v f 1 r sin 0 (f x 0) 



47re 0 c 2 [i? 2 _ ( wrsin6 )/ c )2]3/2 •' 4 7reo 47re 0 c 2 7 ^ 2 [i? 2 - ( W r sin 6»/c) 2 ] 3/2 ' 

But f x <f> = — 9 — — (cos 0 cos 0x + cos 6* sin (/iy — sin0z), and the x and y components integrate to zero, so: 



P(*) - 



sin 2 6> 



9i 92^(1 - w 2 /c 2 ) z 

(47rc) 2 e 0 J r [r 2 + (vt) 2 -2rvtcos9 ~ (vrsm9/c) 2 } 3/2 
9i 92^(1 - w 2 /c 2 ) z 



r 2 sin 0 c?r d9 d(f) 



87rc 2 eo 



/ 



r sin 



r 2 + (vt) 2 — 2rvtcos9 — (vrsin0/c) 2 ] 



213/2 



drd9. 
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I'll do the r integral first. According to the CRC Tables, 
x , 2(bx + 2a) 



L 



0 (a + bx + ex 2 ) 3 / 2 



dx 



(4ac — b 2 )y/a + bx + cx 2 
2 

y/c(4ac - b 2 ) 



Aac - b 2 



b 2a 



(b - 2y/ac) = 



(2yfac - b) 



c (2y/dH - b) (2^dH + b) y/c 



(2y/a~c+b) . 



In this case x = r, a = (vt) 2 , b = — 2vt cos 0, and c = 1 — (v/c) 2 sin 2 0. So the r integral is 

2 1 



yjl - (v/c) 2 sin 2 9 



2vtJ\ - (v/c) 2 sin 2 6- 2vtcos6 



1 — (v/c) 2 sin 2 0 + cos 



vtyjl - (v/c) 2 sin 2 9 yjl- (v/c) 2 sin 2 9 — cos 9 

cos 9 



So 



vtyjl-(v/c) 2 sm 2 9 [1 - (v/c) 2 sin 2 9 - cos 2 9] vtsin2 W ~ y2 / c ^ 



\J^-(v/c) 



2 sin 2 ( 



P(t) 



qiq 2 v(l - v 2 /c 2 ) z 



8ttc 2 



1 



vt(l - v 2 /c 2 ) J Q sin 2 9 

qiq 2 Z \ 1" . a , Q c T cos 0 sin 0 

- — r — < / sin 0 d0 + - / 

8^ 2 6 0 t Uo Wo 



1 



COS0 



yjl - (v/c) 2 sin 2 0 
d9 \ . 



sin 3 9 d9 



2 - sin 2 I 



But sin 9 d9 = 2. In the second integral let w = cos 9, so du = — sin 0 g?0: 



Jo 



cos 0 sin 0 



:d9 



i: 



f.y M0<?1<?2 . 



vV^) 2 - 1 + u 2 

(plus a term constant in time) . 



du = 0 (the integrand is odd, and the interval is even). 



(c/v) 2 -sin 2 9 
Conclusion: 
(d) 

f 12 . v, . 1 ^ z .' giga(1 :,; 2/c2) z = . f i i . r ; \ ■-, ^ z = ^ z . 



47reo w 2 t 2 47re 0 



v 2 t 2 



4ire 0 c 2 t 2 4-rrt 2 



dp /x 0 gig2 « „ . „ , 
■^ = ^ z = Fl2 + F21 - qed 



Since gi is at rest, and (72 is moving at constant velocity, there must be another force (F mcc h) acting on 
them, to balance F12 + F21; what we have found is that F moc h = dp cm /dt, which means that the impulse 
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of 
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).] 
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Chapter 11 

Radiation 



Problem 11.1 

From Eq. 11.17, A = — ^°^ > ° UJ _ s in[o;(t - r/c)](cos#f - sin6>0), so 



4-7T r 



V A 



47r [ r 2 <9r 

47T 



r 2 - sin[w(i — r/c)] cos# 



i a 

r sin 0 90 



— sin 2 6- sinfwft — r/c)l 
r 



~2 (sin[oj(i — r/c)] — — cos[w(i — r/c)]^ cos# — 

= /io£o ||^~ sin[u;(i - r/c)] + ^- cos[uj(t - r/c)]j cos# j 

Meanwhile, from Eq. 11.12, 

dV p 0 cos9 ( uj 2 u 

— — = < cos \ui(t — r/c) sin \u(t — r/c) 

dt 47re 0 r \ c 1 x r ' ' 



2 sin 6 cos 9 



sin[w(t — r/c) 



47reo I • 



sin[w(t — r/c)] H cos[uj(t — r/c)] | cos 6. So V • A = — /i 0 £o^^- qed 



rc 



Problem 11.2 

Eq. 11.14: 



V(r, t) = - -r^— sin[w(t - r/c) 
47re 0 c r 



Eq. 11.17: 



A(r, t) = — sm u t — r/c) . 

47T r 



Now p 0 x f = po sin 0 0 and f x (p 0 x f ) = po sin 9(r x cf>) = —p 0 sin 6 0, so 
^o^ 2 f x (p 0 x f ) 



Eq. 11.18: 
Eq. 11.21: 



EM) 



47T 



■ cos[w(t — r/c)]. 



Eq. 11.19: 



t,/ .x Mo^ 2 (Po x f) 

B(r, t) = cos[bJ(t — r/c)]. 

47rc r 



/q\ = Mo^ 4 (Po x f ) 2 
W 32^ 2 c r 2 



Problem 11.3 

P = I 2 R = q 2 uj 2 sin 2 (ut)R (Eq. 11.15) (P) = y 2 cu 2 R. Equate this to Eq. 11.22: 

1 



r) = Hog 2 d 2 uj A 

127TC 
^ 0 d 2 47T 2 C 2 



„ u 0 d 2 uj 2 . 2nc 

R = — — ; or, since w = — — , 

D7TC A 



R = 



6ttc X 2 



= l^oc = ^7r(47r x 1(T 7 )(3 x 10 8 ) 



SOtt 2 [ ^ ) ft = 789.6(d/A) 2 ft. 
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For the wires in an ordinary radio, with d = 5 x 1CT 2 m and (say) A = 10 3 m, R = 790(5 x 10~ 5 ) 2 = 2 x 1CT 6 Ct, 
which is negligible compared to the Ohmic resistance. 

Problem 11.4 

By the superposition principle, we can add the potentials of the two dipolcs. Let's first express V (Eq. 11.14) 

PqUJ ( z \ 

in Cartesian coordinates: V(x,y, z.t) = — s s ^ \sai\u>(t—r/c)\. That's for an oscillating dipolc 

v y ; Aweac \x 2 + y 2 + z 2 J 1 v 1 n to 

along the z axis. For one along x or y, we just change z to x or y. In the present case, 
p = po[cos(ujt) x + cos(ujt — it/2) y], so the one along y is delayed by a phase angle tt/2: 
sin[u)(t — r/c)] — > sin[w(t — r/c) — 7r/2] = — cos[w(t — r/c)] (just let out — > ujt — tt/2). Thus 



V = 



p 0 LJ 



AttcqC \ x 2 + y 2 + z- 



- sin[w(t — r/c)] 



x 2 + y 2 + z 2 



cos 



w(t-r/c)]} 



p 0 w sin# 
47re 0 c r 



{cos ^>sin[w(f — r/c)] — sin </>cos[w(£ — r/c)]} . 



Similarly, 



A = 



PoPqu 
Airr 



{sin[w(i — r/c)] x — cos[u(i — r/c)] y} . 



We could get the fields by differentiating these potentials, but I prefer to work with Eqs. 11.18 and 11.19, 
using superposition. Since z = cos0f — smQO, and cos# = z/r, Eq. 11.18 can be written 

LO 2 Z 

E = ^°P oUJ cos[uj(t — r/c)] (z f ) . In the case of the rotating dipole, therefore, 

Airr ' \ r J 



jcos[w(t - r/c)] (x - ^ + sin[w(i - r/c)] (y - ^ | , 


-(f x E). 

c 





11 1 

S = — (E x B) = [E x (f x E)] = \E 2 f - (E • r)El = f (notice that E • f = 0). Now 

Mo Hoc Hoc J ii 0 c 



E 2 = ) ^ cos2 [ w ^ ~ r / c )l + &2 sin V(* - r / c )l + 2 ( a ' b ) sin I w (* - r/c)] cos[w(t - r/c)]} 

where a = x (x/r)r and b = y (y/r)r. Noting that x • r — x and y • r = y, we have 
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, _ x 2 x 2 „ x 2 l0 „ y 2 , y x xy xy xy 
a 2 = 1 + -2-^ = 1 - -=■; fo 2 = l-%; ab = -^ - + = £. 



y>2 / \ y»2 



- 2 - (^) {0 

- 2^ sin[w(t - r/c)] cos[w(t - r/c)]| 



2 \ /2 s 

' cos 2 [w(t - r/c)] + ( 1 - ) sin 2 [u(i - r/c) 



( uj 2 \ f 1 

! )\ (x 2 cos 2 [tv(t — r/c)] + 2xysin[tj (t — r/c)] cos[lj (t — r/c)] + y 2 s'm 2 [L} (t — r/c)]) 



\ 4irr J \ r 2 

/ 2\ 2 



1 2 "| 

1 (xcos[uj(t — r/c)] + ys'm[Lu(t — r/c)]) > 

r z j 

But x = r sin 9 cos 4> and y = r sin 6* sin (/>. 
_ ^oPo^ ^ |l — sin 2 0 (cos </)COs[w(t — r/c)] + sin (/)sin[w(t — r/c)]) 2 | 

= {^fj {l - (sin0cos[a,(t - r/c) - 0]) 2 } . 




2 

Intensity profile 
(l-^sin 2 9) 



(S) 



/iO / PqUJ 2 
c \ Aitr 

/ 2\ 2 r 

Mo / Pou 



jl — (sin 0cos[w(i — r/c) — 0]) 2 j i 




47rr 

/ ' / (S) • da 



1 



1 



sin 2 9 



r. 



167T 2 C 



2tt 



Mo / Po^ 

C \ 47T 

sintfdfl 



/ r 2 



1 - ^ sin 2 9 I r z sm9d9dcf> 



sin 3 9 d9 



MoPo^ 4 
8ttc 



1 4 

2 ' 3 



HopIuj a 



6ttc 



This is iwzce the power radiated by cither oscillating dipolc alone (Eq. 11.22). In general, S = — (E x B) = 

Mo 

— [(Ej + E 2 ) x (Bi + B 2 )l = — [(Ex x Bi) + (E 2 x B 2 ) + (Ei x B 2 ) + (E 2 x B : )] = Si + S 2 + cross terms. 
Mo Mo 

In this particular case the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time 
averaging, and the total power radiated is just the sum of the two individual powers. 

Problem 11.5 

Go back to Eq. 11.33: 

A=^W (- cosHt - r/c)] W - sinMt - r/c)]} 0. 
4-7T \ r ) c J 
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Since V = 0 here, 
OA 



E 



at 



Homo I sin 

47T 



-(— w) sin[w(i — r/c)] — — uicos[uj(t — r/c)]| <fi 



WW ( S -^) J 1 rfn^t - r/c) ] + ^ C0S [ W (i - r/c)} } 0. 
w I r / r c 



B = V x A 



i a 19 

-— — (^sin0) r- -— (rA 0 ) 0 
rsmvov r or 



I r sin 



2 sin 9 cos 0 
47r \ r sin 0 r 
sin 9 



- cos[w(i — r/c)] — — sin[o>(i — r/c)] 

r c 



cos[o;(i - r/c)} + ^ sin[w(t - r/c)] - ^ (-^) cos[w(t - r/c)] 





r 2 cos 6< 


"1 r / 

- cos la; (t — 
r 


r/c)] - 


sin[o;(i — r/c)] 

c 


f 




47T 


I r 2 








sin 6* 
r 


1 r , 

-^cos[w(i 


-r/c)] 


w . r , , 

H sin \ui(t — r/c 

rc 


)]+ (^) 2 cos[a;(t- r/c)] 





These are precisely the fields we studied in Prob. 9.33, with A — > ^ a1 J l ° U} _ The p 0 ynting vector (quoting 



the solution to that problem) is 



47TC 



S = 



Hom^u} 6 I svn.9\ r 2 cos 



167r 2 c 2 \ r 2 
2 



in j // ci is w + — (cos 2 u — sin 2 u) 
lot x 



sin it cos u H cos u - 



sin u — cos u 



where u = —uj(t — r/c). The intensity is 



(S) = — t o r, the same as Eq. 11.39. 

327r 2 c ci r 2 



Problem 11.6 



I 2 R = / 0 2 i?cos 2 (wi) => (P) = -I£R = 



127TC 3 



127TC 3 



SO 



_ Uonb u> . 2nc 

R = - — ; or, since uo = — — , 

DC A 



4„4 



R = 



Hoirb 167r 4 c' 

~6c3 F~ 



r 5 ^ c \ a 



= ^(7t 5 )(4tt x 10- 7 )(3 x 10 8 )(6/A) 4 = 3.08 x 10 5 (6/A) 4 fl 

O ' 



Because b <C A, and i? goes like the fourth power of this small number, R is typically much smaller than the 
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (b = 5cm and A = 10 3 m), 
R = 3 x 10 5 (5 x 10~ 5 ) 4 = 2 x 10~ 12 ft, which is a millionth of the comparable electrical radiative resistance. 

Problem 11.7 

With a = 90°, Eq. 7.68 => E' = cB, B' = -E/c, q' m = -cq e 



m 0 = q' m d = -cq e d = -cp 0 . So 



E' = cA W J; ( — ) cosKt - r/c)] <j> \ = 



Homoto 2 ( sin 9 



Aire 



cos[w(t — r/c)] <f>. 



„. If Un(— rrin/c)w 2 /sin*, . ., 

c [ ~ 4° ( — ) C0S ^ - r ' C ^ 9 > = 



liQrriQuj 2 ( sin# 
4ttc 2 



cos[a;(£ — r/c)] 6. 
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These are identical to the fields of an Ampere dipole (Eqs. 11.36 and 11.37), which is consistent with our 
general experience that the two models generate identical fields except right at the dipole (not relevant here, 
since we're in the radiation zone). 

Problem 11.8 

p(i) = po[cos(ujt) x + sin(wt) y] =£■ p(t) = — w 2 po[cos((x>i) x + sin(wt) y] => 



[p(i)] = uj 4 p^[cos 2 ((jt) + sin 2 (wt)] = pfa 4 . So Eq. 11.59 says 



167r 2 c r 2 



r. 



(This appears to disagree 



with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of p(to); 
as the dipole rotates, so do the axes. Thus the angle 9 here is not the same as in Prob. 11.4.) Meanwhile, 



Eq. 11.60 says 



6irc 



(This does agree with Prob. 11.4, because we have now integrated over all angles, 



and the orientation of the polar axis irrelevant.) 



Problem 11.9 

At t — 0 the dipole moment of the ring is 



/P / />Z7T />Z7T 

Xrdl = / (A o sin0)(6sin(/>y + b cos 4>x)bd(f> = X 0 b 2 I y / sin 2 <f> d(f> + x / sin 4> cos <j) d(j> 

= A6 2 (7ry + 0x) =7r6 2 A 0 y. 
As it rotates (counterclockwise, say) p(t) = p 0 [cos(ujt)y — sm(uit)x], so p = — lj 2 p, and hence (p) 2 = uj 4 pf,. 

Therefore (Eq. 11.60) P = ^\^\ 0 f = 

ottc 6c 



)gt 2 , so p 



Problem 11.10 

P = -eyy, y - 2!) » , — v - 2 

it takes to fall a distance h is given by h — 2 
is t/rad = Pt = °„ — \FZhTq. Meanwhile, the potential energy lost is C/ po t = mgh. So the fraction is 

6-7TC 



\get 2 y; p = -gey. Therefore (Eq. 11.60) : P = —(ge) 2 . Now, the time 

OTTC 

\gt 2 => t = y/2h/g, so the energy radiated in falling a distance h 



C/rad Mo3 2 e 2 /2ft 1 



67TTOC V ft 



(4tt x 1Q- 7 )(1.6 x IP' 19 ) 2 / (2)(9.8) 
6tt(9.11 x 10- 31 )(3 x 10 8 ) V (0.01) 



2.76 x 10 



-22 



Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = \gt 2 ). 
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Problem 11.11 

(a) 



r± = Vr 2 + (d/2) 2 T 2r(d/2) cos (9 ~ r^l T (^A) cos (9 r ^1 T ^ cos 6^ . 




1 ~ 1 ( , , d 
— = - 1 ± — cos ( 

r± r \ 2r 

r cos6 T (d/2) ( d \ 1 / d 

cos 0± = ' v / / = r cos 6> =F — - 1 ± — cos I 

r± \ 2r / r \ 2r 

= cos 9 =F — (1 - cos 2 0) = cos 0 =F — sin 2 9. 
2r ' 2r 



n , d 2 d 

cos 0 ± — cos 0 =F — 
2r 2r 



sin[w(t — r±/c)] = sin 



r / d 

t 1 =F — cos < 

c V 2r 



= sin ( uir, ± t^cos0 ) . \\'b( re = / - r r. 



sin(wi 0 )cos ( ^cos0 J ± cos(cj£ 0 ) sin [ ^cos0 J = sin(wt 0 ) ± 7p cos0cos(wi o )- 



V± = T 

= T 



JP0UJ_ 



1 ± ^- cos 0 | (cos @T 7T sin 2 0 
2r / V 2r 



sin(cji 0 ) ± tt" cos 9 cosfuio) 
2c 



d o . d 9 
cos 6< =f — sin 0 ± — cos i 
2r 2r 



sin(wto) ± — — cos0cos(wio) 



cos 0 sin(wt 0 ) ± cos 2 0cos(wt o ) ± ^~ (cos 2 6* — sin 2 0) sin(wt 0 



— cos ftcosfwto) H — (cos 
c r v 



sm' 



: 0) sin(wt 0 ) 



PoUJ 2 d 
47reoc 2 r 



cos 2 0cos(wio) H (cos 2 9 — sin 2 9) sin(wt 0 



In the radiation zone (r >• u)/c) the second term is negligible, so 
Meanwhile 



V 



Poto 2 d 
Aire 0 c 2 r 



cos 2 0cos[u;(t — r/c)]. 



A± = =F— sin[u;(r — r±/c)\ z 

Airr± 

UoPou J / d 

= T — ; ^ 1 ± ^~ cos ( 

4?rr IV 2r 



sin(tjto) ± — cos 0cos(wio) 



MoPo^ 



47rr 
A+ + A = 



sin(wt 0 ) ± 77- cos0cos(wio) ± ^~ cos0sin(ojt o ) 



z. 



WW 
47rr 



wd . . d /\ ' / \ 

— cosftcos(wto) H — cosc/sinlwfo) 
c r 



Hop 0 Ld 2 d 



■ cost 



cos(ojt 0 ) H sin(cji 0 ) 



z. 
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In the radiation zone, 



A = cos0cos \u)(t — r/c) z. 

4-Kcr 



(b) To simplify the notation, let a = _ ^°^ >a; ^ Then 



cos 2 0 

V = a cos[u>(t — r/c)\; 



dV 

w = ir f 

ar 



+ -^tt # = a cos 2 9 { — 4r cos[w(t — r/c)l + — sin[w(t — r/c)] 1 : 
r w y r z rc J 



— 2 cos 0 sin 6* - w cos 2 9 . , „ . 

a 5 cos[w(i — r/c)J w = a sm[w(i — r/c)J r (in the radiation zone). 



c r 



a cos 0 

A = cos|w 

c r 



(t-r/c)] (■ 



cos 0 f — sin 0 0 



) 



<9A 

0t" 



aw cos 0 



c r 



sin[w(i — r/c)] ^cos 9 r — sin 9 . 



E 



-W 



dA 



sinu 



(i - r/c)] (c 



cos 2 0 f — cos 2 0 f + sin 9 cos 6* 



aw 
cr 



sin0cos0sin[a;(i — r/c)] 0. 



B = V x A 

a f d 



0 



cr 1 Or ( cosecos Ht-r/c)](-sm9)) - — 



cos 9 



cos[u;(i — r/c) 



0 



= — (— sin0cos0) — sin[w(i — r/c)] <f> (in the radiation zone) = 



auj 



sin 0 cos 9 sin[w(i — r/c)] </>. 



Notice that B = -(f x E) and E • f = 0. 

c 



S = 



— (E x B) = — E x (f x E) = — \E 2 r - (E • r)El = — f 

Mo Moc Moc Moc 



inc I 



auj 



■ sin y cos y sm 



^ioc i. rc 



in[w(t — r/c)] ^ f . 



t 1 f aw • a q\ 2 
1 = — sm 9 cos 9 ] 

2,unc ^ rc 



P = 



/(S).,a=^(^)7 sin 2 0 cos 2 0sin0d0# = ^ (— V 2 



The integral is : — 



cos 3 0 



*• cos 5 9 



2 2 

3 ~ 5 



2/ioc V c 
4 

15' 



7T f (1- 

Jo 



cos 2 0) cos 2 9 sin 0 d0. 



1 W 2 Up , ,,n a„ 4 

2/xqc c^ lD7r^ 15 



Mo 

60-7TC 3 



(p 0 d) 2 w 6 . 



Notice that it goes like ui 6 , whereas dipole radiation goes like ui 4 . 



Problem 11.12 

Here V = 0 (since the ring is neutral), and the current depends only on t (not on position), so the retarded 
vector potential (Eq. 11.52) is A(r, t) = j> — — — — dY. But in this case it does not suffice to replace 
1 by r in the denominator — that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use 
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Eq. 11.30: — = - f 1 + -SU10COS0' ). Meanwhile, dV = bd6'd> = b(- sin ft x + cos ft y) dft, and 
^ r \ r ) 



I(t - 4 /c) ^ /(t - r/c+ (6/c) sin 6> cos </>') = 7(t 0 + (6/c) sin 0 cos ^ 7(t 0 ) + /(t 0 )- sin 6»cos 

(carrying all terms to first order in b). As always, t 0 = t — r/c. (From now on I'll suppress the argument: I, 
I, etc. are all to be evaluated at to-) Then 

A(r,t) = ^ j> ^ ^1 + h - sin0 cos ft^j (^1 + 1-^ sin 6>cos ft^j b(- sinft x + cos ft y) dft 



Hob 
Airr 



I + I- sin 9 cos ft + I- sin 9 cos ft 
c r 



(— sin ft x + cos 0' y) 



271 



But / sin ft dft 
Jo 



2tt 



COS ( 



0 



2tt 



// „„_ ±1 ill 



2tt 



Hob 
Airr 



(^y) 



• 6 6 
I sin 9 + 1- sin ( 

c r 



In general (i.e. for points not on the xz plane) y — > (/>; moreover, in the radiation zone we are not interested 
in terms that go like 1/r 2 , so 



A(r,t) 



Hob 2 



4c 



I(t - r/c) 



sin ( 



0- 



<9A 



Mo^ 2 
4c 



j'(t - r/c) 



sin# - 
0. 



B(r,t) = V x A= --L^^sinfl) f- -|-(r^) 9 
r sm 6 06 r or 



Hob 2 
4c 

1 



— — -2sin6>cos#f - -I ( -- ) sin BO 
r sm Or r \ c 



Hob 2 -sin 



I- 



S = — (E x B) 

Ho 

P = J S • da = 



1 ( n^b 2 -sm9 



/ioc \ 4c r 



(-* 



x 6» 



Mo 




2 sin2 0 f 


16c 3 





Mo 



— — r sm 9 d9 dtp ■ 



Ho™ 

67TC 3 



16c 3 V J J r 2 r 16c 3 

(Note that to = /7r6 2 , so to = Iirb 2 .) 



Problem 11.13 

(a) P = Ho^_o_^ t - me ^ ^- a ^ es |- 0 come ^ 0 res ^ i s ^ — ^ 0 /a ; so the energy radiated is ?7 ra d = Pt = 



67TC 



HoQ 2 a 2 vo 
6irc a 

(b)d = 



. The initial kinetic energy was JTkin = I^Uq, so the fraction radiated is / = 
l a !| = !», S oa= S. Then 



C^rad 
C^kin 



HoQ 2 a 
3nmvoc 



2 at 2 r,-> 2« 

/ = 



2d 



Mo<? 2 _ HoQ 2 vo 



(4ttx 10- 7 )(1.6x 10- 19 ) 2 (10 5 ) 



37rmi; 0 c2(i 67TTOcd 6tt(9.11 x 1Q- 31 )(3 x 10 8 )(3 x lCT 9 ) 



2 x 10" 10 . 
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So radiative losses due to collisions in an ordinary wire are negligible. 



Problem 11.14 



— ma = m — 
47re 0 r z r 



1 q 2 



y 47reo mr 
(1.6 x 10- 19 ) 2 



. At the beginning (r 0 = 0.5 A), 

1-1/2 



4tt(8.85 x 10- 12 )(9.11 x 1Q- 31 )(5 x 1Q- 11 ) 



1 



3 x 10 8 



0.0075, 



and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the 
velocity is safely nonrelativistic. 



From the Larmor formula, P = ( — 

D7TC \ r 

where U is the (total) energy of the electron: 



(since a = v 2 /r), and P = —dU/dt, 



U = U kin + [/pot = - 



67rc V^eo mr2 

_J_?!- 1 fJ_?T\ 1 Q 2 _ 1 g 2 
47re 0 r 2 \47re 0 r / 47re 0 r 87re 0 r 



So - 



<#7 
"eft 



1 q 2 dr 
87T£o f 2 rfi 

2 



= P = ft 3 1 2 ' and henCe Zu 

b~KtQC A \4ireo mr z J dt 



if g 2 y i or 

3c \27reomc / r 2 ' 



A = -3c [' r 2 dr ^ t = _ 3 c ( 2?r | mC ) 2 jf r 2 dr 



/ 27reomc 



(3 x 10 8 ) 



2tt(8.85 x 10" 12 )(9.11 x 10~ 31 )(3 x 10 8 ) 
(1.6 x 10- 19 ) 2 



(5xlQ- LL y= 1.3xl0- n s. (Not very long!) 



Problem 11.15 

According to Eq. 11.74, the maximum occurs at 



sin 2 (9 



2 sin 0 cos 0 5 sin 2 0(/3sin0) 



(1 -/3cos0) 5 



= 0. Thus 



0 => 2 cos 0(1 -/? cos 0) = 5/3 sin 2 0 = 5/3(1 - cos 2 0); 



(1-/3 cos 0)5 (l-/3cos0) 6 

2 cos 0 -2/3 cos 2 0 = 5/3 -5/3 cos 2 0, or 3/3cos 2 0 + 2cos0 - 5/3 = 0. So 



cos 



0 = 2 ± ^\ + 6 — = -4 ( iv 7 ! + 15/3 2 - lV We want the plus sign, since 0 m -> 90° (cos 0 m = 0) when 
6/3 3/3 V / 



6/3 

/3 -» 0 (Fig. 11.12): 



'max — COS 



.! / yi+ 15/32 _r 

I 3/3 



For Dftic, /3 w 1; write /3 = 1 — e (where e <C 1), and expand to first order in e: 



Vl + 15/3 2 -l' 
3/3 



1 



v/l + 15(l-e) 2 - lj = -(1 + e) + 15(1 - 2e) - 1 



3(1 -e) 

J(l + e) [Vl6-30e-l] =i(l + e) U^l - (15e/8) - ll = J(l + e) 



Jd + «)(3-?e 



(l + e) (l-5 e)Sil + e _5 e=1 _l e . 



Evidently 0 max w 0, so cos0 n 



l/l2 i _ i . n2 1 , ft 

2"max — 1 4 fc ^ "max — 2 ' " max 



/i/2 



V(l - /?)/2. 
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Let / 



(dP/dn\g m \ 
= (dP/dn\ e J rc 



sin 8r, 



(1 - /3cos6> max ) 5 



Now sin 2 6» max = e/2, and 



(1 - /3cos0 max ) = !-(!- e)(l - \e) £* 1 - (1 - e - \e) = f e. So / 



e/2 



(5e/4) E 



7 = 



e = — ■ Therefore 
27^ 



1 

2?" 



But 



Problem 11.16 



Equation 11.72 says 



(j 2 I* x (u x a) I 



-. Let /3 = u/c. 



rffi 167r 2 e 0 (* -u) 5 
u = c* — v = c-i — uz => -fc -u = c— • z) = c — vcos9 = c (l — - cos = c(l — /3cos6>); 
a • u = ac(x ■ ■£ ) — aw(x • z) = ac sin 0 cos 0; u 2 = u • u = c 2 — 2cu(* • z) + w 2 = c 2 + w 2 — 2cvcos#. 



x (u x a) = (•£ • a)u — (•£ • u)a; 
n, x(uxa)| 2 = (i • a) 2 u 2 - 2(u • a)(* -a)(* ■ u) + (* • u) 2 a 2 

= (c 2 + v 2 — 2cv cos6)(asin0 cos(f>) 2 — 2(acsin#cos(/>)(asin6'cos 4>)(c — vcos 9) + a 2 c 2 (l — /3cos 
= a 2 [c 2 (1 - /3 cos 9) 2 + (sin 2 0 cos 2 (f>) (c 2 + v 2 - 2ci; cos 0 - 2c 2 + 2cu cos 0] 





a 2 c 2 [(1 


-PcosO) 2 


-(1 


-/? 2 )(sin(9cos0) 2 ] . 




2 2 

Mo9 a 


(1 — /3cos 


0) 2 - 


(1 - (3 2 ) sin 2 6 cos 2 0] 




16tt 2 c 




(1- 


-/3cos<?) 5 



The total power radiated (in all directions) is: 



dP ,0 f dP ■ RARAA ^ q2a2 f f [a-^COSg) 2 -(l-/3 2 )sin 2 0COS 2 0] . 

— -— dil — / — — sin 6 do dd> = — „ / / — -, sin vdvd®. 

dfl J dfl Y 16tt 2 c J J (l-/3cos6>) 5 Y 



But 



2tt 

d(j) = 2iT and / cos 2 (j) d(j) = n . 

2 , 



1 



m V [2(1-/3 cos 0) 2 -(l-/3 2 ) sin 2 0] . 
= i« 2 77 / n « ^V5 -sin0d0. 

I67HC Jq (l-pCOS0) b 

Let w; = (1 — 0 cos 0). Then (1 — w)/(3 = cos 8; sin 2 9 — [/3 2 — (1 — w) 2 ] //3 2 , and the numerator becomes 
2w 2 ~ -l + 2w-w 2 )=j 2 [2w 2 f3 2 + (1 - /3 2 ) 2 - 2(1 - /?> + w 2 (l - /3 2 )] 



/3 2 



[(1-/3 2 ) 2 -2(1-/3 2 ) w +(1 + /3 2 )m; 2 ] 
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dw = Psin0d9 => sin9d9 = -dw. When 0 = 0, w = (1 - 0); when 6 = tt, w=(1 + 0). 

P 



/j, 0 q 2 a 2 



1 /-(1+/3) i 

-/ — [(1 - /3 2 ) 2 - 2(1 - /3 2 W + (1 + /3 2 W 2 1 dw;. The integral is 



167TC (3 3 J(l-p) 

Int = (1-/3 2 ) 2 j -1 da, -2(1-/3°) y ^ + (l + /3 2 ) / ^ 



<-' - - : (-i)-2(l-/3 2 )f-i")+(l + /? 2 ) 



3wj 3 / 



dw 
2w 2 J 



1+/3 
1-/3 



WT 

1 
Itf 3 

1 
^4 



1+/3 

1-/3 
1+/3 

1-/3 
1+/3 

1-/3 



1 1 _ (1 - 2(3 + /3 2 ) - (1 + 2(3 + /3 2 ) _ 4/3 

(1 + /?) 2 (I-/?) 2 " + (1-/3)2 = (1-/32)2- 

1 1 _ (1 - 3/3 + 3/3 2 - /3 3 ) - (1 + 3/3 + 3/3 2 + /3 3 ) _ 2/3(3 + /3 2 ) 

(l + W~ MF" (l + /3) 3 (l-/3) 3 ~~ (I-/? 2 ) 3 ' 

1 1 _ (1 - 4/3 + 6/3 2 - 4/3 3 + /3 4 ) - (1 + 4/3 + 6/3 2 + 4/3 3 + /3 4 ) _ 8/3(1 + /3 2 ) 

•2\4 ' 



(l + /3)4 (1-/3)4 



(l + /3) 4 (l-/3) 4 



(1-/32) 



Int = (1 - /3 2 ) 
2/3 



2 ^ 2 ( 1\ -8/3(1 + /3 2 ) 
4^ (1-/32)4 



2 (i^ 2 )f4)^ 2 4 2) + (i^ 2 ) 



P = 



(1-/32)2 

/i 0 <? 2 a 2 1 8 /3 3 



(l + /3 2 )--(3 + /3 2 ) + (l + /3 2 ) 



167TC /3 3 3 (1 -/32)2 



2 2 4 
67TC 



where 7 = 



3/ (1-/3 2 ) 3 
_ 8 /3 3 
~ 3 (1-/32)2- 

1 



-4/3 



2 ; (1 -/3 2 ) 2 



Is this consistent with the Licnard formula (Eq. 11.73)? Here v x a = va(z x x) = way, so 

a 2 — ( — x el) = a 2 ( 1 ] = (1 — (3 2 )a 2 = -^a 2 , so the Lienard formula says P = ^ = . / 

V c / \ c z J 7^ 67rc 72 

Problem 11.17 

2 

(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F e = — a. 

D7TC 

For circular motion, r(t) = R [cos(uit) x + sin(u)t) y] , v(i) = r = iJw [— sm(u)t) x + cos(w<) y] ; 



a(i) = v = —Rui 2 [cos(wt) x + sin(wi) y] = — uj 2 r; a = — uj 2 r = — w 2 v. So 



F e = ^w 2 v. 

D7TC 



n 17 A*09 2 2 

P e = F e • v = - — c^w z . 

D7TC 



This is the power you must supply. 

fa 2 
6irc ' 



Meanwhile, the power radiated is (Eq. 11.70) P ra d = - , and a 2 = w 4 r 2 = w 4 P 2 = uj 2 v 2 , so 



P-ad = uj 2 v 2 , and the two expressions agree. 

D7TC 



(b) For simple harmonic motion, r(t) = Acos(wi)z; v = r = — Aojsm(ujt) z; a = v = — Aw 2 cos(wt) z = 

But this time a 2 = uj A r 2 = A 2 cos 2 (ut) , 



-Ld 2 r: a = -uj 2 r = -w 2 v. So 



^ Mo? 2 2 D Mo? 2 2 2 
F fi = — w v; P e = — ww. 



67TC 



6lTC 
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whereas w 2 v 2 = uj 4 A 2 sin 2 (u>t), so 

2 2 

-Prad = -p. — OJ ^A Z COS Z (UJt) yt P e = A* sin (u>t); 

6-7TC 07TC 

the power you deliver is not equal to the power radiated. However, since the time averages of sin 2 (w£) and 
cos 2 (ct>t) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the 
mean time energy is evidently being stored temporarily in the nearby fields.) 



(c) In free fall, v(i) = ^gt y; v = gty; a = gy; a = 0. So 
hence 



0; 



the radiation reaction is zero, and 



P, = 0. 



But there is radiation: P ra( j 



Mo<T 2 



6nc 



Evidently energy is being continuously extracted from 



the nearby fields. This paradox persists even in the exact solution (where we do not assume v <C c, as in the 
Larmor formula and the Abraham-Lorentz formula) — see Prob. 11.31. 

Problem 11.18 

(a) 7 = oj 2 t, and t — 6 x 10 _24 s (for electrons). Is 7 <C ui (i.e. is r <C 1/^)? If ui is in the optical region, 
lu = 2ttp = 2tt(5 x 10 14 ) = 3 x 10 15 ; 1/lu = (1/3) x 1CT 15 = 3 x 1CT 16 , which is much greater than r, so the 
damping is indeed "small" . / 

(b) Problem 9.24 gave Auj S 7 = lo 2 t = [2tt(7 x 10 15 )] 2 (6 x 1CT 24 ) = I 1 x 10 10 rad/s 
region of uj 0 ~ 4 x 10 16 rad/s, the width of the anomalous dispersion zone is very narrow. 
Problem 11.19 

(a) a = ra + 



Since we're in the 



rn 



dv 

~dl 



da F 
dt m 



/dv , f da , 1 f _ 

— dt = T / —dt+— Fdt. 
dt J dt mj 

2e„ 



[w(to + e) — w(i 0 — e)] = t [a(to + e) — a(^o — e )] H ^avc, where F avc is the average force during the inter- 
val. But v is continuous, so as long as F is not a delta function, we are left (in the limit e — > 0) with 
[a(to + e) — a(to — e)] = 0. Thus a, too, is continuous, qed 



is a constant, 
(ii) a = ra + 



ait) =- + Be 1 '" 
m 



da 


da 




T — — =4 




= -dt^> 


dt 


a 


T 


da 




F 




= a 


=> — 


dt 




m a 



da 1 , , . , . t F tU 

— — -dt=> ln(a - F/m) = - + constant => a = Be t/T 

- F/m t t m 



where B is some other constant. 



(hi) Same as (i): a(t) = Ce l/ 



where C is a third constant. 



(c) At t = 0, A = F/m + B; at t = T, F/m + Be T l T = Ce T / T => C = {F/m)e- T l T + B. So 




' [{F/m) + B]e t l T , t < 0; 

(F/m) + Be t/T ] , 0 < t < T; 

{F/m)e- T ' T + B] e*/ T , t>T. 



To eliminate the runaway in region (iii), we'd need B = —(F/m)e T ^ T ; to avoid preacceleration in region 
(i), we'd need B = —(F/m). Obviously, we cannot do both at once. 
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(d) If wc choose to eliminate the runaway, then 



a(t) = < 



(F/m) 
(F/m) 
0, 



1 - e (*- T )/- 



, 0<t<T; 
t > T. 



(i) v = {F/m) 



1 - e 



-T/r 



z t/T dt = (Ft/to) 



1 - e 



'T/r 



J- l T _|_ £) wncrc £) i s a constant determined by the 



condition v(— oo) = 0 => I? = 0. 



(ii) v = (F/m) 



(Fr/m) 



1 - e- T / T 



t _ Te (t-T)/r 



+ E, where £ is a constant determined by the continuity of v at t = 0: 



(F/m) 



-re 



-T/t 



E=> E= (Fr/m). 



(iii) w is a constant determined by the continuity of w at t = T: v = (F/m)[T + r — r] = (F/m)T. 





(Fr/m) 


1 - e"^" 




t < 0; 


v(t) = < 


(F/m) 


t + T - re (t 


-T)/r" 


, 0 < t < T; 




. (F/m)F, 






t > T. 



(e) 



uncharged particle: 
(no radiation reaction) 




Problem 11.20 

(a) Prom Eq.11.80, F r ™ d d = 



a, so F rad — F r '^ d + 2F r ° a n d c 



end _ Mo 9 ^ 



67TC 



Ms 



67TC 



(b) F rad = ^ jy 2Ady 2 | 2Adj/i. (Running the y 2 

integral up to y\ insures that y\ > j/2, so we don't count the 
same pair twice. Alternatively, run both integrals from 0 to 
L — intentionally double-counting — and divide the result by 2.) 



}dy 1 
)dy 2 
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rad 



Mo a 
\2itc 



(4A 2 ) / yi d yi 



Mod , 2] L 



Mo 
6irc 



(\L) 2 a 



6irc 



a. / 



Problem 11.21 



(a) This is an oscillating electric dipole, with amplitude p 0 — qd and frequency to = ^Jk/m. The (averaged) 
Poynting vector is given by Eq. 11.21: (S) 



' r, so the power per unit area ot floor is 



7/ = (S)-z = 



/ ^qPqU} 4 \ sin 2 Wc. : ' 



V 32tt 2 c 
^oq 2 d 2 Lu i 



V 327T 2 C 

But sin0 



P ft 

— , cos6* = — , and r 2 = P 2 + h 2 . 
r r 



R 2 h 



dlf „ 

dR 

(R 2 + h 2 ) 
(b) 



32tt 2 c / (P 2 + ft 2 ) 5 /2' 
P 2 



_d_ 

dR 
5 



(P 2 + ft 2 ) 5 / 2 



0 



2i? 



P 2 



P 2 = 0 => ft 2 



:R 2 



(P 2 - 


_ ^2)5/2 


R = 


s/2/3h, 



r 2P = 0 



2(i? 2 + /i 2 )V2' 
for maximum intensity. 



P = y 7,(P) da = J I f (R) 2nRdR = 2tt { ^^If ^j h ^ 



P 3 



= 2tt 



_r3_ i r x 

(P 2 + ft 2 ) 5 / 2 2 Jo (a; + ft 2 ) 5 / 2 



MogW \ 2 
32tt 2 c J 3ft 



32tt 2 c y'V 0 (P 2 + /i 2 ) 5 /2 
1 T(2)r(l/2) _ 2 
2ft T(5/2) ~ 3ft' 



dP. Let x = R 2 : 



dx 



[i 0 q 2 d 2 u) 4 
24?rc 



which should be (and is) half the total radiated power (Eq. 11.22) — the rest hits the ceiling, of course. 

l 

2 



(c) The amplitude is x 0 (t), so U = \kx\ is the energy, at time t, and dU/dt = — 2P is the power radiated: 



14^ 



M0<^ 2 2 

g x 0 



127TC 

12ttA:c 



k Mo° 2 fc 2 



m 2 = 



dt 
I2ircm 2 
/j, 0 q 2 k 



(4) 



d 2 e- Kt or x 0 (t) =de- K */ 2 . 



Problem 11.22 

(a) From Eq. 11.39, (S) 



sin 



f . Here sin 9 



, 32tt 2 c 3 

R/r, r = VP 2 + ft 2 , and the total radiated power (Eq. 11.40) is 

/12P\ P 2 



2 4 

P = . So the intensity is 7(P) 



\32ir J (P 2 + ft 2 ) 2 



3P 



P 2 



8tt (J22 + ^2) 



2 • 




(b) The intensity directly below the antenna (P = 0) would (ideally) have been zero. The engineer should 
have measured it at the position of maximum intensity: 



dl_ 
dR 



3P 

8tt 



2P 



2P 2 



(P 2 + ft 2 ) 2 (P 2 + ft 2 ) : 



:2P 



3P 2P 
8^(P 2 + ft 2 ) 3 



(P 2 + ft 2 - 2P 2 ) = 0 => R = ft. 
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At this location the intensity is 1(h) 



3P h 2 
8n (2h 2 ) 2 



3P 
32^2' 



3(35 x 10 3 ) i 1 i 

(c) 7 max = Q „_ /onn ' = 0.026 W/m 2 = 2.6^W/cm 2 . Yes, KRUD is in compliance. 



32tt(200) 5 



Problem 11.23 

(a) m(t) = McosV'z + Msin^[cos(o;f) x + sin(ut) y]. As in Prob. 11.4, the power radiated will be twice 
that of an oscillating magnetic dipole with dipole moment of amplitude mo — Msmip. Therefore (quoting 



Eq. 11.40): 



fi 0 M 2 LU 4 sin 2 ij) 
6irc 3 



(Alternatively, you can get this from the answer to Prob. 11.12.) 



(b) From Eq. 5.86, with r —> R, m —> M, and 6 = tt 72: B = so 

47T R 3 



M=^B 
Mo 



4tt(6.4 x 10 6 ) 3 (5 x 10" 5 ) 
1- ■ III 7 



= 1.3 x 10 23 Am 2 . 



(c)P 



(d)P = 
P 



(4ttx 1Q- 7 )(1.3 x 10 23 ) 2 sin 2 (ll°) ( 2ir 

6tt(3 x 10 8 ) 3 
^o(47rP 3 P/^ 0 ) 2 w 4 sin 2 ip 8tt 



24 x 60 x 60 



4 x 10" 5 W 



(not much). 



,2 r>3 



67TC 3 



8tt 



3(4tt x 10" 7 )(3 x 10 8 ) 3 



2tt 

1F 3 



3/x 0 c 3 

2 



R 3 Bsinip) . Using the average value (1/2) for sin 2 ?/>, 

2 

1 I ~ 1 

(a lot). 



(10 4 ) 3 (10 8 ) 



2 x 10 36 W 



Problem 11.24 



/ \ * / ,\ Mo f K(i r ) 
(a) A(x, t) = — I da 



4ir I 1 



z2nr dr 



A*oz f K(t r ) 

47T J yjr 2 + X 2 

H 0 z r K(t-Vr 2 + x 2 /c) 
2 J \Jr 2 + x 2 



* / 


X 






// r 


— / " z 



r dr. 



The maximum r is given by t — \Jr 2 + x 2 /c = 0; 
r max = yjc 2 t 2 - x 2 (since K(t) = 0 for t < 0). 
(i) 



VqKqZ 

2 



A(z,i) 
E(x,i) 
B(x,i) = V x A 



Jo 



V r 2 + a; 2 2 



fj, 0 K 0 (ct - x) „ 

z . 

2 



<9A 

7^ 



HqKqc 
2 

" <9x y 



z, for ct > x, and 0, for ct < x. 

for ct > x, and 0, for ct < x. 



— y> 
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(") 



A(x,t) = 

E(z,i) = 
B(x,t) = 



Hqo. z 
2 

Hoa z 
2 

OA 



f 

Jo 



(t — Vr 2 + x 2 /c) u, 0 az 
— r dr — — - — 



■I 



o Vr 2 + x 



= dr 

2 c 



r dr 



t(ct-x) - 7^(c 2 t 2 - x 2 ) 



l^oaz 2 2 2 fi 0 a(x - ct) 2 . 



4c 



- (.t -2cta + cV) = 



4c 



lioa{x — ct) „ 
^ z, 



V x A = — — y 

ox 



for ct > x, and 0, for ct < x. 
Mo « 



2c 



(x - ct)y, 



for ct > x, and 0, for ct < x. 



t - 



(b) Let u = - (^J r 2 + x 2 — x^j , so du = - 
Vr 2 + x 2 



1 



1 



2/, 



z2r dr 



r* + x* 



1 



c \Jr 2 + x- 



dr, and 



= t — — — u, and as r : 0 ^ oo, u : 0 ^ oo. Then A(x, t) = ^° cz 
c y ' 2 



E(x,i) 



dA 

~~dt 

Moc . 

z 

2 



Mocz 



Kit u) du. But —if 



dt 



dt 



J if (t — — — du. qed 



d_ 
du 



(°° 9 if (t- X -u) 
J 0 du \ c / 



t Moc . 

du = — — z 



*('-;-) 



[if(i - z/c) - if(-oo)] z 



Moc 



if (i — x/c) z, 



[if if(-oo) = 0]. 



Note that (i) and (ii) are consistent with this result. Meanwhile 
dA 



B(x,t) 



dx 

fM 
2 



Z a 

y 



[~ °-K(t- X -u)du. But ^-K 
c J 0 dx V c / ox 



(t u = —if (i u) 

Vc / cauVc / 



_9_ 
9ti' 



M ° y / — ff ( / - - - „ j ,/„ 



Mo 



K(t - x/c) y, 



[if if (-co) = 0]. 



Mo . 



K ('-!-) 



Mo 



[K(t-x/c)-K(-oo)] y 



This is the power per unit area that reaches x at time t; it left the surface at time (t — x/c). Moreover, an 
equal amount of energy is radiated downward, so the total power leaving the surface at time t is [-^(i)] 2 • 

Problem 11.25 



p(t) — 2qz(t); p = 2qz; F = mz = — 



1 



1 



,-; z = 



Q 



Using Eq. 11.60, the power radiated is P — 



47re 0 (2z) 2 ' 47re 0 Amz 2 KSi^mz 2 

MoP _ Mo ( MocV\ _ Mo c3 9 



%-KVflZ 2 



6irc Que \ 8irmz 2 J 6(47r) 3 m 2 z 4 



(9 \ 3 
Mocg \ 1 
4tt 



6to 2 2 



This problem raises several awkward questions: 

(a) If you calculate the dipole moment (about the center point on the plane) in the actual configuration (not 
the image configuration) , the charge on the conductor contributes nothing, so the dipole moment should 
perhaps be qz (not 2qz). Shouldn't the answer be divided by 4? 
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(b) Since the fields below the plane are zero, shouldn't the answer be divided by 2? 

(c) What do we even mean by "radiation," in this case, where half the "big sphere at infinity" is excluded, 
and power may be absorbed by the plane itself? 

(d) Are we sure the image method works, in the time-dependent case? In particular, even if it gets the 
electric field right, how do we know it gets the magnetic field right (does it satisfy the right boundary 
conditions at the surface)? 

Problem 11.26 

With a = 90°, Eq. 7.68 gives E' = cB, B' = — E, q' m = -cq e . Use this to "translate" Eqs. 10.65, 10.66, 
and 11.70: 



E' = c Q-i x = * x (-cB') = -c(* x B'). 



B' 



1 E= 1 ge ± 

c c 47re 0 (•* • u) 3 



[(c 2 - v 2 )u+ n, x (u x a)] 



l( ' L,C) [(c 2 -, 2 )u+* x (uxa)]=^^[( C 2 -t, 2 )u+* x(uxa)] 



c Atteq (* • u) 3 



Or, dropping the primes 



B(r,i) 



llOQn 



47T (* • U) 3 

E(r,t) = -c(* x B). 



[(c 2 - v 2 )u+ 1. x (u x a)] . 



P 



67TC 3 



Problem 11.27 



(a) W e: 



W cxt = 



T F 
Fdx = F I v(t) dt. From Prob. 11.19, v{t) = — 



t + T — re 



(t-T)h 



. So 



m 

El 

m 



/ tdt + T / dt-Te- T ' T / e l ' T 
Jo Jo Jo 

l -T 2 + tT- r 2 e- T ' T (e T ' T - l) 



dt 



F 2 I 



m \2 



-T 2 + tT-t 2 + T 2 e- T /" 



1 2 1 F 2 - 



(b) From Prob. 11.19, the final velocity is vt = (F/m)T, so W^ n = -mvi = -to — ~T : 

9 3 2 m z 



F 2 T 2 
2m 



2 2 

( c ) Wrad = J Pdt. According to the Larmor formula, P = " , and (again from Prob. 11.19) 

67TC 



a(t) 



(F/m) [1 - e- T / T ] e*/ r , (t < 0); 
(F/m) [1 - e(*- T )/ T ] , (0<t<T). 
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W rad = 



dt 



6ttc y \ J J_ ao Jo L J J 



rn 

tF 2 
m 

tF 2 
m 

tF 2 
m 



3 2t ^ dt 



£ (l - 2e- T /^ + e- 27 >) + T - 2^"^ ( e T ^ - l) + ^- 2T /^ (e 27 > - l) 
£ - T e- T ' T + T -e- 2T ^ + T-2r + 2re- T ' T + -- -^ 2T ^ 



2 2 



tF 2 



(r-T + Te- T ^y 



Energy conservation requires that the work done by the external force equal the final kinetic energy plus 
the energy radiated: 



W kin + Wlad = ^ + —(T-T + re^'A = t —( l T 2 + rT 
2m m \ J m \2 



T 2 + T 2 e- T ^)= Wcxt .S 



Problem 11.28 

k f e f e da k f e k 
(a) a = rd+ — 5(t) => / a{t) dt = v(e) - v{-e) = t — dt H / S(t) dt = r[a(e) - a(-e)] + — . 

771 J — e J —e ^ m J — e m 



If the velocity is continuous, so v(e) = v(—e), then 



a(e) — a(— e) 



k 
rriT 



When t < 0, a = ™^> a(t) = Ae t/r ; when i > 0, a = to a(i) = Be* /r ; Aa = S - A = - 



KIT 



B = A 



(t < 0); 



, so the general solution is ait) = < r . ' . ., f , , 

tut' 8 w \ [A- (k/mT)]e^ T , (t > 0). 

To eliminate the runaway we'd need A = k/mr; to eliminate preacceleration we'd need A = 0. Obviously 

you can't do both. If you choose to eliminate the runaway then 



o(t) = |(fc/mr)e*/-. (/ - 0): 



(t>0). 



w(t)=/" a(t)dt=—[ e t ' T dt= — (re t ' T ) 
J -co TTiT J x mr V 

for f > 0, = t)(0) + / a(i) = u(0) = — . So 
Jo m 



-oo 771 



e t/T (for i < 0); 



v(t) 



(fc/m)e*/ r , (t < 0); 
(fc/ra), (t > 0). 



For an uncharged particle we would have a(t) = —5(t), v(t) = [ a(t) dt = < ^' 

m J-oo I 



(k/m), (t > 0). 



The graphs: 
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neutral 




(b) 



W cxt 

Wkin 



= J Fdx = J Fvdt=kJ 5{t)v(t) dt = kv{0) = 



m 



W ext = 



-rnvt 
2 } 

j -Prad dt 



1 / k 

2 \m 



2m 



6nc 



J [a(t)} 2 dt = Tin 



_k_ 
mr 



e 2t / T dt = 



mr 



k t 
mr 2 



2m' 



Clearly, W^xt = W kin + W rad . / 



Problem 11.29 



C/n 



Our task is to solve the equation a = ra + — [— S(x) + S(x — L)], subject to the boundary conditions 

m 

(1) x continuous at x — 0 and x = L\ 

(2) v continuous at x = 0 and x = L\ 

(3) Aa = ±Uo/mTv (plus at x — 0, minus at x = L). 

The third of these follows from integrating the equation of motion: 

/s*-'/s* + £/l-*<" +4 <*- 1 »* 

Av = rAa+— I \-()(.r) + <)(.r - L)}—d.r = {). 



Uo 
m 



Aa = = 



Uo 



-S(x) + 5(x - L)] — dx 
dx 

[ - \-5(x) + 5(x - L)] dx = ±- 
J v 



Uo 



mr J v mrv 
In each of the three regions the force is zero (it acts only at x = 0 and x = L) , and the general solution is 

a(t) = Ae t/T ; v(t) = Are t/T + B; x(t) = Ar 2 e t/T + Bt + C. 

(I'll put subscripts on the constants A, B, and C, to distinguish the three regions.) 

Region iii (x > L): To avoid the runaway we pick A 3 = 0; then a(t) — 0, v(t) = B 3 , x(t) — B 3 t + C3. Let 
the final velocity be Vf (= B 3 ), set the clock so that t = 0 when the particle is at x = 0, and let T be the time 
it takes to traverse the barrier, so x(T) = L = VfT + C3, and hence C3 = L — vjT. Then 



a(t) = 0; v(t)=v f , x(t)= L + v f {t-T), (t <T). 
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Region ii (0 < x < L): a = A 2 e t/T , v = A 2 re t/T + B 2 , x = A 2 T 2 e t/T + B 2 t + C 2 . 



(3) => 0 - A 2 e T ^ 



Up 
rnrvf 



Up 

( 

rnrvf 



-T/r 



(2) => v f = A 2 re T / T + B 2 = + B 2 => B 2 = v f - ' " 



mvf 



mvf 



(1) => L = A 2 T 2 e T ' T + B 2 T + C 2 = ^+ v f T - ^ + C 2 = vjT + -^-(r - T) + C 2 

Tnvj mvf mvf 

C 2 = L-v f T+ — (T-r). 



<*(*) 



rnrvf 



9_ e (t-T)/T. 



V(t) — Vf + 



Up 



mvf 

x(t) = L + v f {t-T) + 



e (t-T)/r _ ! 



(0 < t < T). 



rnuj 



[iVo£e: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we're 
interested here in the regime where it does tunnel through.] 
In particular, for t = 0 (when x = 0): 



0 = L-v f T + 



Up 
mvf 



re 



-T/r +T _ T 



=> L = v f T - 



Up 
mvf 



re 



-T/r +T _ T 



. qed 



Region i (x < 0): a = A^^, v = Aire t/r + B 1; ir = A 1 T 2 e*/ r + i^i + Ci. Let t) f be the incident velocity 
(at t — > — oo); then i?i = Uj. Condition (3) says 



(7n 



rnrvf 



- T ' T - A l 



o 



mrvQ 



where w 0 is the speed of the particle as it passes x — 0. From the solution in region (ii) it follows that 

vp = Vf H — ( e~ T l T — 1 ) . But we can also express it in terms of the solution in region (i): v 0 = A\t + Vi. 

mvf V / 

Therefore 

Vi = v f 

= Vf 



U 0 



(V T/r - l) - Mr = vj 



mvf 



Up 
mvf 



-T/r 



1 + 



Uq_ _ Up e _T/ T 



TOUq tow / 



r — — [ 1 — | — V f — — < 1 — 

mvf mv 0 mvf \ v 0 J mvf 1 v f + (U 0 /mVf) [e~ T / r - l] 



Vf 



U 0 



1 



mv f \ 1 + (Uo/mvj) [e- T / T - l] 



qed 



If \rnvf = t,Uo, then 



L = v f T-v f re- T/T + T-T =v f T - re" T/T -T + t = rw/ (l - e _T/r ) ; 
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Vi = v f - v f 



1 - 



1 + e-7> - 1 



v f 



(l-l + e T / r ) =v f e T ' T . 



Putting these together 
L 



= 1 - e- T ' T 



-T/r _ 



= 1 



TVf 



L 

TVf 



1 



In particular, for L = Vf-r/A, v t = — 



KEi = —KEt = —-U 0 = -U 0 . 
9 1 9 2 9 



1 - (L/TV f ) 



Vi = 



Vf 



KEi 2 mV i 



1/4 3 KE f \mv) \v } 



1 - (L/VfT) 

16 



. qed 



Problem 11.30 

(a) From Eq. 10.65, Ei = ^ — t. |7 C 2 _ v 2 ) u + (4, . a ) u _ (4, . u ) a l . Here u = c<* - v, * = 
w 47re 0 (* • u) 3 LV ; v ; v ; J 

2x + dy, v = dx, a = ax, so ■ v = Iv, ■ a = la, ■ u = cT- — <* ■ v = c2- — Iv. We want only the x 

component. Noting that u x — {cl 1 )/ — v = {cl — v& )jl , we have: 



1 self 



87T60 (C'i- 


-Iv) 3 


q 


1 


87re 0 (cT- 


- Iv) 3 


q 


1 




- Iv) 3 


q 2 


1 



87reo {cl — Iv) 3 



-{cl - vi ){c 2 - v 2 + la) - a{c1 - Iv) 
[{cl - W ){c 2 - v 2 ) + cl 2 a -v& la- acl 2 + alv4> ] . But 1 2 = I 2 + d 2 . 
[(cZ-«* ){c 2 - v 2 ) - acd 2 ] . 

[{cl - vi ){c 2 - v 2 ) - acd 2 ] x. (This generalizes Eq. 11.90.) 



Now x{t) — x{t r ) — I — vT + \aT 2 + \dT 3 + • • • , where T = t — t r , and v, a, and a are all evaluated at the 
retarded time t r . 

(cT) 2 = * 2 = I 2 + d 2 = d 2 + {vT + \aT 2 + \dT 3 ) 2 = d 2 + v 2 T 2 + vaT 3 + \vdT A + ]a 2 T 4 ; 
c 2 T 2 (l - v 2 /c 2 ) = c 2 T 2 h 2 = d 2 + vaT 3 + Qua + ^a 2 ^ T 4 . Solve for T as a power series in d: 

T=^{l + Ad + Bd 2 + ---)^^^(l + 2Ad + 2Bd 2 + A 2 d 2 ) = d 2 +va^- (1+3 Ad)+ + °pj ^d 4 . 

1 ~f 3 9 3va~f 3 ( va a 2 \ 7 4 
Comparing like powers of d: A= -va^; 2B + A = — 5 — A + I — + — ] — r . 

2 c 3 c d \ 3 4 / c 4 



3vaj 3 1 7 3 1 2 2 7 6 ud 7 4 a 2 7 4 va 7 4 7 6 a 2 ( 1 v 2 \ 3v 2 a 2 j 6 

3 c 4 4c 4 3 c 4 4c 4 V7 ' 



7 



c 3 2 c 3 4 r' 

4 r 



va a 2 j 2 ( _ v 2 v 2 v 2 
3 4 V c 2 c 2 c 2 



7 

2c 4 



2 2 

wa fa 



1 + 4^ 



2 c 6 
2 \ 1 



~ c Y + 2 C 3 d+ 2c 4 



v va 7 2 a 2 /, ,w 2 



( ) d 4 H (generalizing Eq. 11.93). 
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I = vT+ l -aT 2 + l -aT 3 + ■ 



v-fd ( 



1 + T 1 3 d + 

2 c 3 



a 7 
2^ 



1 - 



(a^ 


|d 2 H 


7 3 r 






2c 3 




|d 2 H 


7 5 : 


Uc 2 y 




2c 3 



7 4 


wd 


7 2 a 2 


2c 4 


y 4 


4 












|d 2 + 


C 2 " 







1+4- 



) 


'} 


1 7 2 d 2 

+ 0° 2 


1- 


7 3 1 
- va—^-d 






2 tr 




c 3 



a 0 v 
3 1 + 7 c 



«7 7 

2' 



5 vy a 



,2 

2„2 



va 

y ■ 

4 2 

vy a 



2 2 
7 a 



1 + 4- 



c<- \ 4 
d 3 + ( ) d 4 + 



1 v 2 



+ 1 



1 7 2 
2°^ 

d 3 



-,3 



1 7 J 
6 c 3 



wa7 4 , 2 
cl — Iv = vyd + 22 



7 

2c 4 



fa 



2„2 



+ 7"a 



11 
2c 3 

7 5 



= C7 ^ 1 -^J + 2c 3 



i>d 








y 


+ 7 v 






va 








y 


+ 7 2 a 2 


(s 


c 2 / 



2 

w 7 



d 



()d 4 



av7 



y 



c 2c 2 
5 f 2 7 2 a 2 
" 4 c 2 



7 5 f 
2^~ 



d 3 + • • ■ 



5 v 7 2 a 2 
4 c 2 



d 3 + • • ■ 



4 

a 7 ,2 

cl — vl = vjd-\ a 

2c 



07 
yr 

cry 2 

y^ 

2 

a7 

Yc" 

cd 

7 



^c 2 
d 2 + 

d 2 + 



7 / a 
2c 2 ^3 

+ 2c 2 



5 «7 2 a 2 



37- 



+ 



7_ 
2c 2 

2c 2 V 3 

3 



a 
3 

2 2 
07 a 



5 w 7 2 a 2 
4 c 2 
5 

4 ~ 



W7d - 



c 2 3 



9 4 

^ a 7 ,2 
2 c 3 



2 2 
vy a 



2 2 

a f 7 a 



d 3 + ( ) d 4 + 



v 2 



d 3 + ()d 4 + 



va 

y 



., I 1 t) 

4 c 



d 3 + ( ) d 4 + 



F so lf = 



7 



87T£o ^cd 

q 2 7 3 
87re 0 c 3 d 

g 2 7 3 1 
87re 0 c 3 d 2 

„2 



"7" 



1 



7 6 a 2 l2 
' ' -d 2 



8c 4 
8 c 4 



07 



2c 2 



fa 


«7 2 a 2 ^ 


-ac + 7 I - H 


c 2 J 



ac 7 /a «7 2 a 2 

~y + 2 U + y 2_ 

■2 



47Te 0 



4c 2 d 



7 / « 
4c 3 U 



2 2 
f 7 a 



d+( )d 2 + 
-()d+- 



2 2 
vy a 



acd 2 



x (generalizing Eq. 11.95). 



Switching to t: v(t r ) = v(t) + v(t)(t r — £) + ■■■ = u(f) — a(i)T = w (t) — ayd/c. (When multiplied by d, it 
doesn't matter — to this order — whether we evaluate at t or at t r .) 
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1 - 



7 : 



V(tr) 



1 - 



[v(t) 2 - 2vayd/c\ 



v{tf 



2avy 3 d^ 
1 H ^— I , so 



f(ir) 



-1/2 



= 7(t) ( 1 - ^-d ) ; a(i r ) = a(i) - Td = a(t) - —d 



ay 



Evaluating everything now at time t: 

•2 



Fgolf = 



Atteq 
47re 0 

47Te 0 



3 (l-3va7 3 d/c 3 )(a-d7rf/c) 7 4 / d v 7 2 a 2 > 
" 7 3 + ~ )+()d + 



7" ^ 07 i va 2 y 



4 / • 2 2 

7 / a vy a 



4c 3 V3 



7 3 a 

4c 2 d ' 4c 2 V c 

3 4 / • 2 2 2 2 s 

7 a 7 / . a „va 7 vy a , 
-4k + 4^( fl+ 3 +3 ^ + ^ 2 -) +()d+ ' 
7 3 a 7 4 /. „fa 2 7 2 \ . . , 



+ ()d + 



x (generalizing Eq. 11.96). 



The first term is the electromagnetic mass; the radiation reaction itself is the second term: 
2 / 2 2 \ 

•Frad = 7^~7 4 f h + 3"^- ) (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is 



127TC 



p AW 2 if- , n^Y 

Prad = -7 — 7 a + 3 — 5— 
67TC V c z 



F, ml = !- : U+ 3 ^ 



)2 
, where A = P = Aa 2 y 6 (Eq. 11.75). What we must show is that 

D7TC 



/■I2 ^12 /*t2 / 

/ F rad vdt = - / Pdt, or / 7 4 d 
Jti Jti Jti \ 

(except for boundary terms — see Sect. 11.2.2). 

f t2 f t2 da 

Rewrite the first term: / 7 4 dv dt — (y 4 v) — dt = 



v 2 a 2 y 2 . 
av + 3 ^ — 1 dt = — 



/ « 2 7 6 



7 b dt 



4 

7 va 



«2 



1 Jt! 



1 2 



dt 



(y 4 v)adt. 



Now ^-(y 4 v) = Ay 3 ^v + y 4 a; 



d_ 
d~V 



11/ 2va\ vay 



dt 



dt dt \ ^1 - v 2 / c 2 I 2 (1 - v 2 /c 2 ) 3 / 2 \ c 2 J 



So 



|( 7 S)- 47 3 V ^+7 4 a = 7 6 «( 1 - - - 1 



y b a[ 1 + 3- 



/" 



4 • 1 . 4 
7 avdt = y va 



t 

3y 2 a 2 v 2 



— y 7 a yl + 3-^J di, and hence 



7 di> + 



dt = y va 



7 V ( 1 + 3^ ) +3 7 



dt = 7 va 



«2 



«2 



7 6 a 2 dt. qed 



'1 



Problem 11.31 

(a) P = (Eq n ?5) ^ = ^ ~ cH2 (Eq 1Q 45) . w = ^ = J 2 t 

U7TC ^/b 2 + c 2 t 2 



a = v 



c 2 t(c 2 t) 



V6 2 + c 2 t 2 (b 2 + c 2 t 2 ) 3 / 2 (b 2 + c 2 t 2 f/ 2 



(b 2 + c 2 t 2 - c 2 t 2 ) = 



2 „2 



b 2 C 



(b 2 + c 2 t 2 ) 3 / 2 ' 
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1 



¥ + c z t 



2+2 



l-v 2 /c 2 1 
Hoq 2 b 4 c 4 



- [c 2 t 2 /{b 2 + c 2 t 2 )} b 2 + c 2 t 2 - c 2 t 2 
(b 2 + c 2 t 2 ) 3 



b 2 



(b 2 + c 2 t 2 ). So 



6irc {b 2 + c 2 t 2 Y 6 6 
(b) F rad = — a H = — 

D7TC \ C Z 

3b 2 cH 3 (b 2 + c 2 t 2 ) b 4 c 4 



2 

q z c 
Qneob 2 ' 



Yes, it radiates 



+ 



3 b 2 c 2 {2c 2 t) 
2 (b 2 + c 2 t 2 ) 5 / 2 
c 2 t 



(b 2 + c 2 t 2 ) 5 / 2 c 2 b 2 (b 2 + c 2 t 2 ) 3 ^b 2 + c 2 t 2 



(in fact, at a constant rate). 

3b 2 cH f. 3 7 2 fl 2 ' 

(b 2 + c 2 t 2 ) 5 / 2 ' \ a+ c 2 

0- -Flad = 0. No, the radiation reaction is zero. 
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Chapter 12 

Electrodynamics and Relativity 



Problem 12.1 

Let u be the velocity of a particle in S, u its velocity in S, and v the velocity of S with respect to S. 
Galileo's velocity addition rule says that u = u + v. For a free particle, u is constant (that's Newton's first 
law in S. 

(a) If v is constant, then u = u — v is also constant, so Newton's first law holds in S, and hence S is inertial. 

(b) If S is inertial, then u is also constant, so v = u — u is constant. 

Problem 12.2 

(a) m A u A + m B u B = m c u c + mj)U fl ; u 4 = Q; + v. 
m A (u A + v) + m B (u B + v) = m c (u c + v) + m D (u D + v), 
m A u A + m B u B + (m A + m B )v = m c u c + m D u D + (m c + m D )w. 

Assuming mass is conserved, (m A + m B ) — (mc + mo), it follows that 
m A u A + m B u B — mcuc + m B \i B , so momentum is conserved in S. 

(b) \m A u A + \m B u B = \mcu 2 c + \m D u 2 D => 

\m A (u\ + 2u A ■ v + v 2 ) + \m B (u 2 B + 2u B ■ v + v 2 ) = \m c (u 2 c + 2u c • v + v 2 ) + ^m D (u 2 D + 2u D ■ v + v 2 ) 
\m A u 2 A + \m B u 2 B + v • (m A u A + m B u B ) + \v 2 (m A + m B ) 

= \m c u 2 c + \m D u 2 D + v • (m c u c + m D u D ) + \v 2 (m c + m D ). 

But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation 
of mass, so ^m A u A + \m B u 2 B = ^mcu c + ^moujj. qed 

Problem 12.3 

(aj v G - v AB + v BC , v E - 1+VabVbc/c 2 ~vg(i C 2 ), . . VG - C 2 ■ 
Inmi/h, c= (186, OOOmi/s) x (3600scc/hr) = 6.7 x 10 8 mi/hr. 



vg-VE — (5)(60) _ « 7 v 1 ft-W . 
v G ~ (6.7x10 s ) 2 — °-' X 1U 



(b) (| C +!e)/(l+M) = (fc)/(^) = 



6.7 x 10~ 14 % error 



(pretty small!) 



10 



(still less than c) 

(c) To simplify notation, let (3 = v A c/c, /?i = v AB /c, f3 2 = v B c/ c - Then Eq. 12.3 says: (3 = f+pfp 2 , or: 

2 = P 2 + + Wifo + Hi = 1 + + 0jfi (l + f3 2 (3 2 -[3 2 -l3 2 ) = 

' ' (l + 2p 1 [3 2 + p 2 f3 2 ) (l + 2p 1 p 2 + /3 2 0 2 ) (l + 2/3 1 /3 2 + /3 1 2 /3|) ' (I + PiP 2 ) 2 ' 
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where A = (1 — /3 2 )(1 — /3|)/(1 + /?i /?2 ) 2 is clearly a positive number. So /3 2 < 1, and hence \vac\ < c - qed- 
Problem 12.4 

(a) Velocity of bullet relative to ground is \c+ \c— |c = ^c. 



Velocity of getaway car is §c = Ac. Since v b > v g , bullet does reach target 



(b) Velocity of bullet relative to ground is 



2 C ~^~ 3 C 
1+1.1 
^23 



^c = 25c 

7 28 



Velocity of getaway car is |c = |ic. Since w s > v b , bullet does noi reach target 



Problem 12.5 

(a) Light from 90th clock took f^-^ 



300 sec = 5 min to reach me, so the time I see on the clock is 



11:55 am 



(b) I observe 12 noon . 



Problem 12.6 



light signal leaves a at time t' a ; arrives at earth at time t a = t' a + ^ 
light signal leaves b at time t' b \ arrives at earth at time t b = t' b + ^ 



.-■ At = t b -t a = t' b t' a + <* ~ = At' + ^ CQS g) = At' 



1 cos ( 

c 



(Here d a is the distance from a to earth, and d b is the distance from b to earth.) 

is the the apparent velocity. 



a / . o vsinO At ,^ v 

As = vAt' sin 0 = (1 cos 6) 

(It y c ; 



v sin 0 



it = 



(1- I cos 9) 



du _ w[(l - ^cos6»)(cos(9) — sin 6>(^ sin ( 



(1 - ^cos6») 2 



0 (1 - - cos 9) cos 6» = - sin 2 6> 

c c 

cos 6> = -(sin 2 9 + cos 2 0) = - 
c c 



#max = cos 1 (v / c) At this maximal angle, u = 



v^/l-v 2 /c 2 _ __v__ 
!- v 2/ c 2 - ^ZrfTjl 



As v — > c, | it — > oo | , because the denominator — > 0 — even though u < c. 
Problem 12.7 

The student has not taken into account time dilation of the muon's "internal clock" . In the laboratory, the 



muon lasts 7T 



y/l-V 2 /c' 



--, where r is the "proper" lifetime, 2 x 10 b sec. Thus 



t/^T^Jc 



d v 2 

-\ 1 ~ , where d = 800 meters. 

TV C Z 



(1)' '((i)'*?)-* » 2 = 



_ 1 

C 2 ~ 1 + (Tc/df 



(r/dY + (l/cy 



tc _ (2 x 10- 6 )(3 x 10 8 ) _ 6 _ 3 v 2 _ 1 16 
~d ~ 800 ~ 8 ~ 4' c 2 ~ 1 + 9/16 ~~ 25' 
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Problem 12.8 

(a) Rocket clock runs slow; so earth clock reads = 
.". According to earth clocks signal was sent 



^/l-v 2 /c 2 



1 hr, 15 min 



1 hr. Here 7 = 
after take-off. 



% /l_„2/ c 2 ^1-9/25 



|c hr (three-quarters of a light hour) away. 



(b) By earth observer, rocket is now a distance (|c) (|) (1 hr) 

Light signal will therefore take | hr to return to earth. Since it left 1 hr and 15 min after departure, light 
signal reaches earth 2 hrs after takeoff 



(c) Earth clocks run slow: t roc kct = 7 ■ (2 hrs) = | • 


(2 hrs) = 


2.5 hrs 




Problem 12.9 










£c = 2L^ = t;so^ = Vi-(§) 2 = 


/?. 1 _ 

V 4 ' ii ~ 


i-4 = 

c 2 


v 2 3 v 2 1 3 13. 
c 2 W c 2 1 16 16' 


Vn 

V = c 

4 



Problem 12.10 

Say length of mast (at rest) is I. To an observer on the boat, height of mast is Zsin#, horizontal projection 
is I cos 6. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to - 1 cos 9. 

Therefore: 

I sin 9 

tan 9; or 



tan 9 = 



±lcos9 

1 



tan# = 



tan 9 



y/l - V 2 /c 2 



Problem 12.11 

Naively, circumference/diameter = ^(2nR)/(2R) — 71-/7 = t\\J\ — (loR/c) 2 — but this is nonsense. Point 
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a 
specific model for the internal forces holding the disc together. 
Problem 12.12 

(iv) => t = - + ^§ . Put this into (i), and solve for x: 

■J 2 
J, 



ft vx 

x — jx — *yx — 7W — I - 

\ 7 c z 



x 



■yx[ 1 — V -^\ — vt — 72—^ — vt — — — vt; x — 7(2 + vt) 
\ c z J 7^ 7 



Similarly, (i) =^> x = ^ + vt. Put this into (iv) and solve for t: 



t "=*-?(? + *)='K i -£)- 



V _t V 

& 7 c A 



t = l(t + ^x) 



Problem 12.13 

Let brother's accident occur at origin, time zero, in both frames. In system S (Sophie's), the coordinates 
of Sophie's cry are x = 5 x 10 5 m, t = 0. In system S (scientist's), t — j(t — ^x) = —"fvx/c 2 . Since 

1 



this is negative, Sophie's cry occurred before the accident, in S. 7 = 



13 



- 13 C„ 
^1-(12/13) 2 V169-144 5 ' 



t=-(f) (ifc) (5 x 10 5 )/c 2 = -12 x 10 5 /3 x 10 8 = 1CT 3 . 4 x 1CT 3 seconds earlier 



Problem 12.14 

(a) In S it moves a distance dy in time dt. In S, meanwhile, it moves a distance 
j(dt-%dx). 



dy in time dt 



dy 



(dy/dt) 



dy _ 

' dt- 7 (dt-$dx) - 7 (i_£f) 



; or 



u v = 



V 7(1-^) 



; u z = 



7(1-^) 
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(b) tan 9 



■ 



u 



Mi 



u x (u x - v)/ (1 
In this case u x = —ccosO; u. 



1 (-%) 
ju x -v 



"y 



tan# = 



sin# 



csin 9. ;. tan 9 
[Compare tan 9 — 7 



sin b 
cos # 



-csin 0 
: cos 9— x 



in Prob. 12.10. The point is that velocities are sensitive 



7 \cos# + u/c, 

not only to the transformation of distances, but also of times. That's why there is no universal rule for 
translating angles — you have to know whether it's an angle made by a velocity vector or a position vector.] 
This is how the velocity vector of an individual photon transforms. But the beam as a whole is a snapshot of 
many different photons at one instant of time, and it transforms the same way the mast does. 
Problem 12.15 



Bullet relative to ground: 



-c. Outlaws relative to police: 
7 1 1 



4 2 c 



3 1 

4 ' 2 

Bullet relative to outlaws: — — =-^- = ?® 

1 7 ' 4 28 

£? relative to A, so all entries below the diagonal are trivial. Note that in every case i>buiiet < ^outlaws, so no 



13 



c . [Velocity of A relative to B is minus the velocity of 



matter how you look at it, the bad guys get away] 



speed of — » 


Ground 


Police 


Outlaws 


Bullet 


Do they escape? 


rcGiiQundi 


0 




|c 




Yes 


Police 


1 

2 


0 


|c 




Yes 


Outlaws 




-§c 


0 


"T3 C 


Yes 


Bullet 




— - c 


1 

13 


0 


Yes 



Problem 12.16 

(a) Moving clock runs slow, by a factor 7 = 
I x 18 = 30 years elapsed on the stationary clock. 51 years old 



\A-( 4 / 5 ) 2 



|. Since 18 years elapsed on the moving clock, 



(b) By earth clock, it took 15 years to get there, at lc, so d — $c x 15 years = 12c years (12 light years) 



(c) t — 15 yrs, x — 12c yrs 
(d) 



t = 9 yrs, x = 0. [She got on at the origin in S, and rode along on S, so she's still at the origin. If you 



doubt these values, use the Lorentz Transformations, with x and t in (c).] 

[note that v is negative, since S us going to the left] 



(c) Lorentz Transformations: J x = 7O + vt) 

:. x — § (12c yrs + |c • 15 yrs 

4 c 



24c yrs = 40c years 



* = |(15 yrs- 



- - ■ 12c yrs) = § (15 + f ) yrs = (25 + 16)yrs = 41 years. 



(f) Set her clock ahead 32 years, from 9 to 41 (t — ► t). Return trip takes 9 years (moving time), so her clock 



will now read 50 years at her arrival. Note that this is § • 30 years — precisely what she would calculate if the 



stay-at-home had been the traveler, for 30 years of his own time. 

(g) (i) t = 9 yrs, x — 0. What is tl t = + - = | • 9 yrs = 4? = 5.4 years, and he started at age 21, so he's 



26.4 years old {Younger than traveler (!) because to the traveller it's the stay-at-home who's moving.) 
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(ii) t = 41 yrs, x = 0. What is t? t = - = | • 41 yrs, or ijP yrs, or 24.6 yrs, and he started at 21, so he's 



45.6 years old. 



(h) It will take another 5.4 years of earth time for the return, so when she gets back, she will say her twin's 
age is 45.6 + 5.4 = 51 years — which is what we found in (a). But note that to make it work from traveler's 
point of view you must take into account the jump in perceived age of the stay-at-home when she changes 
coordinates from S to S.) 

Problem 12.17 

-a°b° + a^b 1 + a 2 b 2 + a 3 b 3 = - 7 2 (a° - pa l ){b {) - (3b 1 ) + 7 2 (a 1 - pa°){b l - /3a°) + a 2 b 2 + a 3 b 3 

= - 7 V&° - p/b l - 0/b° + /?W - a l b l + (3/b° + p/b 1 - f3 2 a°b°) + a 2 b 2 + a 3 b 3 

= - 7 W(1 - /3 2 ) + 7 W(1 - (3 2 ) + a 2 b 2 + a 3 b 3 

= -a a b° + aV + a 2 b 2 + a 3 b 3 . qed [Note: 7 2 (1 - /3 2 ) = 1.] 



Problem 12.18 



(a) 



/ct\ 

X 

y 
W 



/ 1 0 0 0\ /ct\ 

-(3 1 0 0 x 

0 0 10 y 

\ 0 0 0 1/ \zj 



(using the notation of Eq. 12.24, for best comparison) 



(b) 



A = 



( 7 0-7/3 0\ 
0 1 0 0 

-7/3 0 7 0 

\ o o o ij 



(c) Multiply the matrices: A : 



/ 7 0-7^ 0\ 
0 1 0 0 

-7/3 0 7 0 

V o o o ij 



( 7 -7/3 0 0^ 
-7/3 7 0 0 
0 0 10 
\ 0 0 0 1/ 



I 7 7 -77/3 -7/3 0^ 
-7/3 7 _ 0 0 
"77/3 77/3/3 7 0 
\ 0 0 0 1/ 



Yes, the order does matter. In the other order "bars" and "no-bars" would be switched, and this would yield 
a different matrix. 
Problem 12.19 

(a) Since tanh6> = f^f , and cosh 2 9 - sinh 2 9 = 1, we have: 



7 



cosh# 



V 71 - «V c2 v 7 ! - tanh 2 6 Vcosh 2 6» - sinh 2 9 



cosh 9; j(3 = cosh 0 tanh 0 = sinh 9. 



A 



/ cosh 0 - sinh 0 0 0\ 
-sinhfl coshfl 0 0 
0 0 10 

\ 0 0 0 1/ 



Compare: R 



cos <p sin 0 0* 
— sin 0 cos 0 0 
0 0 1, 



(b) u = 



u — v 



u 
c 



(IMP 



tanh (A = 



tanh </> — tanh 9 
1 — tanh 0 tanh 9 



, where tanh</> = u/c, tanh# = w/c; 
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tai\h(f) = u/c. But a "trig" formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says: 
tanh 6 — tanh f 



1 — tanh d> tanh ( 



tanh(0 — 6). .*. tanh^ = tanh(0 — 8), or: 



Problem 12.20 

(a) (i) I = -c 2 At 2 + Ax 2 + Ay 2 + Az 2 = -(5 - 15) 2 + (10 - 5) 2 + (8 - 3) 2 + (0 - 0) 2 = -100 + 25 + 25 = -50 



(iii) 



No. (In such a system At = 0, so / would have to be positive, which it isn't. 



Yes. 




S travels in the direction from B toward A, 
making the trip in time 10/c. 



-5x — 5y 
10/c 



c _ c _ 



Note that ^s: — \ + \ = ^,sov = ^c, safely 
less than c. 



f-»- x 

2 4 6 8 10 
(b) (i) / = -(3 - l) 2 + (5 - 2) 2 + 0 + 0 = -4 + 9 = [5] 



(ii) Yes. By Lorentz Transformation: A(ct) — j(A(ct) — (3(Ax)). We want At = 0, so A(ct) = /3(Ax); or 
v A(ct) (3-1) 2 



(Ax) (5 - 2) 



So 



in the +x direction. 



(iii) 



No. 



(In such a system Arc = Ay = Az — 0 so / would be negative, which it isn't. 



Problem 12.21 

Using Eq. 12.18 (iv): At = y(At - ^Ax) 



At = ^Ax, or v = ^c 2 



tB —tA 2 

c 

X B - X A 
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Problem 12.22 

(a) 



world line 
of player 1 




world line of 
player 2 



world line of 
the ball 



Truth is, you never do communicate with 
the other person right now — you communicate 
with the person he/she will be when the mes- 
sage gets there; and the response comes back 
to and older and wiser you. 



(b) No way It is true that a moving observer 



might say she arrived at B before she left A, 
but for the round trip everyone must agree 
that she arrives back after she set out. 




Problem 12.23. 




(b) % = slope = |f 



= MS 

u 9.25 ^ 



35 
37< 



(c) v' = ic. so v = 

s 



(37/25) 



35 
37 C 



Problem 12.24 



(a) (l_^) 7? 2 = u 2. u2(l + 2! )=?? 2. 



u 
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cosh 8 



(b) 1 = 1 = 

y/l-u 2 /c 2 ^/l-tanh 2 0 V cosh2 #-sinh 2 6 

Problem 12.25 



cosh 6* :.rj 



= u = cosh # ctanh # = csinh# 



(a) u x = u y = u cos 45° = ^ ^ c = 
(c) ?7o = 7c = 



^/l-« 2 /c 



Vx = Vy = ^ 



(d) Eq. 12.45=> < 



V 5 c V 5 L 



= 0. 



f c 



/2/5 



/3/5 



C. 



(e) ^ = 7 fe - /V) = Jl - Uy/2c- Jls/hc) = 



Vy = Vy 



V2c. 



({) i = i 



\/3; .'. r) = \/3u 



Vx = V3u x = 0 / 

fjy = \/3Uy = \[2C / 



Problem 12.26 

^ = -(*7°) 2 + ^ 2 = (T3^)(-c 2 + « 2 ) = - C 2 |^) 



-c 2 . 



Problem 12.27 

(a) From Prob. 11.31 wc have 7 = \^Jb 2 + c 2 t 2 . ;. r = j^dt = bj dt 



^b 2 +c 2 t 2 c 



ln(ci + \/6 2 + c 2 i 2 ) + fc; at 



t = 0 wc want r = 0: 0 = - In b + fc, so k = In 6; r = - In 

c c c 



(b) Va; 2 - fo 2 + x = be CT ' b ; y/x 2 - b 2 = be CT / b -x; x 2 - b 2 = b 2 e 2cT / b - 2xbe CT / b + x 2 ; 2xbe CT / b = b 2 {\ + e 2cT / b ); 
a; = 6( eeT/b+ 2 e ' CT/6 ) = Ucosh(cr/6) . Also from Prob. 11.31: v = c 2 t/Vb 2 + c 2 t 2 . 



v = -\/x 2 — b 2 



b 2 cosh 2 (cr/6) — fe 2 = c 



A /cosh 2 (cr/fc)-l _ s inh(cT/b) 



bcosh(cr/fc) y cosh(cr/6) cosh(cr/b) 

(c) ^ = 7(0,1;, 0,0). 7=f = cosh^f, so ^ = coshf (c, ctanh f, 0, 0 



ctanh ( — 



(?)■ 



/ £7- C7 - 

c ^cosh — , sinh —,0,0 



Problem 12.28 

(a) mA«yi + m B u B — m c u c + m D u D ; u 



Ui + V 



1 + (u^/c 2 ) ' 

+ " U B + V Uc + V Ud+V 



1 + (u^w/c 2 ) l + (u B w/c 2 ) l + (u c i;/c 2 ) l + (u£)w/c 2 )' 

This time, because the denominators are all different, we cannot conclude that 
m.AUA + m B u B — m c u c + tudUd- 

As an explicit counterexample, suppose all the masses are equal, and = —u B = v, uq = u B = 0. This is 
a symmetric "completely inelastic" collision in S, and momentum is clearly conserved (0=0). But the Einstein 
velocity addition rule gives ua = 0, u B — —2v/(l + v 2 /c 2 ), uc — ud = —v, so in S the (incorrectly defined) 
momentum is not conserved: 

"' 1 ttSf) * - 2mv - 



©2009 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is 
protected under all copyright laws as they currently exist. No portion of this material may be 
reproduced, in any form or by any means, without permission in writing from the publisher. 



Pearson 



Always Learning 



CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 



229 



(b) m A r\ A + itibVb = n^cVc + nT-DVD', Vi — liVi + PVi)- (The inverse Lorentz transformation.) 
m A j(fj A + PVa) + m Bl(fj B + (3fp B ) = mcj{fjc + PVc) + ra c7fe + Prfb)- Tne gamma's cancel: 
m A f\ A + m B f) B + l3(m A fp A + m B ff B ) = m c fjc + m D fj D + (3(m c f]c + m DV° D )- 



But 



rriiV 



Ei/c, so if energy is conserved in S (E A + E B = E c + E D ), then so too is the momentum 



(correctly defined): 

m A fj A + m B r) B = m c fjc + m D fj D . qed 



Problem 12.29 

-fmc 2 — mc 2 = nmc 2 



7=n+l= / 

1 — y'W'/c 



1 _ U± _ 1 

1 c 2 ~~ (n+1) 2 



(n+1) 2 



n 2 +2n+l-l 
(n+1) 2 



n(n+2) 
(n+1) 2 ' 



V«(»^ + 2) 
n+1 



Problem 12.30 










Et = £/i + £?2 "1" 


; p T = Pi - 


\-p2 + " 


; pt = j(pi 


^ - (3E T /c) = 0 /3 = u/c = p T c/E T 


u = c 2 pt 1 Et = 


c 2 (pi +P2 + ■ 


■■)/{E,- 


h E 2 + ■ ■ ■ ) 





Problem 12.31 

= (< + m|) c2 



1 



1 



(m 2 + m 2 ) 2 



2m w m M y/l-v 2 /c 2 ' c 2 7 2 ' 

m 4 + 2m 2 m 2 + m 4 - 4m>^ _ (m 2 -m 2 ) 2 ^ 
(m 2 +m 2 ) 2 (m 2 +m 2 ) 2 ' 



(to 2 . - to 2 ,) 
(to 2 + to 2 ) 



%/3 



mc. 



Problem 12.32 

Initial momentum: E 2 — p 2 c 2 = m c => p c = (2mc ) — m c = 3m rc 
Initial energy: 2mc 2 + mc 2 = 3mc 2 . 

Each is conserved, so final energy is 3mc 2 , final momentum is \JZrac. 



E 2 - p 2 c 2 = (3toc 2 ) 2 - (VSmcfc 2 = 6m 2 c 4 = M 2 c 4 . .-. [m = V6m 

(In this process some kinetic energy was converted into rest energy, so M > 2m.) 

pc 2 \/3 mc c 2 I c 
IIT ~~ 3mc 2 71 ~ ? 



2.5m 



Problem 12.33 

First calculate pion's energy: E 2 = p 2 c 2 + m 2 c 4 
Conservation of energy: 



9 2 4 , 2 4 

^m^c 4 + m c 



f§m 2 c 4 



E = \mc 2 . 



\mc 2 = E A + E B 



Conservation of momentum: |mc = p A + p B = — ^f- 



,. f IE A = 2mc 2 
\mc 2 — E A — Ee 



E 



A = mc 



E f 



1 



mc 2 . 



Problem 12.34 

Classically, E 



In a colliding beam experiment, the relative velocity (classically) is twice the 



velocity of cither one, so the relative energy is AE. 



©^Ad 



■s 



■s 



Let S be the system in which © is at rest. Its 
speed v, relative to S, is just the speed of ® 
in S. 
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P° = l(p° ~ ftp 1 ) => — = 7 (— — ftp) , where p is the momentum of © in S. 

E = jMc 2 , so 7 = jjjlf ; p = - 7 MV = -7M0C. :. E = 7 (f + (3jMf3c) c = i(E + jMc 2 (3 2 ) 



1-/3 2 



l-fP=$=>0 > = l-$ = ^..:E= 1 faE. 



( Mc 2 ) 1 



Mc 2 



E=^-Mc 2 . 
Mc 2 



For £ = 30 GeV and Mc 2 = 1 GeV, we have E - 



(2)(900) 
1 



1 = 1800 - 1 



1799 GeV = 60E. 



to " m 



Problem 12.35 

One photon is impossible, because in the "center of mo- 
mentum" frame (Prob. 12.30) we'd be left with a photon 
at rest, whereas photons have to travel at speed c. 

(before) 

Cons, of energy: \JpqC 2 + m 2 c 4 + mc 2 = E A + Eg 

f horizontal: p 0 = — cos 60° + ^ cos 9 => E B cos 9 = p 0 c-\E A 
Cons, of mom.: < , p c w c „ n 

\ vertical: 0 = ^ sin 60° - ^ sin 9 E B sin 9 = ^E A 



(after) 



square and add: 



£|(cos 2 0 + sin 2 9) = Po c 2 - Po cE A + l -E 2 A + ^E 2 A 



E% = p 0 c 2 - p 0 cE A + E\ 



^Jp 2 c 2 + m 2 c 4 + mc 2 - E A 



= p 0 c 2 + m 2 c 4 + 2y p 2 c 2 + m 2 c 4 (mc 2 - E A ) + m 2 c 4 - 2E A mc 2 + E\. Or: 
-p a cE A = 2m 2 c 4 + 2mc 2 yfplc 2 + to 2 c 4 - 2E A ^Jp 2 c 2 + m 2 c 4 - 2E A mc 2 ; 



E A (mc 2 + \Jp1c 2 + m 2 c 4 - poc/2) = m 2 c 4 + mc 2 \/ poc 2 + m 2 c 4 ; 

(mc 2 + yj PqC 2 + m 2 c 4 ) (mc 2 — \J p\c 2 + m 2 c 4 — poc/2) 

(mc 2 + \J PqC 2 + m 2 c 4 — Pqc/2) (mc 2 — \J p\c 2 + m 2 c 4 — Poc/2) 

(m^c 4 — PqC 2 — m^c 4 — ^p 0 mc 3 — ^\/p\c 2 + m 2 c 4 ) 



E A = mc 1 



= mc 



(rprc 4 — p 0 mc 3 + ^ p a c 2 — rprc 4 ) 



mc 2 (mc + 2p 0 + \Jp 2 ) + m 2 c 2 ) 
2 (mc + \p 0 ) 



Problem 12.36 

dp d 



mu 



du 

dt 



dt dt ^Jl-u 2 /c 2 \ yj\-u 2 lc 2 

u(u-a) 



u 



— 2n.— 

C 2 /U dt 



2 ) (l-u 2 /c 2 f/ 2 



^l-u 2 /c 2 



(c 2 — u 2 ) 



. qed 
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Problem 12.37 




a i i i r * ui 11*?? 

At constant force you go m hyperbolic mo- 


X 




tion. Photon A, which left the origin at t < 0, 






catches up with you, but photon B, which 






passes the origin at t > 0, never does. 


\A, 











ct 



Problem 12.38 



(a) 



a 



drjo drjo dt 
dr dt dr 



a = 





c 




1 

"c 2 




^l-u 2 /c 2 V 2 / (!- 


- M 


dr] 


dt dr) 


i 


d 


dr 


dr dt 


^/l-u 2 /c 2 dt 


1 


u(u-a) 




(1 


— u 2 /c 2 ) 


(c 2 — u 2 ) 





i-a 



v/1 -u 2 /c 2 



u-a 



c (1 -u 2 /c 2 ) 2 ' 



+ u(-t) 



42u-a 



(1 -it 2 /c 2 ) 3 / 2 



(b) a ^--fa°) 2 + o-a-- — '-"'^ + 1 

K) a^a - (a c 2 (1 _ ?i 2 /c2) 4 + (1 _ u 2 /c 2 )4 



u 2 1 
a (! - ^ ) + ^ u ( u ' a ) 



(1- 


u 2 /c 2 ) 4 




1 { 


(1- 


u 2 /c 2 ) 4 \ 


1 



i(u.a) 2 + a 2 fl 



f|2(l _^ a + (u-a) 



| 1-^ (u.a) 2 + ^ 2 (u.a) 2 



(-1 + 2-2-^ + -^) 



(1 -u 2 /c 2 ) 2 



a2 | (u-a) 2 

(c 2 — ?i 2 ) 



(c) = -c 2 , so ^(^m) = a ^ + = 2 « m? 7m = °j so = °- 



(d) ^ = ^ = £ (mf) = |ma".| = ma% = 0. 



Problem 12.39 

= -(if 0 ) 2 + K-K. From Eq. 12.70, K-K = (1 _^ /c2) . From Eq. 12.71: 



1 d£ 



mc 



mc 



c dr c^l-u 2 /c 2 dt \ y/l- u 2 / c 2 I y/l-u 2 /c 2 



1 (-1/c 2 ) 

2 (1 -w 2 /c 2 ) 3 / 2 



2u-a 



m (u-a) 

7(1 -u 2 /c 2 f 
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But Eq. 12.73: u-F = uF cos 9 



uF cos 9 
c\J\ — u 2 /c 2 



^/l-u 2 /c 2 



(u-a) + 

F 2 



it 2 (u-a) 

c 2 (l~u 2 /c 2 ) 

u 2 F 2 cos 2 9 
(l-u 2 /c 2 ) ~ c 2 (l -u 2 /c 2 ) 



m(u-a) 



(1 -u 2 /c 2 ) 3 / 2 ' 

1 - (u 2 /c 2 ) COS 2 
(l-u 2 /c 2 ) 



so: 



F . qcd 



Problem 12.40 

„ m 



^/l-u 2 /c 2 
Dot in u: (u-a) 4 



u(u-a) 



c 2 — u 2 
u 2 (u-a) 



g(E + uxB)^a+ ^"^t = ^^1 - u 2 /c 2 (E + uxB). 
[cr — u z ) m 



u-a 



c 2 (l — u 2 /c 2 ) (1 — u 2 /c 2 ) m 



= —^1- u 2 /c 2 [u-E + u-(uxB)] ; 



0 



u(u-a) 

(c 2 — u 2 ) m 



u 2 u(u-E) _ q u 2 . „ 1 . 

9 - Soa= - — (E + uxB- -u(u-E)). qed 

c z c z m V c c 



Problem 12.41 

One way to see it is to look back at the general formula for E (Eq. 10.29). For a uniform infinite plane of 
charge, moving at constant velocity in the plane, J — 0 and p = 0, while p (or rather, a) is independent of t 
(so retardation does nothing) . Therefore the field is exactly the same as it would be for a plane at rest (except 
that a itself is altered by Lorentz contraction) . 

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that 
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction. 
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would 
have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular 
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should 
reverse its sign.) 

Problem 12.42 

(a) Field is o~o/eo, and it points perpendicular to the positive plate, so: 



E 0 = — (cos45°x + sin45°y) = 



(TO 



v/2 



(-x + y). 



So 



E 



(b) From Eq. 12.108, E x = E XQ = E y = 7 E yo = 

(c) From Prob. 12.10: tan# = 7, so 9 — tan -1 7. 

(d) Let n be a unit vector perpendicular to the plates in S — evidently 
n = -sin6>x + cos6»y; \E\ = -^-Jl + j 2 . 

V 2 Eq 



Co 



V2 



■(-x + 7y). 



So the angle <fi between n and E is: 

1 



!J' 









E-n 

w 



cos< 



v / i + f 



(sin 9 + 7 cos 9) = 



cos 9 



:(tan0 + 7) = 



27 



: COS( 
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But 7 = tan ( 



sin 9 Vl — cos 2 9 

cos 6 cos 9 



7 2 + 1 =>• cos ( 



So 



COS ( 



27 



1 + 7 2 



Evidently the field is not perpendicular to the plates in S. 



Problem 12.43 

' a » E = r n g(1 ^Si ^ 12 - 92) 

47re 0 (1 - j2 sir 6>) 3 / 2 R 2 



E-da 



q{l-v 2 /c 2 ) f R 2 sm6 d6, 



47re 0 J R 2 (l - 4 sin 2 6») 3 / 2 



g(l -v l<?) 2 r sin 9 d9 

4^ (i_ ^sin 2 0) 3 / 2 ' 

q{l~v 2 /c 2 ) f 1 du 



Let u = cos 9. so du = — sin 6d9, sin 2 8 — 1 — it 2 . 



2e 0 



[1 - S + ^« 2 ] 3/2 



— v 2 /c 2 ) / c 
2e 0 



1 K-l + u 



The integral is 



So /E-tfa 



g(l — v 2 /c 2 ) fc\ 3 fv\ 3 



-1 V ^ (1-^/c 2 )- 

2 



2e 0 



(J (c) (l-v 2 /c 2 ) 9 ' / 



(b) Using Eq. 12.111 and Eq. 12.92, S - — (ExB) = _l^/fo g 2 (l v 2 /c 2 ) 2 vsm9 ^ ^ 

Mo Mo47re 0 4^ r 4 (l - g sin 2 8f V-^/' 



5 2 (1 — v 2 /c 2 ) 2 vsm9 
167r 2 e 0 i? 4 (l - 4sin 2 6») 3 ' 



Problem 12.44 



(a) Fields of A at B: E = j^^-y; B = 0. So force on q B is 



1 QaQb . 
47re 0 d 2 



y- 



<lB 



<1A 



(b) (i) From Eq. 12.68: 



7 gAgB i 
4-Treo d 2 : 



(Note: here the particle is at rest in S.) 



Q-4 



(ii) From Eq. 12.92, with 9 = 90°: E : 



(this also follows from Eq. 12.108) 
B ^ 0, but since vb = 0 in S, there is no magnetic force anyway, and 



1 q A (l - v 2 /c 2 ) 1 , _ 7 q A ^ 
47re 0 (1 - v 2 /c 2 ) 3 / 2 d 2 * ~ 4ire 0 d 2 : 

7 lAqB 



47re 0 d 2 



(as before). 



Problem 12.45 

Here 9 — 90°, = y, <f> — z, ^ = r, so (using c 2 = l//xo£o) : 

_ o 7 „ q v j „ 

E = -- ^y ; B = ^ ^z ; where 7 = 

47reo r z 47reo c z r z 



sj\-v 2 jc 2 
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Note that (E 2 — B 2 c 2 ) = ( A7T q eor )' '*Y ! (l — ^s) = ( 4 ^ or ) 2 is invariant, because it doesn't depend on v. We can 
use this as a check. 

q 7 q v , 

%rtem A: »A = «,»E= -4^* B = where 7 = ^j^. 

F = ff (E + (-«*)XB) = - ^(xxz)) = -£-1(1 + £)y. 



47reo r 2 



System B: vb 



IB 



V + V 



2v 



l + v 2 /c 2 (l + v 2 /c 2 ) 

1 (l + v 2 /c 2 ) (l + v 2 /c 2 ) 



f\ 4v2 / c2 /1 o« 2 7 « 4 (1 - f 2 /c 2 ) 

9 1 



7 2 (! + -3) 5 «b7s = 2v i 2 



•••E=- 7 ^^7 2 (l + ^)y;B = --^^V 

47re 0 r 2 v c 2 > 47re 0 c 2 r 2 



[Cftecfc: (^-^) = (^)V(l+^ + ? 



2 "1 _ 4t» 2 ^ 

4 „2 , 



-s_)V4 = C— 2— r /I 

47re 0 »'/ ' 7 4 V4-7reo?"/ J 



F = g(E) 



, 2 7 2 



47re 0 ^ 2 c 2 



(l + ^2")y. (+g at rest => no magnetic force). [Check: Eq. 12.68 =>■ Fa = =F B - /] 



System C: v c = 0. E 



£-iy; B = °- F = «E = -i^y. 



[The relative velocity of _B and C is 2u/(l + v 2 /c 2 ), and corresponding 7 is 7 (1 + v 2 /c 2 ). So Eq. 12.68 
F B - A 



Fc — f!( 1+ „2/ c 2) 

Summary. 



( 47r£ 0 r 2 )^y 


(-i^)7 2 (i + S)y 


f 9 ,)v 

V 47reo'H / ^ 


( 4Treo»- 2 ) c 2 T Z 


( 4ire 0 r 2 ) c 2 7 ^ 


0 


(-iih(i + ^)y 


(-i)7 2 (i + ^)y 


( 47re 0 r 2 )y 



> 7 = 



^/l-t> 2 /c 2 



Problem 12.46 

(a) From Eq. 12.108: 



EB = E X B X + £? y B„ + E Z B Z = E X B X + 7 2 (F y - vB z )(B y + -E z ) + 7 (E Z + vB y ){B z - -E y ) 
= E X B X + ^{EyBy + JjX^ - w^B, - ^*S Z + E Z B Z - ^/ y E z + vB(B z - ^E y B y } 
= E X B X + 7 2 (E y B y (l E z B z (l - = E X B X + E y B y + E Z B Z = E-B. qed 
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(b) E 2 c 2 B 2 = [El + j 2 (E y vB z f + 7 2 (E Z + vB y ) 2 ] - c 2 [B 2 X + 7 2 (B, + ^E z f + 7 2 (B z - ^E y )] 
= E 2 X+1 2 (El 2E/b z + v 2 B 2 z + El + 2E/B V + v 2 B 2 y - c 2 B 2 - c 2 2^B y E z 



- c 2 ^E 2 z c*Bl + c 2 2%B z E y - c 2 ^E 2 y ) c 2 B 2 



El - c 2 B 2 x + 7 2 



(££ + ^ + ££) - c 2 (B 2 + £^ + B'i) = E 2 - B' z c'. qed 



2„2 



(c) No. For if B = 0 in one system, then (E 2 — c 2 B 2 ) is positive. Since it is invariant, it must be positive in 
any system. E^O in all systems. 
Problem 12.47 

(a) Making the appropriate modifications in Eq. 9.48 (and picking 5 = 0 for convenience), 



E lo 
E(#, y, z, t) — E 0 cos(kx — ut) y, B(a;, y, z, t) = — cos(fca; — cot) z, where k = — . 

c c 

(b) Using Eq. 12.108 to transform the fields: 

- - - r v i 

E x = E z = 0, E y = "y(E y — vB z ) = jE 0 cos(fcx — cot) cos(kx — cot) = aE 0 cos(kx — cot), 



B x = B y = 0, B z = j{B z - -E y ) = 1 E 0 



1 v 

- cos(kx — cut) cos(kx — tot) 



— a— cos(kx — cot), 
c 



where 



c) V 1 + v/c 



Now the inverse Lorcntz transformations (Eq. 12.19) => x = 7(2; + vt) and t = 7 (t + -*^x^ , so 



kx — tot = 7 



k(x + vi) — lo (t+ -j x ^j = 7 (k — —^j x — (co — kv)t 



c* 

kx — cot, 



where, recalling that k = to/c): k = 7 (jt — —^j = jk(l — v/c) = ak and uo = ^lo(\ — v/c) 



aco. 



Conclusion: 



E 

E(x, y,z,t) = E 0 cos(fcx — Cot) y, B(5, y,z,t) — — cos(fcx — Cot) z, 

c . 



where Eq = aE 0 , k — ak, lo — aco, and a 



'1 - v/c 
1 + v/c' 



(c) 



ll-v/c 
1 + v/c' 



This is the 



^ , 7T7 1 , , - 2tt 2tt X 

Dopplcr shift for light. A = ^ = — = — . ihc velocity of the wave 
1 k ak a 



in<Sisw = — A = — A = [cT] Yup, this is exactly what I expected (the velocity of a light wave is the same 
in any inertial system). 
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(d) Since the intensity goes like E 2 , the ratio is 



Dear Al, 



I 
1 



El 



a 



1 — v/c 
1 + v/c 



The amplitude, frequency, and intensity of the light will all decrease to zero as you run faster 



and faster. It'll get so faint you won't be able to sec it, and so red-shifted even your night-vision 
goggles won't help. But it'll still be going 3 x 10 8 m/s relative to you. Sorry about that. 

Sincerely, 

David 

Problem 12.48 

t 02 = A° x A 2 t Xa = A° 0 A 2 t 02 + A?A|f 12 = 7 t 02 + (- 7 /3)t 12 = 7 (t 02 - (3t 12 ). 

P 3 = A°A 3 * A<T = A°A 3 t 03 + A°A 3 i 13 = jt 03 + (- 7 /3)t 13 = 7 (t 03 - /ft 13 ) = 7 (t 03 + f3t 31 ). 

i 23 = A 2 A 3 f ACT = A 2 A 3 t 23 = t 23 . 

hi = = AlAjt 30 + A 3 A}i 31 = (- 7 /3)t 30 + 7 t 31 = 7 (t 31 - /3t 03 ). 

tia - A\A 2 J^ = AjAli 02 + A}A 2 i 12 = (- 7 /?)i 02 + 7 t 12 = 7 (t 12 - /3t 02 ). 

Problem 12.49 

Suppose t vtt — ±t^ u (+ for symmetric, — for antisymmetric). 



t 



A£A^ 

. A A K4.UV 



t = A£A£# H ' = A£A£t"' 1 



A£A£(±tH 
±i KX . qed 



[Because /i and i/ are both summed from 0^3, 
it doesn't matter which we call \x and and which call v. 
[Using symmetry of t^ u , and writing the A's in the other order.] 



Problem 12.50 



? 30 F 30 



plivjp _ ^UU^iUU _ ^Ul^iUl _ pVZpVZ _ pV6p<J6 _ pWpW pZU p2V _ p3V p. 

+ pll F ll + pi* pl2 + pl3 pl3 + p21 p21 + p22 p 22 + p 23 p 23 + p31 p 31 + p32 p 32 + p 33 p 33 

= -(E x /c) 2 (E y /c) 2 - (E z /c) 2 - (E x /c) 2 (E y /c) 2 (E z /cf + B 2 + B 2 + B 2 Z + B 2 X + B 2 y + B 2 X 



= 2B 2 -2E 2 /c 2 = 2(V-|J) 



which, apart from the constant factor — 2/c 2 , is the invariant we found in Prob. 12.46(b). 



G^G^ = 2{E 2 /c 2 - B 2 ) (the same invariant). 



F^G^ = -2(F 01 G 01 + F 02 G 02 + F 03 G 03 ) + 2(F 12 G 12 + F 13 G 13 + F 23 G 23 ) 

= -2 {^E X B X + l -E y B y + \E z B z ^j + 2[B z (-E z /c) + (-B y )(E y /c) + B x (-E x /c)} 



- 2 (E-B) - 2 (E-B) 

c c 



-Vb), 
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which, apart from the factor — 4/c, is the invariant we found of Prob. 12.46(a). [These arc, incidentally, the 
only fundamental invariants you can construct from E and B.] 

Problem 12.51 



E 



1 2A_g. _ w V« 
47ren x 2-7T x 



g _ Mo 2At>~ _ (J.Q \v~ 



piiv 



2irx 



( 0 c 0 0 \ 
-c 0 0 -v 
0 0 0 0 
\ 0 »0 0 J 



Problem 12.52 

d v F^ v = hqJv. Differentiate: d^F^ = ^d^. 

But d^d u = dvdfj, (the combination is symmetric) while F Vfi = —F^ (antisymmetric). 

.'. dpdvFV = 0. [Why? Well, these indices are both summed from 0 — > 3, so it doesn't matter which we 
call n, which v. d^d v F^ = d v d )1 F vlx = d^(-F^) = -d^F^ . But if a quantity is equal to minus itself, 
it must be zero.] Conclusion: d^J^ = 0. qed 

Problem 12.53 

We know that d^G^ = 0 is equivalent to the two homogeneous Maxwell equations, V-B = 0 and VxE = 
— All we have to show, then, is that d\F^ + d^F^x + d u F\^ — 0 is also equivalent to them. Now this 
equation stands for 64 separate equations (/U = 0 — ► 3, ^ = 0^3, A = 0 ^ 3, and 4x4x4 = 64). But many 
of them are redundant, or trivial. 

Suppose two indices are the same (say, fj, = u). Then dxF^ + d^F^x = d^Fx^ = 0. But F w = 0 and 
F^x = —Fx^, so this is trivial: 0 = 0. To get anything significant, then, fi, v, A must all be different. They 
could beall spatial (/j,, v, A = 1, 2, 3 = x, y, z — or some permutation thereof), or one temporal and two spatial 
(/j, = 0, v, A = 1, 2 or 2, 3, or 1, 3 — or some permutation). Let's examine these two cases separately. 

All spatial: say, (J, = 1, v = 2, A = 3 (other permutations yield the same equation, or minus it.) 



d 3 F 12 + diF 23 + 0 2 F 31 = 0 



VB = 0. 



One temporal: say, n = 0, v = 1, A = 2 (other permutations of these indices yield same result, or minus it). 

d , E r , d 



d 2 F 01 + d 0 F 12 + diF 31 = 0 



dy 



d(ct) 



dx c ' 



0. 



or: — 



dB z 
dt 



dy 



— ==0 = 0, which is the z-component of 



9B 

dt 



y component; for v = 2, A = 3 we get the x component.) 
%F/iv + d^F v x + d u Fxt! 



Conclusion: d\F nv + d l _ L F u x + d v Fx^ = 0 is equivalent to V-B = 0 and ^ 



VxE. (If n = 0,f = 1,A = 2, we get the 
—VxE, and hence to 



d„G» v = 0. qed 



Problem 12.54 

K a = qri v F au - q( m F 01 + m F 02 + r/ 3 F 03 ) = q(q-H)/c = 



-7U-E. 



Now from Eq. 12.71 we know that 



K a = h^ff, where W is the energy of the particle. Since dr = \dt, we have: 



1 dW q . t-i\ 
c 7 ^T = C 7(U ' E) 



dW 
~dt~ 



= a(u-E) 



This says the power delivered to the particle is force (gE) times velocity (u) — which is as it should be. 
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Problem 12.55 

Ma 9 a 19 
dx n c dt 

From Eq. 12.19, we have: 



So <9°0 



d 1 (p = 



i dtp 

-Am 



dt 



1 , dtp dt dtp dx dtp dy dtp dz . 
c dt dt dx di dy di dz di' 

7> at ~~ dt — at — u - 



» — ) or (since 
ax' 



-x 0 ): <9°0 = j( 



dxn 



dt 



< dz v dtp 



dx ' 



6 dx dtp dy 

- + — — + — — H -— = 7 L +7~ 

dt dx 1 dx dx dy dx dz dx c 2 dt dx 



-^) = 7[PV)-«8V)]. 



9y 



90 <9i 90 Sx 90 <9y dtp dz dtp 
dt dy dx dy dy dy dz dy dy 
dt dtp dx dtp dy dp dz 



d 2 



dz dt dz dx dz dy dz dz dz dz 
Conclusion: d^tp transforms in the same way as a M (Eq. 12.27) — and hence is a contravariant 4-vector. qed 

Problem 12.56 

According to Prob. 12.53, a ^ = 0 is equivalent to Eq. 12.129. Using Eq. 12.132, we find (in the notation 
of Prob. 12.55): 



dF^ dF vX 



dF- 



+ ^ + ^ = 9 ^ + ^ + ^ 



dx x 



dx» 



dx 



= d x {d^A v - d u A^) + d^{d v A x - d x A v ) + d u {d x A^ - d^A x ) 

= (d x d^A u - d^d x A v ) + (d„d„A x - d„d^A x ) + (d„d x A^ - d x d v A^) = o. qed 



[Note that d x dnA v = d ° x £ x „ = d °„ 9xX = d v d x A v , by equality of cross-derivatives.] 
Problem 12.57 

Step 1 : rotate from xy to XY, using Eq. 1.29: 

X = cos tp x + sin tp y 

Y = — sin tp x + cos tp y 

Step 2: Lorentz-transform from XY to XY, using 
Eq. 12.18: 

X = j(X — vt) = 7[cos <p x + sin tp y — pet] 

Y = Y = — sin 0 x + cos 0 y 
Z = Z=z 

ct = -f(ct — f3X) — 7 [ct — /3(cos 0 x + sin 0 y)] 
Step 3: Rotate from XY to xy, using Eq. 1.29 with negative tp: 

x — cos 0 X — sin 0 Y — 7 cos 0[cos 0 x + sin tp y — j3ct] — sin tp[— sin 0 x + cos <p y] 

— (7 cos 2 0 + sin 2 <p)x + (7 — 1) sin 0cos 0 y — 7/? cos <p (ct) 
y — sin 0 X + cos 0 Y — 7 sin 0(cos 0 x + sin 0 y — /3ci) + cos 0(— sin 0 c + cos 0 y) 
= (7 — 1) sin 0 cos 0 a; + (7 sin 2 tp + cos 2 0)y — 7/3sin0 (ct) 
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In matrix form: 



/ct) 






X 






y 






w 




V 



7 — 7/3cos</> —7/3 sin 0 0\ 

-7/3 cos 4> (7 cos 2 0 + sin 2 0) (7 — 1) sin 0 cos 0 0 
—7/3 sin cf> (7 — 1) sine/) cos </) (7 sin 2 <^> + cos 2 </>) 0 



V 0 



0 



0 



V 



a; 

y 

W 



Problem 12.58 

In center-of-momentum system, threshold occurs when incident en- 
ergy is just sufficient to cover the rest energy of the resulting particles, 
with none "wasted" as kinetic energy. Thus, in lab system, we want 
the outgoing K and E to have the same velocity, at threshold: 



OO 
K E 



O 

7T 



o 
p 



00— 

K E 



before (CM) 
after (CM) 



Before After 
Initial momentum: p^\ Initial energy of ir: E 2 — p 2 c 2 = m 2 c 4 =>• E 2 = m 2 c 4 + p 2 c 2 . 

Total initial energy: m p c 2 — ^m 2 c 4 + p 2 c 2 . These are also the final energy and momentum: E 2 — p 2 c 2 — 
(m K + m s ) 2 c 4 . 

(m p c 2 + V 'm 2 c 4 + p 2 c 2 ) - p 2 c 2 = (m K + m E ) 2 c 4 
m 2 p* + 2m p c 2 \J m 2 c 2 + p 2 c + m 2 p? + p%c 2 — pj^c 2 — (m K + m s ) 2 (/ 



2m r , 



a/ m 2 c 2 + pi = (m K + m s ) 2 - m 2 



TO7T 2 



4m, 



Am 2 



p nT = {m K + m T ) - 2(m p + m^)(m K + ?ti s ) + (m p - m„Y 



2to, 



-•1/ (to^ + m s ) 4 — 2(to 2 + m 2 )(m K + tos) 2 + (m-p — to2 ) S 



j2rr^Yo\l ( m KC 2 + m^c 2 ) 4 - 2((m p c 2 ) 2 + (m,c 2 ) 2 )(m K c 2 + m E c 2 ) 2 + ((m p c 2 ) 2 - (ra„.c 2 ) 2 )' 
^^(1700) 4 - 2((900) 2 + (150) 2 )(1700) 2 + ((900) 2 - (150) 2 ) 2 



3^^/(8.35 x 10 12 ) - (4.81 x 10 12 ) + (0.62 x 10 12 ) = ^^(2.04 x 10 6 ) = 1133 MeV/c 



Problem 12.59 



In CM: 



p p 
Before 




(p = magnitude of 3-momcntum 
in CM, (j> = CM scattering angle) 



After 
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Outgoing 4-momentua: r M = (^,pcos0,psin0, 0); s M = (— , — pcos <j), — psin <j>, 0). 

i 

O »- O Problem: calculate 0, in terms of p, 



In Lab: 



Before 



Lorentz transformation: r x = j{r x — f3r ); r y = r w ; = 7(sa; — /3s°); s y = s a . 

Now E = 7771c 2 ; p = —jmv (v here is to the ie/t; i? 2 — p 2 c 2 = m 2 c 4 , so /3 = — ^. 

.'. ^ = 7 (pcos0 + ) = 7P(1 + cosc/>); f a = psinc/>; s x = jp(l - cos</>); s y = -j?sin< 



cos 6 — 



r-s 



7 2 p 2 (l — cos 2 4>) — p 2 sin 2 i 



) 2 +p 2 sin 2 . 



rs J [7 2 p 2 (l + cos (j)) 2 + p 2 sin 2 0] [7 2 p 2 (l — cos < 

(7 2 - 1) sin 2 <f> 
\J[l 2 {l + cose/)) 2 +sin 2 (p] [7 2 (1 - cosc/>) 2 + sin 2 <j>] 

( 7 2 - 1) ( 7 2 - 1) 



y[7 2 (^) 2 + l] [7 2 (^) 2 + l] \/^ COt2 t + l)(^ 2 | + l 



cos 0 



1 + cot 2 I + w cot 2 I) (l + tan 2 § + w tan 2 



(where w = 7 2 — 1) 



^/(csc 2 f+w cot 2 |) (sec 2 f+w tan 2 f ) ^/(l + wcos 2 f ) (l + wsin 2 f) 



sin < 



^(l + 4(1 + cos 0)) (1 + - cos 0)) ^/[(! + l)+cos0] [(£ + l) 



sm i 



v /(- + l) 2 -cos 2 ^ v /^ + ^+sin 2 0 ^l+(^) 

4 



where r 



r 2 =^(l + ^)= (^7 2 
(7 2 ~1)=7 2 (l-^)=7 2 ^ 



Or, since 



so tan 6 = 



27 



tan 0 



(7 2 -l)sin< 



~/v z sm i 




t j sine 



Problem 12.60 

-fi = K (& constant) 



%f T =K. But£ = 



dT ^/l-u 2 /c 2 ' ^ \/l-ii 2 /c 2 

l(-7=57^) = ^yi-^ 2 /c 2 - Multiply by f = i: 



eft d 



if ^/l-u 2 /c 2 



m it 



dxd/; Wl -u 2 /c 2 J dx\^/l-u 2 /c 2 

dw K 1 dw 1 d , ft d(u> 2 ) 2K 

; w— = -— w l = — : 



Let w = 



2K 



^/l~u 2 /c 2 



dx 



dx 2 dx 



dx 



d(w ) = (dx). 
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„2 _ 2K 



x+ constant. But at t = 0, x = 0 and u = 0 (so w = 0), and hence the constant is 0. 



2K 



w = — x = 1 2~77 

m 1 — u z I &■ 



, 2ifi 2JT;r 9 9 , 2Kx, 2Kx 
i = — ii : ?rfH -) = . 



2 2Kx/m 



m mc* 
dx c 



1 



Ct 



^2ifx y 



Let Hff^ = a 



ct 



y 



"""" - ct = J" dx. Let x = y 2 ; dx = 2ydy;^x = y 
,/y 2 + a 2 /" r 

' 2y dy — 2 y/y 2 + a 2 dy — yy y 2 + a 2 + a 2 ln(y + \/y 2 + a 2 ) 



At t = 0, x = 0 => y = 0. .*. 0 = a 2 In a+ constant, so constant = —a In a. 



ct = yVjFT^ 2 = a 2 \n(y/a + ^(y/a) 2 + l) - a 2 ) ^ ) * + 1 + In (j + ^ 



constant. 



Let: z = - = \/x 



2 A 



§ = z. Then 



2ift 



= zv/l + z 2 +ln(z+ \A + z 2 ). 



Problem 12.61 

(a) x(t) — — \J\ + (at) 2 — 1 , where a = The force of +g on 

— g will be the mirror image of the force of — q on +q (in the x-axis), 
so the net force is in the x direction (the net magnetic force is zero). 
So all we need is the x-component of E. — d/2 

The field at +q due to -q is: (Eq. 10.65) 

E = - / l» \Z - V% ) + U (* ' a ) - a (* •")] ' 

47T60 (•* •VL) 6 

u = c<* — v ?i x = u = ^-(d — ); -u = cl — n, -v = (c2- — Zu); -a = Za. So: 

^^[ — (ci-w* )(c 2 -v 2 ) = — (d-wy)Za-a(c^- 

47Te 0 (c4- -W) 3L ^ V M s2_ V ^ 




is ,■ 



v 

■T^cail 2 - n. 2 ) = -cad 2 1 ' 1 



[(cZ-u* )(c 2 -i; 2 )-cad 2 ]. 



The /orce on +g is and there is an equal force on —q, so the net force on the dipole is: 



F = 



2g 2 
47re, 



-. 1 -—[(cl-v* )(c 2 -v 2 ) 

[en. -lv) 3iy M ' 



cad 2 



It remains to determine ^ , I, 
v, and a, and plug these in. 



«(*) = 
a(t r ) = 



dx c 1 



.2a 2 t 



cat 



dt a 2 ^/l + (at) 2 ^1 - (at)' 

dv ca 
dt r T 



; v = v(t r ) 



cat r 



where T = 0 + (at r ) 2 . 



+ cat r 2 ^ = ^(1 + (at r ) 2 - (at r ) 2 ) = 



ca 
T 3 
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Now calculate t r : c 2 (t - t r ) 2 = 1 2 = I 2 + d 2 ; I = x(t) - x(t r ) = ± [y/l + (at) 2 - y/l + (at r ) 2 ] , so 
f - 2tt r + f r =^[l + (</ ) 2 + l + ( a p{j 2 - 2^1 + (at) 2 ^l + (at r ) 2 ] + (d/c) 2 
(★) y/l + (at)V 1 + ( at r) 2 = 1 + « 2 «r + \ {'ff- Square both sides: 



ad\ 2 



/ + (at) 2 + (at r ) 2 + ap/t 2 =X + ap/t 2 r + \{^) A + 2a 2 tt r + (^) 2 + aHt r {^- 
9 9 fad\ 2 fd\ 2 a 2 /d\ i 

t 2 + t 2 r -m r -tt r (-) -(-) - T ( c ) =o 

At this point we could solve for t r (in terms of t), but since v and a are already expressed in terms of t r , it is 
simpler to solve for t (in terms of t r ), and express everything in terms of t r : 



t 2 - tt r 



2+ ( 



ad\ 2 
c 



d\ 2 a 2 /d\i 



4 Vc 



= 0 



-if [ 2+ ±fo+<T)' + (?) 4 ] -*+'(;)' +"(') 4 

Which sign? For small a we want t ~ t r + d/c, so we need the + sign: 



f = t T 



f (^) 2 + dTD. Now go back to Eq. (*) and solve for ^/l + (at) 2 : 



ct 



1 fad\ 2 0 



1 /ad\ 2 



So 1 = c(t - t r ) => 1< = 

1 f i- , , 91 |\ l/a<i\ 2 l a 2 t r d^} |\ I / ad\ 

= _| [i+^g [i + 2 (-) j + — td j = [i + 2 (-) 



T+^D 
c 



l= C - 
a 



y/l + (at 2 ) -y/l + (at r ) 2 



a 



1 /ad\ 2 

2 VT 



Putting all this in, the numerator in square brackets in F becomes: 



] = {cad(-r + tr D)-yi[^ (-) + dTD]} 



c 2 - 



c 2 a 2 t 2 

2^2 



ca 2 
^3 



cad 



c 2 arf 2 
T 3 



d(at r ) 2 
2cT 



\T 2 -\(at r f-l 



t/b]^[l + (yt / r) 2 -(yt / r ) 2 ] 



T 
c 2 ad 2 
2T 3 



T 3 



1 + (at r ) 2 - (crf r ) 2 - 2 



c 2 arf 2 
2T 3 
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F = 



c 2 ad 2 



47reo [( C 4. _ l v ) T ] 



rx. It remains to compute the denominator: 



(cl -lv)T= jc 
■1 



l(T)" + H-"'(s r + W ')^} T 



2 / 2 / T 



T = cdD[ T 2 -(at r f 



dcD 



F = — - x = 

47re 0 c 3 d 3 D 3 



a 



crf[l+(ff) 2 ] 



d\2n3/2' 



Energy must come from the "reservoir" of energy stored in the electromagnetic fields. 



(b) F — mca — 



1 q 2 



a 



24ne 0 ^[l + (<g] 2 ) 3 ' 2 



T 

(force on one end only) 
2c // Mo<Z 2 \ 2 / 3 ] 



/ady 



3/2 



8-Ke 0 mc 2 d \&irmd)' 



so 



d V \8irmd) 



Problem 12.62 

(a) A^ 1 = (V/c, A x , A y , A z ) is a 4-vector (like = (ct,x,y,z)), so (using Eq. 12.19): V = j(V + vA x ). But 
V = 0, and 

Ho (mxf), 



A„ — 



Att r 3 



Now (mxr);,; = m y z — m z y = m y z — m z y. So 



V = 7« 



(m y z - m z y) 
4ir f 3 



Now x = 7(2 — vt) = jR x , y = y = R y , z = z = R z , where R is the vector (in S) from the (instantaneous) 
location of the dipole to the point of observation. Thus 

f 2 = 7 2 i? 2 + R 2 y + Rl = j\R 2 x + RI + Rl) + (1 - 7 2 )(i? 2 + i? 2 ) = 7 2 (i? 2 - ^i? 2 sin 2 9) 

(where 9 is the angle between R and the x-axis, so that R 2 + R 2 = R 2 sin 2 9). 

Mo vj(m v R z — m z R v ) , _. . . _ . 

.-. V = ^ v ; v-(mxR) = DfmxR), = v{m y R z - m z R y ), so 

47r 7 3 i? 3 (l - ^sin 2 <9) 1 



V 



Mo v(mxR)(l-^) 
4tt jR 3( 1 _ ^ sin 2 ^ 3 /2 : 



or, using = 77? and v(mxR) = R-(vXm): V 



1 R.(vxm)(l-£) 

47re 0 C 2 R 2( 1 _ 4 sin 2 ^ 3 / 2 
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(b) In the nonrelativistic limit (v 2 <C c 2 ): 

1 R-(vXm) 



V = 



47re 0 c 2 R 2 
which is the potential of an electric dipolc. 



1 R-p vxm 

with p = — ^ — , 



Problem 12.63 

(a) B = -fKy (Eq. 5.56); N = mxB (Eq. 6.1), soN= -^mif(zXy). 



N = ^mKZ 
2 



= f(A»I 2 )Hx= tf\<7V 2 l 2 TL. 



(b) 



Charge density in the front side: A 0 (A = 7A0); 
Charge density on the back side: A = 7A0, where v 



2v 

l+v 2 /c 2 ' 



1 



SO 7 



(1 + v 2 /c 2 ) 



l + v 2 /c 2 



1 - 



4t) 2 /c 2 



1 + 2^ + ^-4^ 



1 



^ (1 + v 2 /c 2 ) 

,vl 7 v± (1 - V 2 /C 2 ) 



74) 



(l+v 2 /c 2 ) 2 

Length of front and back sides in this frame: Z/7. So net charge on back side is: 



-I o A V 2 \ A I 

A- = 7 2 (I + -2 ) — 
7 V c / 7 7 



1 + ^' A/ 



Net charge on front side is: 



q- = Aq~ = — = -^A/ 



So dipole moment (note: charges on sides are equal): 

, 1 1 .j 



p = {q+)~y- (q-)~9 = 



1 



A; -\l- 



E = |^z, where er = 700, so N = pxE = 



V 



2eo7 



y = v d 



- 1 



y = 



AZ V . 

— 2^ y- 



(yxz) = 



i^AaZV, 
7 2 



So apart from the relativistic factor of 7 the torque is the same in both systems — but in S it is the torque 
exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerted by an electric field on 
an electric dipole. 
Problem 12.64 

Choose axes so that E points in the z direction and B in the yz plane: E = (0, 0, E) ; B = (0, B cos <fi, B sin </>) . 
Go to a frame moving at speed v in the x direction: 

E = (O,-7w J Bsin0,7(S + wBcos(/))); B(0, 7(Bcos 0 + ^E), 7B sin <f) . 



(I used Eq. 12.108.) Parallel provided 



-^vBsmcj) ^(E + vBcosi 



7(Bcos0+ \E) jBsim 



or 



)B 2 sin 2 <p = (B cos 4> + E) (E + vB cos <f>) = EB cos 4> + vB 2 cos 2 



— £ 2 + — EB cos, 



0 = vB 2 + ^rE 2 + EBcos4>(l + ^-); ; 

c 2 V c 2 / 1 + v 



EB cos i 



/c 2 B 2 + E 2 /c 2 
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Now ExB = 



x y z 

0 0 E 
0 B cos 6 B sin ( 



= —EB cos 6. So 



ExB 



1 + v 2 /c 2 



B- 



E 2 /c 



qed 



No 
zero in S 



there can be no frame in which E1B, for (E-B) is invariant, and since it is not zero in S it can't be 



Problem 12.65 




Just before: 
Field lines emanate 
from present position 
of particle. 



Just after: Field lines outside sphere of radius ct emanate from 
position particle would have reached, had it kept going on its 
original "flight plan". Inside the sphere E = 0. On the sur- 
face the lines connect up (since they cannot simply terminate 
in empty space), as suggested in the figure. 

This produces a dense cluster of tangentially-directed field 
lines, which expand with the spherical shell. This is a pic- 
torial way of understanding the generation of electromagnetic 
radiation. 



Problem 12.66 

Equation 12.68 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in iS. So 
F_l = ^Fj_, F\\ = F\\. Using F = qE, then, 

F x — Fx — qE X7 F y = -F y = -qE y , F z = -F z = -qE z . 

7 7 7 7 

Invoking Eq. 12.108: 

F x = qE x , F y =- qi {E y -vB z ) = q{E y -vB z ) F z = ~<n{E x + vB y ) = q(E z + vB y ). 
7 7 

But v xB = -vB z x + vB y z, so F = ?(E + vxB). qed 

Problem 12.67 



E 



Rewrite Eq. 12.108 with x — > y, y 



E,. — E„ 



By - By 



E z = j(E z - vB x ) 
v 



B Z = ![B Z 



x: 

E x=1 {E x + vB z ) 
v 



B x = ~f\B x -E. 



This gives the fields in system S moving in the y direction at speed v. 
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Now E = (0,0, ^o); B = (S 0 , 0,0), so E y = 0, E z = 7 (£ 0 - vB 0 ), E x = 0. 



If we want E = 0, we must pick v so that Eq — vBq = 0; i.e. v = Eq/ Bq 



(The condition E 0 /B 0 < c guarantees that there is no problem getting to such a system 
With this, B y = 0,B Z = 0, B x = 7 (B 0 - ^E 0 ) = 7 B„(l - £) = iB 0 ± 



The trajectory in S: Since the particle started out at rest at the origin 
in S, it started out with velocity — vy in S. According to Eq. 12.72 
it will move in a circle of radius R, given by 



p = qBR, or r ymv = q(^ — Bo } />' 



I? 



m 7 2 i» 

~qBj' 



B 



7 



B 0 x. 





5-A 















The actual trajectory is given by a; = 0 ; y = —Rsinujt ; z — R(l — coswi); 



where 



v 

R' 



The trajectory in S: The Lorentz transformations Eqs. 12.18 and 12.19, for the case of relative motion in 
the y-direction, read: 



x = x 

v = i(y- vt ) 

z = z 



X = X 

y = i(y + vt) 

z = z 



i = 7 



So the trajectory in 5 is given by: 



x = 0; y = r y(—Rsmu)t + vt) =7^ — -Rsin 

,2 



or 



"/ vt — 7 i2 sin 







tj 7 ^ 





• (y-vt)~/ 



-i?sin 



z = R(l - cos 2 wf) = R 



1 — cos w 7 ( i 



So: 



£ = 0; y 



R . 

vt sin 

7 



U>"f 



R — R cos 



We can get rid of the trigonometric terms by the usual trick: 



^{y-vtf + {z-Rf 



R l 



j(y - vt) = -Rsin [uy(t - ^y)] 
z-R =-Rcos [u/ 7 (t- fy)] 

Absent the 7 2 , this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The 7 2 makes it, as it were, an 
elliptical cycloid — same picture as p. 206, but with the horizontal axis stretched out. 
Problem 12.68 

(a) D = e 0 E + P suggests E -> ^-D 1, , 

i _ „ . _ e ° > but it's a little cleaner if we divide by /in while we're at it, so that 

H = -7-B - M suggests B — > ^ 0 H J J ^ 
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E -> -J-D = c 2 D, B -» H. Then: 





' 0 




CDy 


cD z 1 






-C-D x 


0 


H z 








-H z 


0 




1 






Hy 


—H x 


o J 





Then (following the derivation on p. 539): 

= cV-D = c Pf = J° f ■ ^- v D^ = ~{-cD x ) + (VxH) t = (Jf) x ; so 



dx 



cdV 



where 


J f 


= (cpf,3f). 


and hence 


dx u 



Meanwhile, the homogeneous Maxwell equations (V-B = 0, E = — ^) are unchanged, 



(b) 





' 0 


H x 


Hy 


H Z 1 








0 


-cD z 


CDy 


1 




cD z 


0 


-cD x 






-H z 


-CDy 


cD x 


o J 





(c) If the material is at rest, r\ v = (— c, 0, 0, 0), and the sum over v collapses to a single term: 

D"°»jo = c 2 eF"% => = c 2 eF^° => cD = -c 2 e- => D = eE (Eq. 4.32), / 

c 

H" 0 m = -G^m => £P° = -G"° => — H = -B ^ H = -B (Eq. 6.31). / 
(j, [i p p 

(d) In general, r\ v = -f(— c, u), so, for = 0: 

D 0v r] v = D m m + D m m + D a3 V3 = cD x { 1Ux ) + cD y ( 1Uy ) + cD z (ju z ) = 7 c(D • u), 

F°V = F al m + F 02 T] 2 + F 03 m = ^( 1Ux ) + ^( 1Uy ) + ^( 1Uz ) = 1(E ■ u), so 

D 0v r] v = c 2 eF Qv i) v => 7 c(D • u) = c 2 e Q) (E ■ u) =► D ■ u = e(E • u). 

H 0l/ Vv = H 01 m + H a2 m + H 03 V3 = H x (ju x ) + Hy( 1Uy ) + H z (ju z ) = 7 (H • u), 
G°V - G 01 ?7i + G G2 m + G m m = B x { 1Ux ) + B v { 1U y) + B z (ju z ) = 7 (B • u), so 



H 0v 7] v = -G 0, V => 7 (H • u) = - 7 (B ■ u) H • u = — (B ■ u) . 
H n ji 



Similarly, for /i = 1 : 



[1] 



[2] 



D Vv = D w m + D 12 r, 2 + D u m = (- C D X ){- 1C ) + H z ( 1Uy ) + {-H y ){ju z ) = 7 (c 2 D x + u y H z - u z H y ) 
= 7 [c 2 D + (uxH)] ;c , 



-E. 



F Vv = F u, m + F 12 m + F ld r) 3 = -^(-7c) + B z {ju y ) + {-B y ){ju z ) = j{E x + u y B z - u z B y ) 
= 7 [E + (u x B)] x , so D lv r, v = c 2 eF lv r] v => 

7 [c 2 D + (u x H)] = c 2 e 7 [E + (u x B)] x => D + \{u x H) = e [E + (u x B)] . 



[3] 
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H lv r, v = H w Va + H l2 m + H 13 V3 = {-H X ){- 1C ) + {-cD z ){ 1Uy ) + (cD y )( 1Uz ) 
= ic(H x - u y D z + u z D y ) = 7c [H - (u x D)]^ , 



G lv r\ v = G w Vo + G 12 rj2 + G 13 m = {-B X ){- 1C ) + (-^j ( 7 u y ) + (^j 



^(c 2 B x -u v E z + u z E y ) = ^[c 2 B-(uxE)] x , so H ll/ Vv = ^G lv Vv 



7 c[H- (u x D)] x = [c 2 B- (u x E)] x => H - (u x D) = * 

Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D: 

1 



B (u x E) 



Dl^ux { (u x D) + - 

c 2 I fj, 



B - -z(u x E) 



} = e[E + (uxB)]; 



D + \ [(u • D)u - w 2 D] = e [E + (u x B)] — -^(u x B) + ^— [u x (u x E)] . 

C fJiC fJ/C 



Using Eq. [1] to rewrite (u • D): 
" 2 / 

,2 



D ' 1 "J) = -^•u)u +f [E+(uxB)]--i(uxB)+i[(E.u)u-A] 



= e 



1 



E- 



1 



(E • u)u+ (u x B) 



1 - 



1 



[4] 



Let 



7 v/l-uVc 2 ' " v^' 



Then 



D = 7 2 e 1- 



u 2 v 2 \ I 1- 
E+ 1 



(uxB)-- ? (E-u)u 



Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H: 



H-ux — 2 ( u x H ) + e [ E + (u x B) 



B - -,(u x E) 



H+l[(u.H)u- U 2 H]=i 



B-^(uxE) 



e(u x E) + e[u x (u x B) 



Using Eq. [2] to rewrite (u • H): 

„2X x 



H I 



2 (B-u)u + 

- I [1 - neu 2 ] B + 



B-^(uxE) 



+ e(u x E) + e [(B • u)u - u 2 B] 



c z 



[(u x E) + (B • u)u] ^ . 



H = 



I - - ) B - [ 1 - 1 ] [( U x E) + (B • u)u] 
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Problem 12.69 

We know that (proper) power transforms as the zeroth component of a 4- vector K° — \ ^ . The Larmor 

formula says that for v = 0, ^ = j^-ffja 2 (Eq. 11.70). Can we think of a 4-vector whose zeroth component 
reduces to this when the velocity is zero? 

Well, a 2 smells like {a u a v ), but how do we get a 4-vector in here? How about rj^ , whose zeroth component 
is just c, when v = 0? Try, then: 

This has the right transformation properties, but we must check that it does reduce to the Larmor formula 
when v = 0: 



dW 1 dW l -cK» = l -c^-Aa»* v )r,\ but rf> = c 7 , so dW ^ 



dt 



7 dr 



7 



7 6ttc 3 



dt 



6nc 



{a v a v ) 



[Incidentally, this tells 



us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we 
could simply have looked for a Lorentz scalar that generalizes the Larmor formula.] 

In Prob. 12.38(b) we calculated (a^a,,) in terms of ordinary velocity and acceleration: 



a a„ = 7 



7 



(v-a) 2 



(c 2 — v 2 ) 



= 7 



1 



a 2 -/ 2 +^(va) 



(l-^) + ^(va) 2 ]=7 6 {a 2 -^[,V-(v.a) 2 ]}. 



c z / J I c z 

Now va = vacos 9, where 9 is the angle between v and a, so: 

(va) 2 = v 2 a 2 (l - cos 2 9) = v 2 a 2 sin 2 9 = |vXa| 2 . 
vxa 



2 2 

v a 


- (va) 2 - 


a v a v 


-7 6 (« 2 


dW 


_ Mog 2 


lit 


6irc 



(« 2 -m 2 ) 



which is Lienard's formula (Eq. 11.73). 



Problem 12.70 

(a) It's inconsistent with the constraint r/^K^ = 0 (Prob. 12.38(d)). 

(b) We want to find a 4-vector with the property that (^r + b^rj^ = 0. How about — K(^r-r] 1 ,)r] ,J '7 Then 
{^T + b^Vv = ^Vti + K^Vuiv^Vv)- But = -c 2 > so this becomes (^n^) - c 2 k(^t] u ) , which is zero, 



, , o . „ u Mo? 2 /da/ 1 1 rfa" 

if we pick k— 1 /c . This suggests A7 = — — — h -^—^rf v i 

6ttc V ar dr 



Note that 77^ = (c, v) 7 , so the spatial 



components of b^ vanish in the nonrelativistic limit v <C c, and hence this still reduces to the Abraham-Lorentz 
formula. [Incidentally, a v r\ v = 0 => ^{a v r] v ) = 0 + = 0, so = -a"^, and hence 6^ can 

just as well be written — -j (a" a u )rj^ .] 

Problem 12.71 

Define the electric current 4-vector as before: — (cp e ,3 e ), and the magnetic current analogously: 
Jm = ( c Pm, ^ m) ■ The fundamental laws are then 
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The first of these reproduces V-E = (l/eo)p e and VxB = /ioJ e + Mo e o<9E/9i, just as before (p. 539); the 
second yields V-B = {no/c)(cp m ) = p,op m and — (l/c)[9B/9f+VxE] = (fio/c)J m , or VxE = — /x 0 J m — dH/dt 
(generalizing p. 540). These are Maxwell's equations with magnetic charge (Eq. 7.43). The third (following 
the argument on p. 540) says 



K 1 



K = 



y/l -U 2 /C 2 
1 



y/l -U 2 /C 

F = 9e [E + (uxB] + ? 



[E + (uxB)] x + ^ 
q e [E + (u X B)] + g, 



y/l - U 2 / C 2 



B-l(uxE) 



y/l - U 2 /C 2 



or 



E 2 



y/l -U 2 /C 2 V C 



B-i(uxE) 



which is the generalized Lorentz force law (Eq. 7.69). 
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